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Constructing the Hamiltonian for a free 1D KFGM particle in an interval
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We analyze the problem of a free 1D Klein-Fock-Gordon-Majorana (KFGM) particle in an interval. By free, we mean that there is no
potential within the interval and that its walls are penetrable; hence, the pertinent energy current density does not vanish at the walls.
Certainly, quantization in an interval is not trivial because certain restrictions imposed by the domains of the operators involved arise. Here,
our objective is to obtain the Hamiltonian for these particles. In practice, the Feshbach-Villars (FV)—free Hamiltonian is the proper operator
for characterizing them and is a function of the momentum operator. Additionally, a Majorana condition must also be imposed on the
wavefunctions on which these two operators can act. Thus, we start by calculating the pseudo self-adjoint momentum operator. A three-
parameter set of boundary conditions (BCs) constitutes its domain. Up to this point, the domain of the Hamiltonian is induced by the domain
of the momentum operator; however, we ensure that only the BCs for which the energy current density has the same value at each end of the
interval are in its domain. All these BCs essentially belong to a one-parameter set of BCs. Moreover, because the FV equation is invariant
under the operation of parity, the parity-transformed wavefunction is also a solution of this equation, which further restricts the domain of
the free FV Hamiltonian. Finally, knowing the most general three-parameter set of BCs for the pseudo self-adjoint FV Hamiltonian for a
1D KFGM particle in an interval, we find that only two BCs can remain within the domain of the FV—free Hamiltonian: the periodic BC
and the antiperiodic BC. These BCs are satisfied by both the two-component FV wavefunction, with these components being related, and the
one-component KFG wavefunction, which can be real or imaginary.
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1. Introduction

As discussed in a few articles and books, for example, in
Refs. [1–4], the Schrödinger Hamiltonian for a free one-
dimensional (1D) Schrödinger particle moving in a penetra-
ble or transparent-walled interval,e.g., Ω = [a, b], is a func-
tion of its momentum operator squared. As a consequence,
the boundary conditions (BCs) present in its domain are the
same as those in the domain of the self-adjoint momentum
operator, namely,ΦS(b, t) = ei θ ΦS(a, t), with θ ∈ [0, 2π);
however, in addition,(p̂SΦS)(x, t), i.e., Φ′S(x, t), must also
satisfy this BC,i.e., Φ′S(b, t) = ei θ Φ′S(a, t) (the prime sym-
bol is used to denote the first spatial derivative of a func-
tion hereinafter). Thus, we have a one-parameter general
set of BCs for this Hamiltonian, which is also a self-adjoint
operator [2]. Clearly, the well-known Dirichlet BC,i.e.,
ΦS(b, t) = ΦS(a, t) = 0, is not included in this general
set of BCs. Indeed, if this BC was included, the interval
could not be considered penetrable but impenetrable;i.e.,
the relationjS(b, t) = jS(a, t) = 0, i.e., the so-called im-
penetrability condition at the extremes of the interval, would
be verified, and the particle would not truly be a free parti-
cle. We recall that, as a consequence of the self-adjointness
of the Hamiltonian, the usual probability current density
jS = jS(x, t) = ~

m Im(Φ∗S Φ′S) always satisfies the relation
jS(b, t) = jS(a, t) [1]. Thus, the local observable suitable for
characterizing a 1D Schrödinger particle living in a finite in-

terval (in an impenetrable interval or in an interval with trans-
parent walls) is preciselyjS.

The number of BCs characterizing a free 1D Schrödinger
particle in an interval can be further restricted if one takes
into account that the free Schrödinger equation has as its so-
lution the wavefunctionΦS(x, t) and its parity-transformed
wavefunction(Π̂SΦS)(x, t) = ΦS(a + b − x, t). Thus, this
fact leads to only two BCs: the periodic BC (i.e., θ = 0),
ΦS(b, t) = ΦS(a, t) andΦ′S(b, t) = Φ′S(a, t); and the an-
tiperiodic BC (i.e., θ = π), ΦS(b, t) = −ΦS(a, t) and
Φ′S(b, t) = −Φ′S(a, t). Naturally, only for these two BCs
is there no distinction between the two walls of the interval,
as is to be expected for a particle moving freely within an
interval (see Appendix A). For example, in Ref. [5], the an-
tiperiodic BC was used in the description of a genuine free
1D Schr̈odinger particle in an interval; however, the domain
of the (free) Hamiltonian operator was not given explicitly.
Similarly, the problem of the free 1D Dirac particle in the
finite interval was considered in Ref. [6]. Considering that
the momentum operator under the parity operation must be
transformed as a polar vector and that the Hamiltonian op-
erator function of this operator must be self-adjoint and that
it commutes with the combined operations of charge conju-
gation, parity and time reversal (i.e., the free time-dependent
Dirac equation is form invariant under this combined discrete
symmetry), the periodic and antiperiodic BCs were also ob-
tained. Certainly, the usual Dirac probability current density
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in these two physical situations does not vanish at the interval
walls. Incidentally, the BCs for a 1D Weyl-Majorana parti-
cle in an interval can be only the periodic and the antiperiodic
BCs; that is, only these two BCs can be imposed on the wave-
functions that describe this type of particle (with a potential
within the interval, or not) [7].

The nontrivial local observable that appears to be physi-
cally acceptable for completely characterizing a strictly neu-
tral 1D Klein-Fock-Gordon (KFG) particle [8–10] (or a
strictly neutral 1D Feshbach-Villars (FV) particle [11]),i.e.,
a 1D KFG-Majorana (KFGM) particle [12, 13] (or a 1D
FV-Majorana (FVM) particle) that lies within the interval
Ω = [a, b] (confined to the interval or restricted in the interval
with transparent walls), is given by

jen = jen(x, t) = − ~
2

2m
1
2

[
((τ̂3 + iτ̂2)Φ′)

† (τ̂3 + iτ̂2)Φ̇

− ((τ̂3 + iτ̂2)Φ)† (τ̂3 + iτ̂2)Φ̇′
]
, (1)

whereΦ = Φ(x, t) is a two-component FV wavefunction
[14], Φ̇ = ∂Φ/∂t hereinafter, and̂τ2 = σ̂y andτ̂3 = σ̂z are
Pauli matrices. We recall that the KFG and FV wave equa-
tions are completely equivalent, as long as the mass of the
particle is not zero. The energy current density in Eq. (1)
is a real quantity when it is calculated for a stateΦ satisfy-
ing a Majorana condition, which is physically adequate [14].
Additionally, as a consequence of the pseudo self-adjointness
(i.e., generalized self-adjointness) of the Hamiltonian opera-
tor of the system, it follows that

jen(b, t) = jen(a, t). (2)

A necessary condition for having a confined 1D KFGM par-
ticle to an interval is that the energy current densityjen (i.e.,
the flow of energy) disappears at the walls of that interval,
i.e., jen(b, t) = jen(a, t) = 0. On the other hand, a necessary
condition for having a free 1D KFGM particle in an interval
is that jen simply obeys the relation given in Eq. (2),i.e.,
jen(b, t) = jen(a, t). In the latter case, we say that the in-
terval has transparent walls (or walls that allow leaks) [14].
Let us also note that we have not used here the usual KFG
current densityj = j(x, t) (this density isi~/4m multiplied
by the term in brackets in Eq. (1), but without any of the time
derivatives). The reason is that this local observable vanishes
everywhere whenever a Majorana condition is imposed on
Φ. Therefore,j does not allow distinguishing between pen-
etrable and impenetrable BCs if the particle is a 1D KFGM
particle [14] (see Appendix B).

