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Constructing the Hamiltonian for a free 1D KFGM patrticle in an interval
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We analyze the problem of a free 1D Klein-Fock-Gordon-Majorana (KFGM) particle in an interval. By free, we mean that there is no
potential within the interval and that its walls are penetrable; hence, the pertinent energy current density does not vanish at the walls.
Certainly, quantization in an interval is not trivial because certain restrictions imposed by the domains of the operators involved arise. Here,
our objective is to obtain the Hamiltonian for these particles. In practice, the Feshbach-Villars (FV)—free Hamiltonian is the proper operator
for characterizing them and is a function of the momentum operator. Additionally, a Majorana condition must also be imposed on the
wavefunctions on which these two operators can act. Thus, we start by calculating the pseudo self-adjoint momentum operator. A three-
parameter set of boundary conditions (BCs) constitutes its domain. Up to this point, the domain of the Hamiltonian is induced by the domain
of the momentum operator; however, we ensure that only the BCs for which the energy current density has the same value at each end of th
interval are in its domain. All these BCs essentially belong to a one-parameter set of BCs. Moreover, because the FV equation is invariant
under the operation of parity, the parity-transformed wavefunction is also a solution of this equation, which further restricts the domain of
the free FV Hamiltonian. Finally, knowing the most general three-parameter set of BCs for the pseudo self-adjoint FV Hamiltonian for a
1D KFGM particle in an interval, we find that only two BCs can remain within the domain of the FV—free Hamiltonian: the periodic BC
and the antiperiodic BC. These BCs are satisfied by both the two-component FV wavefunction, with these components being related, and the
one-component KFG wavefunction, which can be real or imaginary.
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1. Introduction terval (in an impenetrable interval or in an interval with trans-
parent walls) is preciselys.

As discussed in a few articles and books, for example, in  The number of BCs characterizing a free 1D Sclinger
Refs. [1-4], the Sclidinger Hamiltonian for a free one- particle in an interval can be further restricted if one takes
dimensional (1D) Sclidinger particle moving in a penetra- into account that the free Séidinger equation has as its so-
ble or transparent-walled interva,g, = [a,b], is a func-  Iution the wavefunctionbg(x,t) and its parity-transformed
tion of its momentum operator squared. As a consequencevavefunction(lls®s)(z,t) = ®s(a + b — z,t). Thus, this
the boundary conditions (BCs) present in its domain are théact leads to only two BCs: the periodic BCe(, § = 0),
same as those in the domain of the self-adjoint momentun®s(b,t) = ®s(a,t) and ®5(b,t) = ®4(a,t); and the an-
operator, namelyps (b, t) = e'? ®g(a,t), with § € [0,27);  tiperiodic BC {e., § = =), ®g(b,t) = —Pg(a,t) and
however, in addition(ps®s)(z, ), i.e., ®5(x,t), must also  @g(b,t) = —P4(a,t). Naturally, only for these two BCs
satisfy this BCj.e., ®4(b,t) = e'? ®4(a,t) (the prime sym- is there no distinction between the two walls of the interval,
bol is used to denote the first spatial derivative of a func-as is to be expected for a particle moving freely within an
tion hereinafter). Thus, we have a one-parameter generatterval (see Appendix A). For example, in Ref. [5], the an-
set of BCs for this Hamiltonian, which is also a self-adjoint tiperiodic BC was used in the description of a genuine free
operator [2]. Clearly, the well-known Dirichlet BG,e., 1D Schidinger particle in an interval, however, the domain
®g(b,t) = Pg(a,t) = 0, is not included in this general of the (free) Hamiltonian operator was not given explicitly.
set of BCs. Indeed, if this BC was included, the interval Similarly, the problem of the free 1D Dirac particle in the
could not be considered penetrable but impenetraide;  finite interval was considered in Ref. [6]. Considering that
the relationjs(b,t) = js(a,t) = 0, i.e., the so-called im- the momentum operator under the parity operation must be
penetrability condition at the extremes of the interval, wouldtransformed as a polar vector and that the Hamiltonian op-
be verified, and the particle would not truly be a free parti-erator function of this operator must be self-adjoint and that
cle. We recall that, as a consequence of the self-adjointnesscommutes with the combined operations of charge conju-
of the Hamiltonian, the usual probability current density gation, parity and time reversald., the free time-dependent
js = js(z,t) = L Im(®f @) always satisfies the relation Dirac equation is form invariant under this combined discrete
js(b,t) = js(a,t) [1]. Thus, the local observable suitable for symmetry), the periodic and antiperiodic BCs were also ob-
characterizing a 1D Scbdinger particle livingina finite in- tained. Certainly, the usual Dirac probability current density
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in these two physical situations does not vanish at the intervdivo operators can act. Specifically, in the next section, we
walls. Incidentally, the BCs for a 1D Weyl-Majorana parti- obtain the domain of the pseudo self-adjoint momentum op-
cle in an interval can be only the periodic and the antiperiodicerator that is consistent with the Majorana condition. We find
BCs; that is, only these two BCs can be imposed on the wavehat a three-parameter general family of BCs constitutes the
functions that describe this type of particle (with a potentialdomain of this operator. In Sec. 3, we show how the domain
within the interval, or not) [7]. of the free FV Hamiltonian is induced by the domain of the
The nontrivial local observable that appears to be physimomentum operator. After that, we first ensure that, in the
cally acceptable for completely characterizing a strictly neu-domain of the free FV Hamiltonian, only the BCs that satisfy
tral 1D Klein-Fock-Gordon (KFG) particle [8-10] (or a therelationin Eq. (2) remain. Because the (free) FV equation
strictly neutral 1D Feshbach-Villars (FV) particle [11ig., is invariant under parityife., space reflection), the parity-
a 1D KFG-Majorana (KFGM) particle [12, 13] (or a 1D transformed wavefunction is also a solution of this equation,
FV-Majorana (FVM) particle) that lies within the interval which further restricts the domain of the Hamiltonian. To de-
Q = [a, b] (confined to the interval or restricted in the interval termine whether the BCs that emerge here (written in terms of

with transparent walls), is given by the two-component FV wavefunction) can actually be in the