The main objective of our paper is to obtain the pseudo
self-adjoint Hamiltonian operator that is physically adequate
for characterizing a truly free 1D KFGM particle in an inter-
val, i.e., its specific domain (which includes the proper BCs).
This operator, the FV—free Hamiltonian, is a function of the
momentum operator for this particle; hence, the latter opera-
tor plays an important role in the construction of the Hamil-
tonian. Additionally, a Majorana condition must also be im-
posed on the two-component wavefunctions on which these

two operators can act. Specifically, in the next section, we
obtain the domain of the pseudo self-adjoint momentum op-
erator that is consistent with the Majorana condition. We find
that a three-parameter general family of BCs constitutes the
domain of this operator. In Sec. 3, we show how the domain
of the free FV Hamiltonian is induced by the domain of the
momentum operator. After that, we first ensure that, in the
domain of the free FV Hamiltonian, only the BCs that satisfy
the relation in Eq. (2) remain. Because the (free) FV equation
is invariant under parity (i.e., space reflection), the parity-
transformed wavefunction is also a solution of this equation,
which further restricts the domain of the Hamiltonian. To de-
termine whether the BCs that emerge here (written in terms of
the two-component FV wavefunction) can actually be in the
domain of the pseudo self-adjoint–free Hamiltonian operator,
we use the relation that connects the FV wavefunctions with
the one-component KFG wavefunctions and transforms these
BCs into BCs for the KFG wavefunction. The reason for this
is that we already know the most general three-parameter set
of BCs written in terms of the one-component KFG wave-
function for the pseudo self-adjoint FV Hamiltonian that de-
scribes a 1D KFGM particle in an interval. Thus, only BCs
that are in this general three-parameter set can be part of the
domain of the free FV Hamiltonian operator, which is also a
pseudo self-adjoint operator. In the end, only two quantum
BCs remain in the domain of the free FV Hamiltonian: the
periodic BC and the antiperiodic BC. Finally, we discuss our
results in Sec. 4 and complement what was mentioned in the
second paragraph of this Introduction in Appendix A. Simi-
larly, in Appendix B, we provide details that complement the
ideas presented in the third paragraph of this Introduction,
whereas a particular “extra” set of BCs that arises in Sec. 3 is
analyzed in Appendix C.

2. The momentum operator for a 1D KFGM
particle

The Hamiltonian operator describing a free 1D KFGM parti-
cle, i.e., a free 1D KFG particle that is also strictly neutral, is
the free FV Hamiltonian, namely,

ĥ = (τ̂3 + iτ̂2)
p̂2

2m
+ mc2τ̂3

= (τ̂3 + iτ̂2)
1

2m
p̂p̂ + mc2τ̂3, (3)

where

p̂ = −i~ 1̂2
∂

∂x
, (4)

is the momentum operator,̂τ2 = σ̂y, τ̂3 = σ̂z and 1̂2 is
the 2 × 2 identity matrix [15, 16]. Moreover, the functions
on whichp̂ (andĥ) act are two-component wavefunctions of
the formΦ = Φ(x, t) = [ φ1 φ2 ]T = [ φ1(x, t) φ2(x, t) ]T

(the symbolT represents the transpose of a matrix) and

Rev. Mex. Fis.72050701



CONSTRUCTING THE HAMILTONIAN FOR A FREE 1D KFGM PARTICLE IN AN INTERVAL 3

must satisfy a Majorana condition,i.e., Φ = Φc ≡ τ̂1Φ∗

(⇒ φ2 = φ∗1) or Φ = −Φc = −τ̂1Φ∗ (⇒ φ2 = −φ∗1),
whereΦc is the charge-conjugate wavefunction, the asterisk
denotes the complex conjugation operation andτ̂1 = σ̂x is a
Pauli matrix. Clearly, the two components ofΦ are not inde-
pendent [13].

The formal generalized adjoint ofp̂ is defined as follows:

p̂adj ≡ τ̂3 p̂† τ̂3 = −i~ 1̂2
∂

∂x
, (5)

where p̂† is the usual formal Hermitian conjugate ofp̂.
Clearly, the actions of̂padj and p̂ are equal. The definition
given in Eq. (5) leads to the following relation:

〈〈p̂adjΨ, Φ〉〉 = 〈〈Ψ, p̂Φ〉〉, (6)

where the indefinite (or improper) inner product is defined as
follows:

〈〈Ψ,Φ〉〉 ≡
∫

Ω

dx Ψ†τ̂3Φ = 〈〈Φ,Ψ〉〉∗, (7)

(Ψ = [ ψ1 ψ2 ]T andΦ = [ φ1 φ2 ]T). We assume that the
particle lives in the intervalΩ = [a, b]. The inner product in
Eq. (7) is defined over an indefinite inner product space; in
our case, âτ3-space [17, 18]. The relation in Eq. (6) defines
the generalized adjoint of̂p on theτ̂3-space,i.e., p̂adj, where
Ψ ∈ D(p̂adj), the domain of̂padj, andΦ ∈ D(p̂), the do-
main of p̂. These domains are linear subsets of theτ̂3-space
on which we allow the operatorŝp andp̂adj to act. Certainly,
BCs are a key part of these domains, andD(p̂) andD(p̂adj)
do not have to be the same.

If p̂ satisfies the relation

〈〈p̂Ψ, Φ〉〉 = 〈〈Ψ, p̂Φ〉〉, (8)

the operator̂p is a generalized self-adjoint operator or a
pseudo self-adjoint operator,i.e., p̂ = p̂adj; hence, the ac-
tions ofp̂ andp̂adj must be equal (in fact, they are equal), and
their domains must also be the same. Specifically, by virtue
of one integration by parts,̂p and p̂adj satisfy the following
relation:

〈〈p̂adjΨ, Φ〉〉 = 〈〈Ψ, p̂Φ〉〉+ f [Ψ,Φ;Ω], (9)

where the term evaluated at the boundaries ofΩ is given by

f [Ψ,Φ; Ω] = i~
[
Ψ†τ̂3Φ

]∣∣b
a

= i~

{[
ψ1(b, t)
ψ2(a, t)

]† [
φ1(b, t)
φ2(a, t)

]

−
[

ψ2(b, t)
ψ1(a, t)

]† [
φ2(b, t)
φ1(a, t)

]}
, (10)

(in the latter expression, we use the definition[ g ]|ba ≡
g(b, t)− g(a, t)). Let us suppose initially that any wavefunc-
tion Φ ∈ D(p̂) satisfies the BCΦ(a, t) = Φ(b, t) = 0, that

is, φ1(a, t) = φ2(a, t) = φ1(b, t) = φ2(b, t) = 0. In this
case, the boundary termf [Ψ, Φ;Ω] in Eq. (10) vanishes, and
Eq. (6) is verified without requiring any BC on the functions
Ψ ∈ D(p̂adj). Thus, by initially choosing this BC, one has
thatD(p̂) 6= D(p̂adj) (in fact,D(p̂) ⊂ D(p̂adj)); hence,̂p is
not a pseudo self-adjoint operator.