B2 1 . . domain of the pseudo self-adjoint—free Hamiltonian operator,

Jen = Jen(®,t) = —5— = [((%3 + i) @) (73 + if2)® we use the relation that connects the FV wavefunctions with
2m 2 the one-component KFG wavefunctions and transforms these

— (73 + i@)@)* (75 + i@)@/} , (1)  BCsinto BCs for the KFG wavefunction. The reason for this

is that we already know the most general three-parameter set
where® = &(z,t) is a two-component FV wavefunction of BCs written in terms of the one-component KFG wave-
[14], @ = 0®/0t hereinafter, and, = 6, and73 = 6, are  function for the pseudo self-adjoint FV Hamiltonian that de-
Pauli matrices. We recall that the KFG and FV wave equascribes a 1D KFGM particle in an interval. Thus, only BCs
tions are completely equivalent, as long as the mass of thihat are in this general three-parameter set can be part of the
particle is not zero. The energy current density in Eq. (1)domain of the free FV Hamiltonian operator, which is also a
is a real quantity when it is calculated for a stétesatisfy-  pseudo self-adjoint operator. In the end, only two quantum
ing a Majorana condition, which is physically adequate [14].BCs remain in the domain of the free FV Hamiltonian: the
Additionally, as a consequence of the pseudo self-adjointnegseriodic BC and the antiperiodic BC. Finally, we discuss our
(i.e., generalized self-adjointness) of the Hamiltonian operaresults in Sec. 4 and complement what was mentioned in the

tor of the system, it follows that second paragraph of this Introduction in Appendix A. Simi-
b = y 5 larly, in Appendix B, we provide details that complement the
Jen(b;t) = Jen(a; t). @ ideas presented in the third paragraph of this Introduction,

A necessary condition for having a confined 1D KFGM par-Whereas a particular “extra” set of BCs that arises in Sec. 3 is
ticle to an interval is that the energy current dengity(i.e., ~ analyzed in Appendix C.
the flow of energy) disappears at the walls of that interval,
i.e., Jen(b,t) = jen(a, t) = 0. On the other hand, a necessary
condition for having a free 1D KFGM particle in an interval 2. The_ momentum operator for a 1D KFGM
is that j.,, simply obeys the relation given in Eq. (d)e., particle
Jen(b,t) = jen(a,t). In the latter case, we say that the in-
terval has transparent walls (or walls that allow leaks) [14].The Hamiltonian operator describing a free 1D KFGM parti-
Let us also note that we have not used here the usual KE€Je.i.€., a free 1D KFG particle that is also strictly neutral, is
current densityj = j(z, t) (this density isiz/4m multiplied ~ the free FV Hamiltonian, namely,
by the term in brackets in Eq. (1), but without any of the time "
derivatives). The reason is that this local observable vanishes h = (73 + i@)pi +mc?7y
everywhere whenever a Majorana condition is imposed on 2m
®. Therefore; does not allow distinguishing between pen-
etrable and impenetrable BCs if the particle is a 1D KFGM
particle [14] (see Appendix B).

The main objective of our paper is to obtain the pseudoWhere
self-adjoint Hamiltonian operator that is physically adequate A .
for characterizing a truly free 1D KFGM patrticle in an inter- p=—ihl oz’ (4)
val, i.e., its specific domain (which includes the proper BCs).
This operator, the FV—free Hamiltonian, is a function of theis the momentum operatof, = ¢,, 73 = ¢, and 1, is
momentum operator for this particle; hence, the latter operathe 2 x 2 identity matrix [15, 16]. Moreover, the functions
tor plays an important role in the construction of the Hamil-on whichp (andh) act are two-component wavefunctions of
tonian. Additionally, a Majorana condition must also be im-the form® = ®(z,t) = [¢1 ¢2]" = [p1(z,t) do(z,t)]"
posed on the two-component wavefunctions on which thes@he symbol™ represents the transpose of a matrix) and

N S .
= (73 + 172)%1313 + me*7s, (3
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must satisfy a Majorana conditiong.,, ® = ®. = 7,®*  is, ¢1(a,t) = ¢a2(a,t) = ¢1(b,t) = ¢2(b,t) = 0. In this
(= 2 =¢7)ord = -0, = —719* (= ¢ = —¢7), case, the boundary teriff¥, ®; Q] in Eq. (10) vanishes, and
where®., is the charge-conjugate wavefunction, the asteriskeq. (6) is verified without requiring any BC on the functions
denotes the complex conjugation operation ane= 6, isa ¥ € D(pagj). Thus, by initially choosing this BC, one has
Pauli matrix. Clearly, the two components®fare notinde-  thatD(p) # D(pag;) (in fact, D(p) C D(Paqj)); hencep is

pendent [13]. not a pseudo self-adjoint operator.
The formal generalized adjoint @fis defined as follows: If the operatorp aims to be a pseudo self-adjoint opera-
9 tor, i.e., P = Dadj, the_nD(_f)) = D(Padj)- T_hus, we must
Padj = 73 pl 75 = —ikl, 2’ (5)  allow every wavefunctio® insideD(p) to satisfy some BCs
xr

that are less restrictive than the one used above. Let us pro-
where pf is the usual formal Hermitian conjugate ¢f pose the following general set of BCs that will be part of the
Clearly, the actions of..q; andp are equal. The definition domainD(p):

given in Eq. (5) leads to the following relation:

<<f)‘<1dj\I/v (I)>> = <<\Il7f)(1)>>7 (6) ¢2(a7t) (;51((1715) ’
where the indefinite (or improper) inner product is defined asyhere N is an arbitrary complex matrix. Substituting this
follows: relation into f[¥, ®; Q2] given in Eq. (10), we obtain the fol-
lowing expression:
(o= [avihe-(ewyr, @
Q

o (b, t) 17 ¢
(U = [¢y ¢o]" and® = [¢1 ¢2]"). We assume that the f1¥, ;9] = m{( { Yo ] N
particle lives in the interval = [a, b]. The inner product in
Eg. (7) is defined over an indefinite inner product space; in { Pa(b, 1) T) { bo(b,t) } } (12)
our case, &s-space [17,18]. The relation in Eq. (6) defines 1(a,t) ¢1(a,t) ’
the generalized adjoint gf on the7s-spacej.e., p.qj, where
U € D(Padgj), the domain ofp,q;, and® € D(p), the do-  and becausg[¥, ®; 2] must be zero, and we do not wish
main of p. These domains are linear subsets oft#igpace to use the initially chosen BC (because, for the latter, we
on which we allow the operatofsandp.gq; to act. Certainly, have thatp +# Dadj), i€, d2(b,t) = ¢1(a,t) = 0 and
BCs are a key part of these domains, d@@) andD(paq;) #1(b,t) = pa(a,t) = 0, we have that
do not have to be the same.

If p satisfies the relation { Y1 (b, 1) ]TN B [ Wy (b, t) }T
,t o ,t
(e, ) = (¥, p), ® %Zé) %wé)
ot Q ,t
the operatorp is a generalized self-adjoint operator or a = [ ¢f(a7t) } =N { Z;(a,t) } : (13)

pseudo self-adjoint operatare., p = paqj; hence, the ac-

tions ofp andp.q; must be equal (in fact, they are equal), andBecause any wavefunctioh € D(p.q;) would have to sat-
their domains must also be the same. Specifically, by virtuésfy the same BCs thak € D(p) satisfiesi.e., in addition to
of one integration by partgy andp,q; satisfy the following the BCs in Eq. (13){ should also satisfy the BCs that are in

relation: Eq. (11), namely,
<<f)adj\:[/a(1)>> = <<\Ilvf)q)>> +f[\I]v(I);Q]7 (9) wl(bvt) N w2(bvt)
dalat) | =N wilat) | a4
where the term evaluated at the boundarieQ & given by
b Now, substituting this result into the result given in Eq. (13),
[V, ®;Q] =in [V#0]|) we find thatN is a unitary matrixj.e.,
S TR R (Y Nt =X, (15)
1/)2(a7 t) (;52(0,, t)

This is the condition orN that ensures that any BC taken
B [ Pa(b, 1) T [ P2(b, 1) } (10)  from the set given in Eq. (11), which is included in the do-
Y1(a,t) p1(at) | [~ main ofp, is also in the domain gf,q;. In this way, we make
these two domains equal and ensure fhat p,4;, i.e., thatp
(in the latter expression, we use the definiti@g“f’l = is a pseudo self-adjoint operator. Becabsis a unitary ma-
g(b,t) — g(a,t)). Let us suppose initially that any wavefunc- trix, the result in Eq. (14) is a four-parameter general family
tion ® € D(p) satisfies the BCP(a,t) = ®(b,t) = 0, that  of BCs.
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Let us also note that the Dirac Hamiltonian operator inSimilarly, if a Majorana condition is imposed on the KFG
(1+1) dimensionsip, = cap (p = —ihly0/0x), where density in Eq. (17), then it automatically vanishies, o = 0.
z € Q = [a,b], in the Weyl representatiorv(= 5.), isa  Moreover, if a Majorana condition is imposed on the (com-
self-adjoint operator when its domain contains the general sqtlex) KFG energy density in Eq. (20), it becomes a real quan-
of BCs given in Eq. (11), WithV being a unitary matrix. In tity, i.e., gon = 0,. Certainly, the general set of BCs given in
this case, the operatay, acts on two-component wavefunc- Eq. (11), withN being a unitary and symmetric matrix, can
tions, and the scalar product for these wavefunctions is thbe written in terms of only one of the componentsio{e,
usual oneij.e., (Pp, ¥p) = fQ dx <I>]T3\IJD (see, for example, or ¢-) and the other component can be obtained algebraically

Ref. [19] and references therein). (p2 = &7 or ¢1 = ¢35, when® = ®.; andgps = —¢7 or
If we impose¥ = @ in Eq. (8) and in Eq. (9) with the ¢; = —¢3, when® = —&.). All of these are general sets
resultp = p,qj, We obtain the following condition: of BCs that make up the domain of the momentum operator

b D(p) for a 1D KFGM particle.
f1@,2:9] =in[e]l, = 0= o(b,t) = o(a,t),  (16)

where the usual KFG density is given by 3. The Hamiltonian for a free 1D KFGM par-
0= o(e.t) = 8120 = 6. — ol (A7) ticle
Similar to the relation given in Eqg. (9), the following relation The formal action of the Hamiltonian operator for a free 1D
betweerp andp,q; can also be written: KFGM particle is given in Eqg. (3), and its domain is essen-
! tially given by

((Paqy ¥, E®)) = (¥, pED)) + f[U,E®; Q],  (18)

whereE = ini, 0/0t is the energy operator. Naturally, if R . .
® € D(p), then, automaticallyE® € D(p). If & satis- and  p® € D(p) } C D(p). (22)

fies a BC, the® satisfies that same BC. Consequently, any . . . .

BC included in the general set of BCs, which we know leads! hus, the wavefunctiong lA:)elongmg.toD(h) must satisfy

to the cancellation of the boundary term in Eq. (10), must€ same BCs thab € D(p) satisfy, i.e., must satisfy any
also cancel out the boundary term in Eq. (18) (compare th&C included inthe setof BCs given in Eq. (11), with the ma-
boundary terms in Egs. (10) and (18) and note th@tshtis- X N satisfying Egs. (15) and (21). Add.|t|onatlly, beciause
fies a BC, ther2® also satisfies that BC). We recall that for P® € D(p), the first spatial derivative b, i.e., ¢; andgs,

any of the BCs that are within the general family of B§ss r:nTust ajs_ol satisfy theAsTet of BCs in Eq. (11), wittfulfilling

a pseudo self-adjoint operatde., p = paq; (i.e., p acts the N =N andN = N". The2 x 2 unitary and symmetric
same ag,q; andD(p) = D(paq;)). Similarly, if we impose matrix N depends on three real parameters and can be written
¥ = ®in Eq. (18) with the resulp = p.,q;, we obtain the 35 follows:
following result:

D(h) = D(p*) = D(pp) ~ { @ | © € D(p)
)

N = eln | Mo—img  —imy (23)
f[(I),EQ,Q] :ih[genHZ:O —l1g mgp + 1ms
= Qen(b,t) = gen(a,t), (19)  where the real quantitiesiy, m; andm; satisfy (mg)? +
o (m1)? + (m3)? = 1 (in this article, no parameter is labeled
where the (complex) KFG energy density is given by with the symboln,), andy € [0, ) (det(N) = €!24). Then,

_ B AED — ik (0" d . 20 the wavefunction® on which the Hamiltonian given in Eq.
Oen = Qen(,t) = PI7E® = ih (41 d1 — 63 62),  (20) (3) can act,.e., the wavefunction® that make up the do-

whereg, = ¢y /0t, etc., as usual [16]. The results given in main Ofﬁ’_ D(B)' can only satisfy BCs that are included in
Egs. (16) and (19) are straightforward consequences of thté1e following family of BCs:

pseudo self-adjointness ¢f In addition, j.,, in Eq. (1) and 1 (b, 1) [ ba(b,t)

oen in Eq. (20) satisfy a continuity equation (this situation is [ ¢2(a7 ) } =N [ ¢1(a’ t) ] , and

valid on-shell,i.e., for solutions® of the FV equation. See ’ ’

Appendix B). [ #} (b, 1) } _ N[ b (b,t) ] (24)
If we impose either of the two Majorana conditions on ¢h(a,t) di(a,t) |’

the four-parameter general set of BCs in Eq. (118, A

P2 = ¢ = &1 = @5, O p2 = —p7 = ¢1 = —@5 (with Up to this point, the domain df is induced entirely by the

the condition given in Eq. (15)), then it becomes a three-domain ofp.

parameter general set of BCs. This is because the unitary However, the Hamiltonian operator with the latter sets

matrix N must also be a symmetric matrix, namely, of BCs within its domain is not necessarily a pseudo self-
o o adjoint operator. For example, the relation given in Eq. (2) is
N=N". (1) not necessarily verified. Certainly, if the latter relation holds
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for some BC, the Hamiltonian with this BC in its domain given in Eq. (25), with the matri®/ given in Eq. (33).

is not necessarily a pseudo self-adjoint operator; howeveihat is, we have a one-parameter general family of BCs for
the equalityjen(b,t) = Jjen(a,?) is a consequence of the this Hamiltonian operator, namel,(b,t) = V(a,t) with
pseudo self-adjointness &f Thus, we can restrict the set ®'(b,t) = V&' (a,t). We recall that this one-parameter fam-
of BCs in Eq. (24) by requiring the validity of that equal- ily of BCs satlsfles the relation given in Eq. (2k., given a

ity. To obtain the mathematical conditions that ensure thaBC within the one-parameter family of BCs, the energy cur-
Jen(b,t) = jen(a, ), it is convenient to first rewrite the fam- rent density has the same value at each end of the interval.

ily of BCs given in Eq. (24) as follows: The 1D FV wave equation is given by
$1(b, 1) $1(a,t) « . . 0
d - i i
[ 62(0,1) bafat) | Be=he = ihl el
0.t ] _g [ #i(at) _[_m 0
[ b 1) | = \Y% shat) |’ (25) =|"om (73 + 172)a 5 + mc?7s | ®(x,t).  (34)
where If ®(z,t) is a solution of this equation, then
o el mg — ims R
Ve m { —(mo+img) e ] - (9 (11®)(2,t) = Bla + b - a,1), (35)

andm; # 0 (det(V) = 1). Certainly, simple algebraic is also a solution. The operattris the parity operator, and it
manipulations of the relations given in Eq. (24) lead to thereflects the wavefunction around the paint (a+b)/2,i.e.,
results in Egs. (25) and (26). On the other hand, the casaround the midpoint of the interval. In faqll®)(a,t) =
m; = 0 is studied in Appendix C. ®(b,t), (I®)(b,t) = ®(a,t) and (IID)([a + b]/2,t) =
Then, evaluating the energy current density given in®([a + b]/2,t), as expected. To immediately see that
Eq. (1) atz = b, substituting into it the two relations given (I1®)(z,t) is also a solution of the free FV equation in Eq.
in Eq. (25) and their time derivativels(b, t) = V®(a,t) and  (34), the formulasd®(u,t)/0u = —0®(u(z),t)/0x, and
&' (b, t) = V&' (a,t), and finally equaling withie, (a, t) (see  therefore )@ (u, t)/0u* = +9?®(u(x),t)/0x?, where® is
Eqg. (2)), we obtain the result a function ofu andt and whereu is a function ofz (in fact,
. . u = a+b—x), can be used. Becau$€z, t) and(I1®)(z, t)
V(73 + i) (75 +i72)V = (73 +i72) (73 + i72).  (27)  are solutions of the free FV equation, this equation is parity
. o i invariant (hence, the Ham|lton|ai|n commutes withl, i.e.,
By su_bstltutlng the matrw in Eq. _(26) into Eqg. (27), the L(T1®) = (L) with T1® € D(h ). If ®(z,t) andd’ (z, ¢)
following three equations are obtained: satisfy a BC, theri[1®)(z, t) and (1)’ (z, t) also satisfy it.
. y _ 2 Consequently, not only must the BCs given in Eq. (25) be in
14 mo cos{y) +ms sin{u) = (m1)", (28) D(h), but the following must also be included:
(e'® + mg 4 im3)? = —(my)?, (29) R o
(II®)(b,t) = V (II®)(a,t) and