If the operator̂p aims to be a pseudo self-adjoint opera-
tor, i.e., p̂ = p̂adj, thenD(p̂) = D(p̂adj). Thus, we must
allow every wavefunctionΦ insideD(p̂) to satisfy some BCs
that are less restrictive than the one used above. Let us pro-
pose the following general set of BCs that will be part of the
domainD(p̂):

[
φ1(b, t)
φ2(a, t)

]
= N̂

[
φ2(b, t)
φ1(a, t)

]
, (11)

whereN̂ is an arbitrary complex matrix. Substituting this
relation intof [Ψ, Φ;Ω] given in Eq. (10), we obtain the fol-
lowing expression:

f [Ψ, Φ;Ω] = i~

{([
ψ1(b, t)
ψ2(a, t)

]†
N̂

−
[

ψ2(b, t)
ψ1(a, t)

]†)[
φ2(b, t)
φ1(a, t)

] }
, (12)

and becausef [Ψ,Φ; Ω] must be zero, and we do not wish
to use the initially chosen BC (because, for the latter, we
have thatp̂ 6= p̂adj), i.e., φ2(b, t) = φ1(a, t) = 0 and
φ1(b, t) = φ2(a, t) = 0, we have that

[
ψ1(b, t)
ψ2(a, t)

]†
N̂ =

[
ψ2(b, t)
ψ1(a, t)

]†

⇒
[

ψ2(b, t)
ψ1(a, t)

]
= N̂†

[
ψ1(b, t)
ψ2(a, t)

]
. (13)

Because any wavefunctionΨ ∈ D(p̂adj) would have to sat-
isfy the same BCs thatΦ ∈ D(p̂) satisfies,i.e., in addition to
the BCs in Eq. (13),Ψ should also satisfy the BCs that are in
Eq. (11), namely,

[
ψ1(b, t)
ψ2(a, t)

]
= N̂

[
ψ2(b, t)
ψ1(a, t)

]
. (14)

Now, substituting this result into the result given in Eq. (13),
we find thatN̂ is a unitary matrix,i.e.,

N̂† = N̂−1. (15)

This is the condition on̂N that ensures that any BC taken
from the set given in Eq. (11), which is included in the do-
main ofp̂, is also in the domain of̂padj. In this way, we make
these two domains equal and ensure thatp̂ = p̂adj, i.e., thatp̂
is a pseudo self-adjoint operator. BecauseN̂ is a unitary ma-
trix, the result in Eq. (14) is a four-parameter general family
of BCs.
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Let us also note that the Dirac Hamiltonian operator in
(1+1) dimensionŝhD = cα̂p̂ (p̂ = −i~1̂2 ∂/∂x), where
x ∈ Ω = [a, b], in the Weyl representation (α̂ = σ̂z), is a
self-adjoint operator when its domain contains the general set
of BCs given in Eq. (11), witĥN being a unitary matrix. In
this case, the operatorĥD acts on two-component wavefunc-
tions, and the scalar product for these wavefunctions is the
usual one,i.e., 〈ΦD, ΨD〉 ≡

∫
Ω

dx Φ†DΨD (see, for example,
Ref. [19] and references therein).

If we imposeΨ = Φ in Eq. (8) and in Eq. (9) with the
resultp̂ = p̂adj, we obtain the following condition:

f [Φ, Φ;Ω] = i~ [ % ]|ba = 0 ⇒ %(b, t) = %(a, t) , (16)

where the usual KFG density is given by

% = %(x, t) = Φ†τ̂3Φ = |φ1|2 − |φ2|2. (17)

Similar to the relation given in Eq. (9), the following relation
between̂p andp̂adj can also be written:

〈〈p̂adjΨ, ÊΦ〉〉 = 〈〈Ψ, p̂ÊΦ〉〉+ f [Ψ, ÊΦ;Ω], (18)

whereÊ = i~ 1̂2 ∂/∂t is the energy operator. Naturally, if
Φ ∈ D(p̂), then, automatically,̂EΦ ∈ D(p̂). If Φ satis-
fies a BC, then̂EΦ satisfies that same BC. Consequently, any
BC included in the general set of BCs, which we know leads
to the cancellation of the boundary term in Eq. (10), must
also cancel out the boundary term in Eq. (18) (compare the
boundary terms in Eqs. (10) and (18) and note that ifΦ satis-
fies a BC, then̂EΦ also satisfies that BC). We recall that for
any of the BCs that are within the general family of BCs,p̂ is
a pseudo self-adjoint operator,i.e., p̂ = p̂adj (i.e., p̂ acts the
same aŝpadj andD(p̂) = D(p̂adj)). Similarly, if we impose
Ψ = Φ in Eq. (18) with the result̂p = p̂adj, we obtain the
following result:

f [Φ, ÊΦ;Ω] = i~ [ %en ]|ba = 0

⇒ %en(b, t) = %en(a, t) , (19)

where the (complex) KFG energy density is given by

%en = %en(x, t) = Φ†τ̂3ÊΦ = i~ (φ∗1 φ̇1 − φ∗2 φ̇2), (20)

whereφ̇1 = ∂φ1/∂t, etc., as usual [16]. The results given in
Eqs. (16) and (19) are straightforward consequences of the
pseudo self-adjointness ofp̂. In addition,jen in Eq. (1) and
%en in Eq. (20) satisfy a continuity equation (this situation is
valid on-shell,i.e., for solutionsΦ of the FV equation. See
Appendix B).

If we impose either of the two Majorana conditions on
the four-parameter general set of BCs in Eq. (11),i.e.,
φ2 = φ∗1 ⇒ φ1 = φ∗2, or φ2 = −φ∗1 ⇒ φ1 = −φ∗2 (with
the condition given in Eq. (15)), then it becomes a three-
parameter general set of BCs. This is because the unitary
matrix N̂ must also be a symmetric matrix, namely,

N̂ = N̂T. (21)

Similarly, if a Majorana condition is imposed on the KFG
density in Eq. (17), then it automatically vanishes,i.e.,% = 0.
Moreover, if a Majorana condition is imposed on the (com-
plex) KFG energy density in Eq. (20), it becomes a real quan-
tity, i.e., %en = %∗en. Certainly, the general set of BCs given in
Eq. (11), withN̂ being a unitary and symmetric matrix, can
be written in terms of only one of the components ofΦ (φ1

or φ2) and the other component can be obtained algebraically
(φ2 = φ∗1 or φ1 = φ∗2, whenΦ = Φc; andφ2 = −φ∗1 or
φ1 = −φ∗2, whenΦ = −Φc). All of these are general sets
of BCs that make up the domain of the momentum operator
D(p̂) for a 1D KFGM particle.

3. The Hamiltonian for a free 1D KFGM par-
ticle

The formal action of the Hamiltonian operator for a free 1D
KFGM particle is given in Eq. (3), and its domain is essen-
tially given by

D(ĥ) = D(p̂2) = D(p̂p̂) ∼ {
Φ | Φ ∈ D(p̂)

and p̂Φ ∈ D(p̂)
} ⊂ D(p̂). (22)

Thus, the wavefunctionsΦ belonging toD(ĥ) must satisfy
the same BCs thatΦ ∈ D(p̂) satisfy, i.e., must satisfy any
BC included in the set of BCs given in Eq. (11), with the ma-
trix N̂ satisfying Eqs. (15) and (21). Additionally, because
p̂Φ ∈ D(p̂), the first spatial derivative ofΦ, i.e., φ′1 andφ′2,
must also satisfy the set of BCs in Eq. (11), withN̂ fulfilling
N̂† = N̂−1 andN̂ = N̂T. The2 × 2 unitary and symmetric
matrixN̂ depends on three real parameters and can be written
as follows:

N̂ = ei µ

[
m0 − im3 −im1

−i m1 m0 + i m3

]
, (23)

where the real quantitiesm0, m1 and m3 satisfy (m0)2 +
(m1)2 + (m3)2 = 1 (in this article, no parameter is labeled
with the symbolm2), andµ ∈ [0, π) (det(N̂) = ei 2µ). Then,
the wavefunctionsΦ on which the Hamiltonian given in Eq.
(3) can act,i.e., the wavefunctionsΦ that make up the do-
main of ĥ, D(ĥ), can only satisfy BCs that are included in
the following family of BCs:

[
φ1(b, t)
φ2(a, t)

]
= N̂

[
φ2(b, t)
φ1(a, t)

]
, and

[
φ′1(b, t)
φ′2(a, t)

]
= N̂

[
φ′2(b, t)
φ′1(a, t)

]
. (24)

Up to this point, the domain of̂h is induced entirely by the
domain ofp̂.

However, the Hamiltonian operator with the latter sets
of BCs within its domain is not necessarily a pseudo self-
adjoint operator. For example, the relation given in Eq. (2) is
not necessarily verified. Certainly, if the latter relation holds
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for some BC, the Hamiltonian with this BC in its domain
is not necessarily a pseudo self-adjoint operator; however,
the equalityjen(b, t) = jen(a, t) is a consequence of the
pseudo self-adjointness of̂h. Thus, we can restrict the set
of BCs in Eq. (24) by requiring the validity of that equal-
ity. To obtain the mathematical conditions that ensure that
jen(b, t) = jen(a, t), it is convenient to first rewrite the fam-
ily of BCs given in Eq. (24) as follows:

[
φ1(b, t)
φ2(b, t)

]
= V̂

[
φ1(a, t)
φ2(a, t)

]
, and

[
φ′1(b, t)
φ′2(b, t)

]
= V̂

[
φ′1(a, t)
φ′2(a, t)

]
, (25)

where

V̂ =
i

m1

[ −ei µ m0 − im3

−(m0 + i m3) e−i µ

]
, (26)

and m1 6= 0 (det(V̂) = 1). Certainly, simple algebraic
manipulations of the relations given in Eq. (24) lead to the
results in Eqs. (25) and (26). On the other hand, the case
m1 = 0 is studied in Appendix C.

Then, evaluating the energy current density given in
Eq. (1) atx = b, substituting into it the two relations given
in Eq. (25) and their time derivativeṡΦ(b, t) = V̂Φ̇(a, t) and
Φ̇′(b, t) = V̂Φ̇′(a, t), and finally equaling withjen(a, t) (see
Eq. (2)), we obtain the result

V̂†(τ̂3 + iτ̂2)†(τ̂3 + iτ̂2)V̂ = (τ̂3 + iτ̂2)†(τ̂3 + iτ̂2). (27)

By substituting the matrix̂V in Eq. (26) into Eq. (27), the
following three equations are obtained:

1 + m0 cos(µ) + m3 sin(µ) = (m1)2, (28)

(ei µ + m0 + im3)2 = −(m1)2, (29)

and

(e−i µ + m0 − im3)2 = −(m1)2. (30)

From Eqs. (29) and (30), we obtain the same results, namely,

m0 + cos(µ) = 0 and m3 + sin(µ) = ±m1. (31)

By substituting the latter two equations into Eq. (28), we ob-
tain the result

m3 = 0, (32)

and the condition(m0)2 + (m1)2 = 1 is automatically satis-
fied, that is,(− cos(µ))2 + (∓ sin(µ))2 = 1 (we recall that
m1 6= 0; hence,µ 6= 0). Finally, the matrixV̂ in Eq. (26) can
be written as follows:

V̂ = ∓ i
sin(µ)

[ −ei µ − cos(µ)
cos(µ) e−i µ

]
, (33)

whereµ ∈ (0, π). The BCs that make up the domain of
the free FV Hamiltonian in Eq. (3), thus far, are those

given in Eq. (25), with the matrix̂V given in Eq. (33).
That is, we have a one-parameter general family of BCs for
this Hamiltonian operator, namely,Φ(b, t) = V̂Φ(a, t) with
Φ′(b, t) = V̂Φ′(a, t). We recall that this one-parameter fam-
ily of BCs satisfies the relation given in Eq. (2),i.e., given a
BC within the one-parameter family of BCs, the energy cur-
rent density has the same value at each end of the interval.

The 1D FV wave equation is given by

ÊΦ = ĥΦ ⇒ i~ 1̂2
∂

∂t
Φ(x, t)

=
[
− ~

2

2m
(τ̂3 + iτ̂2)

∂2

∂x2
+ mc2τ̂3

]
Φ(x, t). (34)

If Φ(x, t) is a solution of this equation, then

(Π̂Φ)(x, t) = Φ(a + b− x, t), (35)

is also a solution. The operatorΠ̂ is the parity operator, and it
reflects the wavefunction around the pointx = (a+b)/2, i.e.,
around the midpoint of the interval. In fact,(Π̂Φ)(a, t) =
Φ(b, t), (Π̂Φ)(b, t) = Φ(a, t) and (Π̂Φ)([a + b]/2, t) =
Φ([a + b]/2, t), as expected. To immediately see that
(Π̂Φ)(x, t) is also a solution of the free FV equation in Eq.
(34), the formulas∂Φ(u, t)/∂u = −∂Φ(u(x), t)/∂x, and
therefore,∂2Φ(u, t)/∂u2 = +∂2Φ(u(x), t)/∂x2, whereΦ is
a function ofu andt and whereu is a function ofx (in fact,
u ≡ a+ b−x), can be used. BecauseΦ(x, t) and(Π̂Φ)(x, t)
are solutions of the free FV equation, this equation is parity
invariant (hence, the Hamiltonian̂h commutes withΠ̂, i.e.,
ĥ(Π̂Φ) = Π̂(ĥΦ) with Π̂Φ ∈ D(ĥ)). If Φ(x, t) andΦ′(x, t)
satisfy a BC, then(Π̂Φ)(x, t) and(Π̂Φ)′(x, t) also satisfy it.
Consequently, not only must the BCs given in Eq. (25) be in
D(ĥ), but the following must also be included:

(Π̂Φ)(b, t) = V̂ (Π̂Φ)(a, t) and

(Π̂Φ)′(b, t) = V̂ (Π̂Φ)′(a, t), (36)

where(Π̂Φ)(x, t) at x = a andx = b are obtained from Eq.
(35). Moreover,(Π̂Φ)′(x, t) = (∂/∂x) (Φ(a + b− x, t)) =
− (∂/∂u) (Φ(u, t))|u=a+b−x, i.e., (Π̂Φ)′(x, t) = −Φ′(a +
b − x, t); hence,(Π̂Φ)′(a, t) = −Φ′(b, t) and(Π̂Φ)′(b, t) =
−Φ′(a, t). The BCs given in Eq. (36) can be written as fol-
lows:

[
φ1(a, t)
φ2(a, t)

]
= V̂

[
φ1(b, t)
φ2(b, t)

]
, and

−
[

φ′1(a, t)
φ′2(a, t)

]
= −V̂

[
φ′1(b, t)
φ′2(b, t)

]
, (37)

whereV̂ is given in Eq. (33). Substituting the latter two rela-
tions into those given in Eq. (25), we obtain a new constraint
on the matrixV̂, namely,

V̂2 = 1̂2. (38)
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By substituting the matrix̂V in Eq. (33) into Eq. (38), the
following three equations are obtained:

sin(µ) cos(µ) = 0, (39)

ei 2µ − (cos(µ))2 = −(sin(µ))2, (40)

and

e−i 2µ − (cos(µ))2 = −(sin(µ))2, (41)

and whose only common solution is given by

µ =
π

2
. (42)

Consequently, the matrix̂V in Eq. (33) takes the form

V̂ = ∓ i
[ −i 0

0 −i

]
= ∓ 1̂2, (43)

and the BCs that are part of the domain of the free FV Hamil-
tonian are the following:

[
φ1(b, t)
φ2(b, t)

]
= ∓

[
φ1(a, t)
φ2(a, t)

]
, and

[
φ′1(b, t)
φ′2(b, t)

]
= ∓

[
φ′1(a, t)
φ′2(a, t)

]
, (44)

that is, the periodic BC,Φ(b, t) = Φ(a, t) and Φ′(b, t) =
Φ′(a, t), and the antiperiodic BC,Φ(b, t) = −Φ(a, t) and
Φ′(b, t) = −Φ′(a, t). Owing to the Majorana conditions, it
is sufficient to write these BCs in terms of only one of the
components ofΦ (the other component can be obtained al-
gebraically). For example, in terms ofφ1 alone, the peri-
odic BC isφ1(b, t) = φ1(a, t) andφ′1(b, t) = φ′1(a, t), and
the antiperiodic BC isφ1(b, t) = −φ1(a, t) andφ′1(b, t) =
−φ′1(a, t) (the BCs forφ2 are obtained from the relation
φ2 = φ∗1, when Φ = Φc, or from φ2 = −φ∗1, when
Φ = −Φc). Finally, the wave equation forφ1 is obtained
from the FV equation and a Majorana condition, namely,

i~
∂

∂t
φ1(x, t) = − ~

2

2m
∂2

∂x2
[ φ1(x, t) + φ∗1(x, t) ]

+ mc2 φ1(x, t), (45)

whenΦ = Φc (⇒ φ2 = φ∗1), or

i~
∂

∂t
φ1(x, t) = − ~

2

2m
∂2

∂x2
[ φ1(x, t)− φ∗1(x, t) ]

+ mc2 φ1(x, t), (46)

whenΦ = −Φc (⇒ φ2 = −φ∗1) [13]. Because the latter
two equations describe (strictly) neutral particles, they do not
necessarily lead to the free 1D Schrödinger equation in the
nonrelativistic limit, as one might expect. In fact, in this ap-
proximation, Eq. (45) leads to the result

Re
[

e−imc2
~ t

(
−i~

∂

∂t
− ~2

2m
∂2

∂x2

)
(φ1)NR

]
= 0, (47)

(see Ref. [13]). Similarly, the nonrelativistic limit of Eq. (46)
leads to the result

Im
[

e−imc2
~ t

(
−i~

∂

∂t
− ~2

2m
∂2

∂x2

)
(φ1)NR

]
= 0. (48)

The latter equation can be obtained via the same procedure
that led to Eq. (47). Certainly, because the terms enclosed in
brackets do not have to be zero, the latter two equations are
not free 1D Schr̈odinger equations. However, if in Eqs. (47)
and (48) the functions(φ1)NR and (φ1)∗NR are interpreted
as independent solutions or fields, then these equations can
yield the free Schr̈odinger equation for(φ1)NR and the equa-
tion that is the complex conjugate of the free Schrödinger
equation for(φ1)∗NR. The latter argument has been used and
questioned when taking the nonrelativistic limit of certain
real scalar field theories (see, for example, Refs. [20–23]).

In the free case, the relationship between the two-
component FV wavefunctionΦ and the corresponding one-
component KFG wavefunctionφ can be written as follows:

Φ =
[

φ1

φ2

]
=

1
2

[
φ + 1

mc2 Êφ

φ− 1
mc2 Êφ

]

⇒ (τ̂3 + iτ̂2)Φ =
[

φ
−φ

]
, (49)

(see, for example, Refs. [15, 16]). The latter matrix re-
lation precisely leads to the complete equivalence between
the KFG and FV wave equations; certainly, the mass of
the particle cannot be zero. Thus, by virtue of the relation
on the right-hand side in Eq. (49), the two BCs given in
Eq. (44), i.e., (τ̂3 + iτ̂2)Φ(b, t) = ∓(τ̂3 + iτ̂2)Φ(a, t) and
(τ̂3 + iτ̂2)Φ′(b, t) = ∓(τ̂3 + iτ̂2)Φ′(a, t), lead us to the fol-
lowing two BCs for the one-component wavefunctionφ:

φ(b, t) = ∓φ(a, t), and φ′(b, t) = ∓φ′(a, t), (50)

namely, the periodic BC (positive signs) and the antiperi-
odic BC (negative signs). Certainly, the one-component KFG
wavefunctionφ is real, or purely imaginary, depending on the
Majorana condition chosen. Finally, because the two BCs
in Eq. (50) are included in the most general three-parameter
set of BCs for which the FV Hamiltonian operator for a 1D
KFGM particle in an interval is pseudo self-adjoint, the free
FV Hamiltonian operator for a 1D KFGM particle in an inter-
val with these two BCs is a pseudo self-adjoint operator (see
BCs (vii) and (viii) in Sec. 4 of Ref. [14]).