(I1®)'(b,t) = V (11®) (a, 1), (36)

and

(e™' +my —img)? = —(my)2. (30)
From Egs. (29) and (30), we obtain the same results, namel%@?re,\(ﬂlg;{;)év er)(l?llg) (_ 4 ? nd%?g;?f ?:tf:l; e_d;rc;)r? Eg.
mo + cos(u) =0 and m3+sin(p) =+m;.  (31) — (0/0u) (2(u, 1) y—q1p—o» 1€, (I19)'(x, 1) = —®(a+
b — x,t); hence(II®) (a,t) = —P’(b,t) and (11D)’(b, t) =
By substituting the latter two equations into Eq. (28), we ob-—&'(a,t). The BCs given in Eq. (36) can be written as fol-

tain the result lows:
m3 =0, (32) p1(a,t) | _ | 1(bt)
N | o {@(a») } ‘V{ ¢2(bat)}’ and
and the conditiorfmg)? + (m;)? = 1 is automatically satis-
fied, that is,(— cos(u))? + (Fsin(p))? = 1 (we recall that _ { ¢ (a,t) } -\ [ 91 (b, t) ] (37)
m; # 0; hencey # 0). Finally, the matrixV in Eq. (26) can ¢a(a,t) ¢o(b,t) |’

be written as follows: .
whereV is given in Eq. (33). Substituting the latter two rela-

gz L | _C(jisfﬂ) 7 (33) tions into those given in Eq. (25), we obtain a new constraint
sin(u) [ cos(u) e on the matrixV, namely,
wherey € (0,7). The BCs that make up the domain of NP
the free FV Hamiltonian in Eq. (3), thus far, are those Vi =L (38)
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By substituting the matri® in Eq. (33) into Eq. (38), the (see Ref.[13]). Similarly, the nonrelativistic limit of Eq. (46)

following three equations are obtained: leads to the result
. o e 2 2
sin(yo) cos() = . GO [t (i b 2 o0 | =0 9
e!? — (cos(n))® = —(sin(p))?, (40)
The latter equation can be obtained via the same procedure
and that led to Eq. (47). Certainly, because the terms enclosed in
—i2u 2 _ (i 2 41 brackets do not have to be zero, the latter two equations are
¢ (cos(1z)) (sin(p))", (41) not free 1D Schidinger equations. However, if in Egs. (47)
and whose only common solution is given by and (48) the functiongs:)xr and (¢1)3r are interpreted
- as independent solutions or fields, then these equations can
p=g- (42)  yield the free Sctirdinger equation fof¢$; )nr and the equa-
tion that is the complex conjugate of the free Swlinger
Consequently, the matri¥ in Eq. (33) takes the form equation for(¢;)g. The latter argument has been used and
) questioned when taking the nonrelativistic limit of certain
V=Fi { -1 0_ ] = F1,, (43) real scalar field theories (see, for example, Refs. [20-23]).
0 —i In the free case, the relationship between the two-

and the BCs that are part of the domain of the free FV Hamilcomponent FV wavefunctio® and the corresponding one-

tonian are the following: component KFG wavefunctiop can be written as follows:
¢1(b7t) ¢1(aat) |: ¢1 :| 1 |: ¢+ 12E¢ :|
= d (b — —_ — mc® |
[ o2(0,t) | =T | galat) |7 N B [ 7
P1(bt) | _ ¢1(a,t) R B
|: ¢/2(b’ t) =+ ¢/2(a,t) ) (44) = (Tg + 17'2)‘1) = _¢ ; (49)
that is, the periodic BCP(b,t) = ®(a,t) and®'(b,t) =  (see, for example, Refs. [15, 16]). The latter matrix re-
®'(a,t), and the antiperiodic BGP(b,t) = —®(a,t) and |ation precisely leads to the complete equivalence between
®'(b,t) = —9'(a,t). Owing to the Majorana conditions, it the KFG and FV wave equations; certainly, the mass of

is sufficient to write these BCs in terms of only one of thethe particle cannot be zero. Thus, by virtue of the relation
components of> (the other component can be obtained al-on the right-hand side in Eq. (49), the two BCs given in
gebraically). For example, in terms @ alone, the peri- Eq. (44),i.e., (75 + i72)®(b,t) = F(75 + ity)®P(a,t) and
odic BC is¢y(b,t) = ¢1(a,t) and gy (b,t) = ¢1(a,t), and (75 4 i7)®/ (b, t) = T(73 4 i72)®'(a, t), lead us to the fol-

the antiperiodic BC is1(b,t) = —¢1(a,t) and¢|(b,t) =  |owing two BCs for the one-component wavefunctign
—¢/(a,t) (the BCs forp, are obtained from the relation

¢2 = ¢F, when® = &, or from ¢ = —¢I, when o(b,t) = Fo(a,t), and ¢'(b,t) = F¢'(a,t), (50)
® = —d,). Finally, the wave equation fap; is obtained

from the FV equation and a Majorana condition, namely, namely, the periodic BC (positive signs) and the antiperi-
W2 82 odic BC (negative signs). Certainly, the one-component KFG

if Q(lﬁ(m, t) = ————[¢1(z,t) + ¢F(x,1)] wavefunctiony is real, or purely imaginary, depending on the
ot 2m Ox? Majorana condition chosen. Finally, because the two BCs
+mc? ¢ (z, ), (45) in Eq. (50) are included in the most general three-parameter
set of BCs for which the FV Hamiltonian operator for a 1D
when® = @, (= ¢2 = ¢7), or KFGM particle in an interval is pseudo self-adjoint, the free
) B2 92 FV Hamiltonian operator for a 1D KFGM particle in an inter-
ih §¢1(x, t) = ~om B2 [61(z,t) — &7 (,1)] val with these two BCs is a pseudo self-adjoint operator (see
BCs (vii) and (viii) in Sec. 4 of Ref. [14]).
+mc? ¢y (z,1), (46)