4. Final discussion

A truly free 1D KFGM particle in an interval is a strictly
neutral 1D particle that is located in a finite region but is not
confined to that region, nor is it subject to any external field.
Consequently, the energy current densityjen does not vanish
at the walls of that region; however, there are infinitely many
BCs that satisfy this requirement. To distinguish between all
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CONSTRUCTING THE HAMILTONIAN FOR A FREE 1D KFGM PARTICLE IN AN INTERVAL 7

these BCs, we restrict the domain of the free FV Hamiltonian
operator, which is a function of the domain of the pseudo
self-adjoint momentum operator (we calculate the latter do-
main first) by requiring that, given a BC within the domain
of the Hamiltonian, the energy current density has the same
value at each end of the interval. Then, a one-parameter gen-
eral family of BCs must lie within the domain of the free FV
Hamiltonian. Because the FV wave equation is invariant un-
der the operation of parity, the parity-transformed wavefunc-
tion is also a solution of this equation, which further restricts
the domain of the free FV Hamiltonian. Finally, knowing
what BCs are inside the domain of the pseudo self-adjoint
FV Hamiltonian operator for a 1D KFGM particle in an in-
terval, we find that only two quantum BCs can remain in the
domain of the free FV Hamiltonian: the periodic BC and the
antiperiodic BC. These BCs are satisfied by both the two-
component FV wavefunction and the one-component KFG
wavefunction. Furthermore, as a consequence of imposing
a Majorana condition, the two components of the FV wave-
function are not independent, and the KFG wavefunction is
either real or imaginary. Owing to the Majorana conditions,
it is sufficient to write these BCs in terms of only one of the
components of the FV wavefunction. The first-order equa-
tion in time for the chosen component is obtained from the
FV wave equation and a Majorana condition.

The physical interpretation of the periodic BC imposed
on the wavefunctionsφ, Φ, φ1 or φ2 = ±φ∗1, is that it sim-
ulates the motion of a 1D KFGM particle over a complete
circle (360◦), i.e., the particle reaches one wall and reappears
at the other wall. In contrast, the physical interpretation of the
antiperiodic BC is that it simulates the motion of the particle
over half of a M̈obius strip (180◦), i.e., the particle reaches
one wall and reappears at the other wall but “upside down.”

Naturally, when the domain of the momentum operatorp̂
contains only the periodic (antiperiodic) BC,i.e., Φ(b, t) =
Φ(a, t) (Φ(b, t) = −Φ(a, t)), then automatically the domain
of the free FV Hamiltonian operator̂h that is a function of
p̂ times p̂ contains only the periodic (antiperiodic) BC, that
is, Φ(b, t) = Φ(a, t) and Φ′(b, t) = Φ′(a, t) (Φ(b, t) =
−Φ(a, t) and Φ′(b, t) = −Φ′(a, t)). Certainly, both this
momentum operator and the free FV Hamiltonian operator
are pseudo self-adjoint operators, and the periodic (antiperi-
odic) BC is invariant under the parity operation,i.e., it is a
Π̂-symmetric BC. These results can be extended to the prob-
lem of a truly free 1D KFGM particle moving in the real line
with, for example, the pointx = 0 excluded. The two BCs
for this problem can be obtained from the two BCs for the
truly free 1D KFGM particle on the interval by making the
replacementsx = a → 0+ andx = b → 0−. Certainly, the
two nonconfining BCs define transparent or penetrable barri-
ers atx = 0.

Finally, to obtain our results, we use only a few simple
concepts found in the general theory of linear operators over
an indefinite inner product space and, of course, some alge-
braic procedures to construct the families and subfamilies of
BCs. Furthermore, the main result of the article—that is, the

result given in Eq. (44) along with the discussion in the two
paragraphs following that equation—does not appear to have
been published previously. We believe that our work will be
of interest to all those interested in the fundamental aspects
of relativistic quantum mechanics.

Appendix A

The free 1D Schr̈odinger equation

i~
∂

∂t
ΦS(x, t) = ĥSΦS(x, t) =

p̂2
S

2m
ΦS(x, t)

=
p̂S p̂S

2m
ΦS(x, t) = − ~

2

2m
∂2

∂x2
ΦS(x, t), (A.1)

has as its solution the wavefunctionΦS(x, t), but the parity-
transformed wavefunction(Π̂SΦS)(x, t) = ΦS(a + b− x, t)
is also a solution. The procedure used in the paragraph fol-
lowing Eq. (35) can be repeated here to verify this result. The
HamiltonianĥS essentially has the following domain:

D(ĥS) = D(p̂2
S) = D(p̂S p̂S)

∼ {ΦS | ΦS ∈ D(p̂S) and p̂SΦS ∈ D(p̂S) } . (A.2)

Thus,ΦS ∈ D(p̂S) andp̂SΦS ∈ D(p̂S); therefore,ΦS(b, t) =
ei θ ΦS(a, t) andΦ′S(b, t) = ei θ Φ′S(a, t) (with θ ∈ [0, 2π)),
respectively. Moreover, because(Π̂SΦS)(x, t) is also a so-
lution of the equation in (A.1), we have the following re-
strictions: Π̂SΦS ∈ D(p̂S) and p̂S(Π̂SΦS) ∈ D(p̂S); there-
fore, (Π̂SΦS)(b, t) = ei θ (Π̂SΦS)(a, t) and(Π̂SΦS)′(b, t) =
ei θ (Π̂SΦS)′(a, t), respectively. The latter two BCs be-
come the following two BCs:ΦS(a, t) = ei θ ΦS(b, t) and
Φ′S(a, t) = ei θ Φ′S(b, t), respectively. Finally, only two
BCs satisfy the two pairs of BCs mentioned above and
therefore only they can be in the domain of the free 1D
Schr̈odinger Hamiltonian: the periodic and antiperiodic BCs,
i.e., ΦS(b, t) = ΦS(a, t) plus Φ′S(b, t) = Φ′S(a, t); and
ΦS(b, t) = −ΦS(a, t) plus Φ′S(b, t) = −Φ′S(a, t), respec-
tively.

Appendix B

The FV Hamiltonian operator for a 1D KFG particle in the
intervalΩ = [a, b] is given by

ĥ =
p̂2

2m
(τ̂3 + iτ̂2) + mc2τ̂3. (B.1)

The formal generalized adjoint of̂h is given by

ĥadj ≡ τ̂3 ĥ† τ̂3 =
p̂2

2m
(τ̂3 + iτ̂2) + mc2τ̂3. (B.2)

Clearly, the actions of̂h andĥadj are equal. The latter defini-
tion leads automatically to the following relation:

〈〈ĥadjΨ,Φ〉〉 = 〈〈Ψ, ĥΦ〉〉, (B.3)
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where the scalar product is defined in Eq. (7). The lat-
ter relation defines the operatorĥadj on a τ̂3-space, where
Ψ ∈ D(ĥadj), the domain of̂hadj, andΦ ∈ D(ĥ), the domain
of ĥ. By applying the method of integration by parts twice,
the following relation can be demonstrated [24]:

〈〈ĥadjΨ,Φ〉〉 = 〈〈Ψ, ĥΦ〉〉+ g[Ψ, Φ;Ω], (B.4)

where the boundary term is given by

g[Ψ, Φ;Ω] = − ~
2

2m
1
2

[
((τ̂3 + iτ̂2)Ψ′)

† (τ̂3 + iτ̂2)Φ

− ((τ̂3 + iτ̂2)Ψ)† (τ̂3 + iτ̂2)Φ′
]∣∣∣

b

a
. (B.5)

Using the relationship between the two-component FV wave-
function Φ and the corresponding one-component KFG
wavefunctionφ given in Eq. (49) and another similar rela-
tionship forΨ andψ, we can writeg[Ψ, Φ;Ω] in terms of
only ψ andφ, namely,

g[Ψ, Φ;Ω] = − ~
2

2m
[ (ψ′)∗ φ− ψ∗φ′ ]|ba . (B.6)

The most general family of BCs for a 1D KFG particle in
an interval, characterized by four real parameters and leading
to the disappearance ofg[Ψ, Φ;Ω], was obtained in Ref. [24],
namely,
[

φ(b, t)−iλφ′(b, t)
φ(a, t)+iλφ′(a, t)

]
=Û

[
φ(b, t)+iλφ′(b, t)
φ(a, t)−iλφ′(a, t)

]
, (B.7)

whereφ = φ1 + φ2 (see Eq. (49)),λ is a real parameter and
the unitary matrixÛ is given by

Û = ei θ

[
n0 − i n3 −n2 − i n1

n2 − i n1 n0 + i n3

]
, (B.8)

whereθ ∈ [0, π), and the real parametersn0, n1, n2 and
n3 satisfy(n0)2 + (n1)2 + (n2)2 + (n3)2 = 1. By impos-
ing a Majorana condition on the general family of BCs given
in Eqs. (B7) and (B8) (Φ = Φc = τ̂1Φ∗ ⇒ φ = φ∗ or
Φ = −Φc = −τ̂1Φ∗ ⇒ φ = −φ∗), the resultn2 = 0 is
obtained. Thus, the four-parameter family of BCs becomes
a three-parameter family of BCs. Indeed, the latter family is
for a 1D KFGM particle in an interval [13]. For all BCs in-
cluded in the general set of BCs given in Eqs. (B.7) and (B.8),
ĥ is a pseudo self-adjoint operator,i.e.,

〈〈ĥΨ, Φ〉〉 = 〈〈Ψ, ĥΦ〉〉. (B.9)

Thus,ĥ = ĥadj, i.e., the actions of̂h andĥadj are equal, and
D(ĥ) = D(ĥadj). If we makeΨ = Φ in Eq. (B.9) and in
Eq. (B.4) with the result̂h = ĥadj, we obtain the following
condition [24]:

g[Φ, Φ;Ω] = i~ [ j ]|ba = 0 ⇒ j(b, t) = j(a, t) , (B.10)

where the usual KFG current density is given by

j = j(x, t) =
i~
2m

1
2

[
((τ̂3 + iτ̂2)Φ′)

† (τ̂3 + iτ̂2)Φ

− ((τ̂3 + iτ̂2)Φ)† (τ̂3 + iτ̂2)Φ′
]
. (B.11)

The operatorŝh andĥadj also satisfy the following rela-
tion:

〈〈ĥadjΨ, ÊΦ〉〉 = 〈〈Ψ, ĥ ÊΦ〉〉+ g[Ψ, ÊΦ;Ω], (B.12)

whereÊ = i~ 1̂2 ∂/∂t is the energy operator. IfΦ ∈ D(ĥ),
then automatically,̂EΦ ∈ D(ĥ). Thus, any BC within the
general set of pseudo self-adjoint BCs given in Eqs. (B.7)
and (B.8) that leads to the disappearance of the boundary
termg[Ψ, Φ;Ω] in Eq. (B.4) must also lead to the disappear-
ance ofg[Ψ, ÊΦ; Ω] in Eq. (B.12). If we makeΨ = Φ in
Eq. (B.12) with the result̂h = ĥadj, we obtain the following
result [14]:

g[Φ, ÊΦ;Ω] = i~ [ jen ]|ba = 0

⇒ jen(b, t) = jen(a, t) , (B.13)

where the (complex) KFG energy current density is precisely
the result given in Eq. (1), namely,

jen = jen(x, t) = − ~
2

2m
1
2

[
((τ̂3 + iτ̂2)Φ′)

† (τ̂3 + iτ̂2)Φ̇

− ((τ̂3 + iτ̂2)Φ)† (τ̂3 + iτ̂2)Φ̇′
]
. (B.14)

The results given in Eqs. (B.10) and (B.13) are direct con-
sequences of the pseudo self-adjointness ofĥ. Moreover,j
is equal to zero everywhere andjen is a real quantity when
j andjen are calculated for a stateΦ satisfying a Majorana
condition.

The following relations are also obtained:

d
dt
〈〈Ψ,Φ〉〉 = − 1

i~
g[Ψ, Φ;Ω], (B.15)

and

d
dt
〈〈Ψ, ÊΦ〉〉 = − 1

i~
g[Ψ, ÊΦ;Ω], (B.16)

whereΨ andΦ in Eqs. (B.15) and (B.16) must also satisfy
the 1D FV wave equation. If̂h is a pseudo self-adjoint opera-
tor, then the boundary terms in Eqs. (B.15) and (B.16) vanish;
consequently,〈〈Ψ, Φ〉〉 and〈〈Ψ, ÊΦ〉〉 are time-independent
quantities. Moreover, if we makeΨ = Φ in Eqs. (B.15) and
(B.16), the following results are obtained:

d
dt
〈〈Φ, Φ〉〉 =

d
dt

(∫

Ω

dx %

)
= − [ j ]|ba , (B.17)

and

d
dt
〈〈Φ, ÊΦ〉〉 =

d
dt

(∫

Ω

dx %en

)
= − [ jen ]|ba , (B.18)

where the definition of the indefinite scalar product indefinite
scalar product definition in Eq. (7) was also used. Ifĥ is a
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pseudo self-adjoint operator,i.e., if the results in Eqs. (B10)
and (B13) are imposed, then〈〈Φ, Φ〉〉 =

∫
Ω

dx % = const
and 〈〈Φ, ÊΦ〉〉 =

∫
Ω

dx %en = const (on-shell results).
In fact, the results in Eqs. (B17) and (B18) are obtained
by integrating the continuity equationŝE% − p̂j = 0 and
Ê%en − p̂jen = 0, respectively, over the intervalΩ.