when® = —&. (= ¢ = —¢7) [13]. Because the latter 4. Final discussion
two equations describe (strictly) neutral particles, they do not
necessarily lead to the free 1D SeHinger equation in the A truly free 1D KFGM particle in an interval is a strictly
nonrelativistic limit, as one might expect. In fact, in this ap- neutral 1D particle that is located in a finite region but is not
proximation, Eq. (45) leads to the result confined to that region, nor is it subject to any external field.
Consequently, the energy current dengitydoes not vanish
[ me? o  h* 0? o Lo
Re {e ot (—ih — ) (¢1)NR} =0, (47) atthewalls of that region; however, there are infinitely many
ot 2moa? BCs that satisfy this requirement. To distinguish between all
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CONSTRUCTING THE HAMILTONIAN FOR A FREE 1D KFGM PARTICLE IN AN INTERVAL 7

these BCs, we restrict the domain of the free FV Hamiltoniarresult given in Eq. (44) along with the discussion in the two
operator, which is a function of the domain of the pseudagparagraphs following that equation—does not appear to have
self-adjoint momentum operator (we calculate the latter dobeen published previously. We believe that our work will be
main first) by requiring that, given a BC within the domain of interest to all those interested in the fundamental aspects
of the Hamiltonian, the energy current density has the samef relativistic quantum mechanics.

value at each end of the interval. Then, a one-parameter gen-

eral family of BCs must lie within the domain of the free FV

Hamiltonian. Because the FV wave equation is invariant unAppendlx A
der the operation of parity, the parity-transformed wavefunc-The free 1D Sctirdinger equation
tion is also a solution of this equation, which further restricts

the domain of the free FV Hamiltonian. Finally, knowing p3

0 A
ih L og(x,t) = hedg(x, t) = ;—;@s(x,t)

what BCs are inside the domain of the pseudo self-adjoint ot
FV Hamiltonian operator for a 1D KFGM particle in an in- s Ps 2 92
terval, we find that only two quantum BCs can remain in the oy 28(0:1) = —5 55 Ps(x, ), (A1)

domain of the free FV Hamiltonian: the periodic BC and the

antiperiodic BC. These BCs are satisfied by both the twohas as its solution the wavefunctidn (z, ), but the parity-
component FV wavefunction and the one-component KF@ransformed wavefunctiofils®s)(z,t) = ®s(a + b — z,t)
wavefunction. Furthermore, as a consequence of imposini§ also a solution. The procedure used in the paragraph fol-
a Majorana condition, the two components of the FV wavelowing Eq. (35) can be repeated here to verify this result. The
function are not independent, and the KFG wavefunction ig1amiltonianhg essentially has the following domain:

either real or imaginary. Owing to the Majorana conditions, N

it is sufficient to write these BCs in terms of only one of the D(hs) = D(b3) = D(ps bs)

components of the FV wavefunction. The first-order equa- ~ {®g | Bg € D(ps) and psPs € D(ps) }. (A.2)
tion in time for the chosen component is obtained from the
FV wave equation and a Majorana condition. Thus,®s € D(ps) andpsPs € D(ps); thereforePs (b, t) =

The physical interpretation of the periodic BC imposede'? ®g(a,t) and®4(b,t) = e'? ®4(a,t) (with § € [0,27)),
on the wavefunctions, ®, ¢, or ¢» = +¢1, is that it sim-  respectively. Moreover, becaugHgs®s)(z, t) is also a so-
ulates the motion of a 1D KFGM particle over a completelution of the equation in (A.1), we have the following re-
circle (360°), i.e., the particle reaches one wall and reappearstrictions: [IgPg € D(ps) andps(fIS@s) € D(ps); there-
at the other wall. In contrast, the physical interpretation of thefore, (HSQS)(b t) = e (llg®s)(a, t) and (MsPs)’ (b, t) =
antiperiodic BC is that it simulates the motion of the particlee'? (Ils®s)’(a, t), respectively. The latter two BCs be-
over half of a Mdbius strip {80°), i.e., the particle reaches come the followmg two BCs:®g(a,t) = '? dg(b,t) and
one wall and reappears at the other wall but “upside down.” ®4(a,t) = e'% ®4(b,t), respectively. Finally, only two
Naturally, when the domain of the momentum opergtor BCs satisfy the two pairs of BCs mentioned above and
contains only the periodic (antiperiodic) BCe., ®(b,t) =  therefore only they can be in the domain of the free 1D
®(a,t) (®(b,t) = —P(a,t)), then automatically the domain Schidinger Hamiltonian: the periodic and antiperiodic BCs,
of the free FV Hamiltonian operatdr that is a function of i.e., ®s(b,t) = ®s(a,t) plus ®4(b,t) = P4(a,t); and

p timesp contains only the periodic (antiperiodic) BC, that ®s(b,t) = —®gs(a,t) plus ®§(b, 7«‘) = —& (a t), respec-
is, ®(b,t) = ®(a,t) and ®’(b,t) = ®'(a,t) (®(b,t) = tively.
—®(a,t) and ®'(b,t) = —’(a,t)). Certainly, both this

momentum operator and the free FV Hamiltonian Operatogb\ppendix B

are pseudo self-adjoint operators, and the periodic (antiperi-

odic) BC is invariant under the parity operatidre,, itisa  The FV Hamiltonian operator for a 1D KFG particle in the
1I- -symmetric BC. These results can be extended to the prolnterval ) = [a, D] is given by

lem of a truly free 1D KFGM particle moving in the real line -

with, for example, the point = 0 excluded. The two BCs . A ia 24

for this problem can be obtained from the two BCs for the h= %(TP’ i72) +me . B.1)
truly free 1D KFGM particle on the interval by making the
replacements = a — 0+ andxz = b — 0—. Certainly, the
two nonconfining BCs define transparent or penetrable barri- )

ers ate — 0. hagy = 73 0 75 = Zp—m(%g +ify) +mer.  (B.2)
Finally, to obtain our results, we use only a few simple

concepts found in the general theory of linear operators ove€learly, the actions di andh.,q; are equal. The latter defini-

an indefinite inner product space and, of course, some alg&ion leads automatically to the following relation:

braic procedures to construct the families and subfamilies of . .