The usual Lorentz two-vector current density is given by

jµ = jµ(x, t) =
i~
2m

[φ∗(∂µφ)− (∂µφ∗)φ ], (B.19)

whereφ = φ(x, t) is a one-component KFG wavefunction,
j0 = c% and j1 = j. In (1+1) dimensions, Greek indices
µ, ν, ... take the values 0 and 1, and the metric tensor is
gµν = diag(1,−1). The continuity equation then takes the
usual form∂µjµ = 0 [15]; therefore,Ê% − p̂j = 0 (where
Ê = i~c ∂0 and p̂ = −i~ ∂1). We introduce the following
second-rank Lorentz tensor:

Kµ
ν = Kµ

ν(x, t) =
i~
2m

× [ φ∗ (∂µ(i~ ∂νφ))− (∂µφ∗) (i~ ∂νφ) ] , (B.20)

whereK0
0 = %en andK1

0 = jen/c; also,K01 = K10 when
ψ satisfies a Majorana condition (φ = φ∗, or φ = −φ∗), i.e.,
in this case,Kµν is a symmetric tensor. The latter tensor is
an unusual energy-momentum tensor. However,Kµ

ν and the
commonly used energy-momentum tensor [25]

Tµ
ν = Tµ

ν(x, t) =
~2

2m
[ (∂νφ∗) (∂µφ) + (∂µφ∗) (∂νφ) ]

− ~2

2m

[
(∂αφ∗) (∂αφ)− m2c2

~2
φ∗φ

]
gµ

ν , (B.21)

are linked via the following relation:

Kµ
ν = Tµ

ν +
~2

2m

[
(∂αφ∗) (∂αφ)− m2c2

~2
φ∗φ

]
gµ

ν

− ~2

2m
∂ν (φ∗(∂µφ)) . (B.22)

Using the free KFG equation,

(
∂α∂α +

m2c2

~2

)
φ = 0, (B.23)

the following result can be obtained from Eq. (B22):

∂µKµ
ν = ∂µTµ

ν . (B.24)

As is well known,∂µTµ
ν = 0 [25], consequently,

∂µKµ
ν = 0. (B.25)

By choosingν = 0, the latter equation gives us a specific
continuity equation,i.e., ∂0K

0
0 + ∂1K

1
0 = 0; therefore,

Ê%en − p̂jen = 0, as expected.

Appendix C

The BCs corresponding to the casem1 = 0 can be obtained
from the general family of BCs given in Eq. (24) with the ma-
trix N̂ given in Eq. (23). After settingm1 = 0, the following
two-parameter family of BCs is obtained:

V̂1

[
φ1(b, t)
φ2(b, t)

]
= V̂2

[
φ1(a, t)
φ2(a, t)

]
, and

V̂1

[
φ′1(b, t)
φ′2(b, t)

]
= V̂2

[
φ′1(a, t)
φ′2(a, t)

]
, (C.1)

where

V̂1 =
[

1 −ei µ(m0 − i m3)
0 0

]
, and

V̂2 =
[

0 0
1 −e−i µ(m0 − im3)

]
, (C.2)

where (m0)2 + (m3)2 = 1, andµ ∈ [0, π) (det(V̂1) =
det(V̂2) = 0). The latter set of BCs may be called “sepa-
rated” because each of the relations arising from Eq. (C.1)
is always evaluated at a single point, that is, atx = a or at
x = b.

Then, evaluating the energy current density given in
Eq. (1) at x = b, substituting into there the relations
φ1(b, t) = ei µ(m0 − im3)φ2(b, t) andφ′1(b, t) = ei µ(m0 −
i m3)φ′2(b, t) (obtained from the two relations in Eq. (C.1))
and their time derivatives, we obtain the result

jen(b, t) = −~
2

m
[ 1 + m0 cos(µ) + m3 sin(µ) ]

×
[
(φ′2)

∗(b, t) φ̇2(b, t)− (φ2)∗(b, t) φ̇′2(b, t)
]
. (C.3)

Similarly, evaluating the energy current density given in Eq.
(1) at x = a, substituting into it the relationsφ1(a, t) =
e−i µ(m0 − im3)φ2(a, t) and φ′1(a, t) = e−i µ(m0 −
i m3)φ′2(a, t) (obtained from the two relations in Eq. (C1))
and their time derivatives, we obtain the result

jen(a, t) = −~
2

m
[ 1 + m0 cos(µ)−m3 sin(µ) ]

×
[
(φ′2)

∗(a, t) φ̇2(a, t)− (φ2)∗(a, t) φ̇′2(a, t)
]
. (C.4)

Because the latter two results must be equal (see Eq. (2)), we
have thatm3 sin(µ) = 0; hence,

m3 = 0 , µ = 0 and m0 = ±1. (C.5)

Therefore, the BCs that emerge from the latter restrictions are
given by

[
1 ∓1
0 0

]
Φ(b, t) =

[
0 0
1 ∓1

]
Φ(a, t), and

[
1 ∓1
0 0

]
Φ′(b, t) =

[
0 0
1 ∓1

]
Φ′(a, t), (C.6)
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where the upper (lower) sign corresponds tom0 = +1
(m0 = −1). Note that ifm0 = +1, then the two components
of Φ(x, t), φ1(x, t) andφ2(x, t), are equal atx = b, and their
first derivatives,φ′1(x, t) andφ′2(x, t), are also equal there;
the same holds atx = a. If m0 = −1, then the compo-
nents ofΦ(x, t) and their first spatial derivatives have oppo-
site signs atx = b, and the same occurs atx = a. The BCs in
Eq. (C.6) can be written in terms of the one-component KFG
wavefunctionφ (indeed, we use the equivalence between the
KFG and FV wave equations). Evaluating the wavefunction
Φ at x = b and x = a in the relation on the left side of
Eq. (49) and substituting these quantities into Eq. (C.6), we
obtain the following two sets of BCs:

φ̇(b, t) = φ̇(a, t) = 0, and

φ̇′(b, t) = φ̇′(a, t) = 0, (C.7)

(m0 = +1). These BCs are the time derivatives of the Dirich-
let and Neumann BCs, and

φ(b, t) = φ(a, t) = 0, and

φ′(b, t) = φ′(a, t) = 0, (C.8)

(m0 = −1). These BCs are the Dirichlet and Neumann BCs.
The energy current density given in Eq. (1) can also be

written in terms of the wavefunctionφ [14], namely,

jen = jen(x, t) = − ~
2

2m

[
(φ′)∗ φ̇− φ∗ φ̇′

]
. (C.9)

Clearly, if jen is evaluated at the walls of the interval and the
BCs given in Eq. (C.7) are used, then the impenetrability con-
dition is obtained,i.e., jen(b, t) = jen(a, t) = 0. The same

applies if the BCs given in Eq. (C.8) are used. Therefore,
these two BCs do not characterize a truly free 1D KFGM par-
ticle moving in an interval. Indeed, the casem1 = 0 does not
generate new nonconfining BCs. On the other hand, these
two sets of BCs,i.e., the BCs in Eq. (C.7) (or the BCs in
Eq. (C.6) with the upper sign) and the BCs in Eq. (C.8) (or
the BCs in Eq. (C.6) with the lower sign), are not included
in the most general three-parameter family of BCs for the
pseudo self-adjoint FV Hamiltonian operator that describes
a 1D KFGM particle in an interval (see Sec. 4 of Ref. [14]).
Consequently, these two quantum BCs cannot be part of the
domain of the pseudo self-adjoint–free FV Hamiltonian op-
erator and must be discarded.
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