BCs. Furthermore, the main result of the article—that is, the ((hagj ¥, @)) = ((¥, h®)), (B.3)

The formal generalized adjoint afis given by
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8 T. KAMPU AND S. DE VINCENZO

where the scalar product is defined in Eq. (7). The lat- The operatoré andﬁadj also satisfy the following rela-
ter relation defines the operatbgy; on a7s-space, where tion:

¥ € D(h,qj), the domain ofi,q5, and® € D(h), the domain

of h. By applying the method of integration by parts twice,  ((h.q; ¥, E®)) = (U, hE®)) + g[¥, E®; Q], (B.12)
the following relation can be demonstrated [24]:

ro _ - . whereE = ih 15 0/0t is the energy operator. # € D(h),
((haqy'¥, @)) = ((F, 1)) + g ¥, 2, (B.4) then automaticall{/ECD e D(h). Thus, any BC withir(l t)he
where the boundary term is given by general set of pseudo self-adjoint BCs given in Egs. (B.7)
21 ; and (B.8) that leads to the disappearance of the boundary
glv, ;] = “5m 3 [((%3 +i79) W) (75 4 i72)® termg[¥, ®; Q2] in Eq. (B.4) must also lead to the disappear-

ance ofg[¥, E®; Q] in Eq. (B.12). If we makel = & in

— (73 4+ i) W) (35 + i@)q)/] ’ (8.5) EQq. (B.12) with the resulh = h,4;, we obtain the following

a result [14]:
Using the relationship between the two-component FV wave-
function & and the corresponding one-component KFG g|®, BEd; Q] = ih [jen”f; =0
wavefunctiong given in Eg. (49) and another similar rela-
tionship for & ands), we can writeg[¥, ®; Q)] in terms of = Jen(b, 1) = jen(a, 1), (B.13)
only ¢ and¢, namely,
B2 where the (complex) KFG energy current density is precisely
g[¥, ®; Q] = 5 [(¢')* ¢ — ¢*¢']\Z_ (B.6) the result given in Eq. (1), namely,

The most general family of BCs for a 1D KFG particle in . i N A S
an interval, characterized by four real parameters and leadingJen = Jen(:8) = =5~ 5 {((73 +i72) @) (75 + i72) @
to the disappearance gfl, ®; (2], was obtained in Ref. [24], .
namely, — (33 +i7)®) (35 + 1%2)@’} : (B.14)

3 / " : /

z((sg_éiz,gl;’ tt)) } =U { :fég’giii,gg’ tt)) } , (B.7)  The results given in Egs. (B.10) and (B.13) are direct con-
’ ’ ’ ’ sequences of the pseudo self-adjointnesk. oMoreover, j

whereg = ¢1 + ¢ (see Eq. (49))A is a real parameter and is equal to zero everywhere arg, is a real quantity when

the unitary matrixU is given by j andj., are calculated for a state satisfying a Majorana
o[ mo—ing —np—in B8 condition.
U=e Ny —in; mng+ing |’ (B.8) The following relations are also obtained:

whered € [0,7), and the real parameters, n;, n, and d 1

ng satisfy (ng)? + (n1)? + (n2)? + (n3)? = 1. By impos- (¥ @) = —= g[¥, &9, (B.15)

ing a Majorana condition on the general family of BCs given

in Egs. (B7) and (B8)$ = &, = 7" = ¢ = ¢* or and

b =-0, = 7P = ¢ = —¢), the resultn, = 0 is q 1

obtained. Thus, the four-parameter family of BCs becomes — (U, E®)) = —— g[¥,E; Q) (B.16)
a three-parameter family of BCs. Indeed, the latter family is d in

for a 1D KFGM particle in an interval [13]. For all BCs in- \yhere® and® in Egs. (B.15) and (B.16) must also satisfy
cluded in the general set of BCs given in Egs. (B.7) and (B-8)ihe 1D FV wave equation. If is a pseudo self-adjoint opera-
h is a pseudo self-adjoint operatoe., tor, then the boundary terms in Egs. (B.15) and (B.16) vanish;
(bW, ®)) = (U, hd)). (B.9) conse_quently((\l/,(l))) gnd((\I/,E(I)ﬁ are time-independent
o ) ) guantities. Moreover, if we maké = & in Egs. (B.15) and
Thus,h = h,q;, i.e., the actions ofi andh.q; are equal, and  (B.16), the following results are obtained:

D(h) = D(hag). If we make¥ = @ in Eq. (B.9) and in

Eq. (B.4) with the resulh = h,q;, we obtain the following d _d/f g
condition [24] dt <<(I)a (I)>> - dt o dz o) = []Ha ’ (817)
gl®, ;0] =ih [j], =0=j(bt)=j(a,t), (BI0) g
where the usual KFG current density is given by q q
N S, (@80 =5 ([ dron) =~ Linlll @19
j=jlz,t) = 217m§ {((73+17'2)<I> )Jr (73 +i72)® dt dt \ Jq

where the definition of the indefinite scalar product indefinite

_ ~ N /A N / I
(73 +17)®)" (73 +i72)® } - B alar product definition in Eq. (7) was also usedh I§ a
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CONSTRUCTING THE HAMILTONIAN FOR A FREE 1D KFGM PARTICLE IN AN INTERVAL 9

pseudo self-adjoint operatare., if the results in Egs. (B10) Appendix C

and (B13) are imposed, theii®, ®)) = [,dz o = const . _

and (3, Ed)) = Jiydz 0en = comst (on-shell results). The BCs correspondmg to the casg = 0 can be pbtalned
In fact, the results in Eqs. (B17) and (B18) are obtained™®M the general family of BCs given in Eq. (24) with the ma-
by integrating the continuity equatiorigo — pj = 0 and trix N given in Eq. (_23). After _settmggl = 0, the following
Eoen — Pjen = 0, respectively, over the intervel. two-parameter family of BCs is obtained:

The usual Lorentz two-vector current density is given by . d1(b, 1) R b1 (a,t)
A% ’ =V ’ d
in ' [ 92(b.1) ] : { ¢2(a, 1) } o
gt =gt t) = 5 —[¢"(0"9) — (0"¢") 9], (B.19)
where¢ = ¢(z,t) is a one-component KFG wavefunction, 92(b:7) 92(a,?)
7% = coandj' = j. In (1+1) dimensions, Greek indices where
u,v, ... take the values 0 and 1, and the metric tensor is »
g"” = diag(1, —1). The continuity equation then takes the V) = [ 1 —e'(mg —ims) ] . and
gsual formo,j* = 0 [15]; therefore,Ego — pj = 0 (where 0 0
E = ihcdp andp = —ih0;). We introduce the following . 0 0
second-rank Lorentz tensor: Ve = [ 1 —e ' (my —ims) } ) (C.2)

B ih
" 2m

x [¢7(0"(1h9,9)) — (8"¢") (ihd,9)],

KILV = K/LV (x7 t)
(B.20)

whereK%, = g, and K = jeu/c; also, K9 = K10 when
1) satisfies a Majorana conditiop & ¢*, or ¢ = —¢*), i.e.,

where (mg)? + (m3)? = 1, andp € [0,7) (det(Vy) =
det(Vs) = 0). The latter set of BCs may be called “sepa-
rated” because each of the relations arising from Eq. (C.1)
is always evaluated at a single point, that iszat « or at
x =b.

Then, evaluating the energy current density given in

in this case K is a symmetric tensor. The latter tensor iSsgq. (1) atz = b, substituting into there the relations

an unusual energy-momentum tensor. Howek@f, and the

commonly used energy-momentum tensor [25]

2

TV, =T, (x,t) = 2th [(8,¢7) (0"9) +(0"97) (8,9) ]

2

K2 m2c?

I Qf *k _ * 1
e - e @2
are linked via the following relation:
h2 1’I1202
B R 7 o gk _ * i
h2
- * (M
5 00 (67(0"9)) (8.22)
Using the free KFG equation,
m262
(6“(% + h?) ¢ =0, (B.23)
the following result can be obtained from Eq. (B22):
ouK*, =0,T",. (B.24)
As is well known,0,, T#, = 0 [25], consequently,
o.K", =0. (B.25)

By choosingy = 0, the latter equation gives us a specific
continuity equationj.e., K% + 01 K", = 0; therefore,

Egen — Pjen = 0, as expected.

¢1(b, t) = ei“(mo — im3)¢>2(b, t) and¢>’1(b, t) = ei”(mo —
im3)®5(b,t) (obtained from the two relations in Eq. (C.1))
and their time derivatives, we obtain the result

ﬁQ
Jen(b,t) = i [1+mg cos(p) + mgsin(u)]
% [(65)7(6,1) a(b1) — (62)" (0, 1) 4(6,1)] . (€3)
Similarly, evaluating the energy current density given in Eq.
(1) atz = a, substituting into it the relation, (a,t) =
et (mg — img)ga(a,t) and ¢f(a,t) = e T (mg —
im3)dh(a,t) (obtained from the two relations in Eq. (C1))
and their time derivatives, we obtain the result

Jen(a,t) = —%2 [1+ mgcos(p) — mgsin(u)]

X (gb/Q)*(aa t) 452(@’ t) - (¢2)*(a’ t) éé(aa t)} . (C4)

Because the latter two results must be equal (see Eq. (2)), we
have thatm; sin(x) = 0; hence,

m3=0, pu=0 and my==£I1. (C.5)

Therefore, the BCs that emerge from the latter restrictions are
given by

(1) N ](I)(b,t): [‘i’ qgl }@(a,t), and
[ (1) T)l }@/(b,t) - [ (1) 321 }@’(a,t), (C.6)
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10 T. KAMPU AND S. DE VINCENZO

applies if the BCs given in Eq. (C.8) are used. Therefore,
these two BCs do not characterize a truly free 1D KFGM par-
ticle moving in an interval. Indeed, the casg = 0 does not

first derivatives,¢/ (z,t) and ¢, (z,t), are also equal there; generate new nonconfining BCs. On the other hand, these
the same holds at = a. If mg = —1, then the compo- two sets of BCsj.e., the BCs in Eg. (C.7) (or the BCs in
nents of®(x, t) and their first spatial derivatives have oppo- Eq. (C.6) with the upper sign) and the BCs in Eq. (C.8) (or
site signs at = b, and the same occurs:at= a. The BCsin  the BCs in Eg. (C.6) with the lower sign), are not included
Eq. (C.6) can be written in terms of the one-component KFGn the most general three-parameter family of BCs for the
wavefunctionp (indeed, we use the equivalence between theoseudo self-adjoint FV Hamiltonian operator that describes
KFG and FV wave equations). Evaluating the wavefunctiona 1D KFGM particle in an interval (see Sec. 4 of Ref. [14]).
® atx = bandx = a in the relation on the left side of Consequently, these two quantum BCs cannot be part of the
Eq. (49) and substituting these quantities into Eq. (C.6), walomain of the pseudo self-adjoint—free FV Hamiltonian op-
obtain the following two sets of BCs: erator and must be discarded.

where the upper (lower) sign correspondsntg = +1
(mp = —1). Note that ifmy = +1, then the two components
of &(x,t), ¢1(x,t) andes(x, t), are equal at = b, and their

$(b.t) = dla,t) =0,

¢'(bt) = ¢(a,t) =0,

(mg = +1). These BCs are the time derivatives of the Dirich-
let and Neumann BCs, and

¢(b7 t) = qﬁ(a,t) =0,
¢ (b,t) = ¢'(a,t) =0, (C.8)

(mo = —1). These BCs are the Dirichlet and Neumann BCs. o
The energy current density given in Eq. (1) can also befuthors’ contributions
written in terms of the wavefunctiog [14], namely,

h2
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