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ABSTRACT

The available experimental data on shock vave compression of the noble
metals and sodium chloride is used to examine the validity of some of the equations
of state proposed for these solids. The Koebler and Duvall equation gives excel=-
lent results for sslver and copper, but to fit the Born-Bradburn equation to the avai-
lable data for silver it is necessary to modify this equation in a suitable form, Some
preliminary results for sodium cbloride using for the lattice energy expressions con-
taining an attractive Coulomb term, and a repulsive term of power and exponential

forms, as well as the Born-Mayer equation of state, are also reporied.
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l. INTRODUCCION

The purpose of this paper 1s toreport on the work that hos been done in the Uni-
versity of Mexico on the subject of the equation of state of solids from the theore-
tical viewpoint, using the experimental information on the shock wave compression
of solids in the high pressure range.

We have limited our work to the noble metals and sodium chloride, mainly
because it seems to us that these are some of the more thoroughly studied materials,
so that there is abundant theoretical and experimental work to compare with our re-
sults.

We have applied the Koehler and Duvall equation to silver and copper; sil-
ver has also been studied using the Born-Bradburn equation of state, and also using
a modified form of this equation. As regards sodium chloride, we have used for the
lattice energy expressions containing an attroctive Coulomb term, and a repulsive
term of power and exponential forms. Some results have also been obtained using

the Born-Mayer equation of state for sodium chloride.

2. GENERAL PROCEDURE

1

The experimental information is given the form of pairs of values for the

shock and particle velocities (U_;U ); these data are transformed into the Hugoniot

equation of state by means of the R:nkine-Hugoniot shock equations, and the Hugo-
niot pressures are finally reduced to the cold (0°K) isotherm P_(V) using the Mie-
Gruneisen equation” . One can also use the available data on extrapolations to ze-
ro temperature of the cohesive energy, bulk modulus and Griuneisen ratio. For the
noble metals we used the experimental data reported by McQueen and Marsh* and for

sodium chloride the data reported by Al‘tshuler, Kuleshova and Pavlovski~ were

used.
To fit an equation of state to these data we assume first an expression for

the free energy as a function of the volume V and some arbitrary parameters a:
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W=W(V,a,) (1)

the equation for the cold isotherm and bulk modulus may then be obtained from the

relations

Pcz- oW (2)
oV
aP
B,.=~Vv__° (3)
Vv

The volume dependence of the Grineisen ratio is obtained using either the

the Slater® formula

2 2
d P,/dV
rp=-2-Y 2PV @
3 2 3p,./3v
or the Dugdale-MacDonald vformula
2 2/3
Fnz-%-_;f o (PcV )/oV (5)

L] . ] 3
and the Mie Gruneisen equation

_ [
- PC_"; (EH_ Ec) (6)

Py

is used to obtain the volume dependence of the Hugoniot.

These equations can be used to adjust the values of the arbitrary constants

a. to fit part of the data, and the remaining data are finally used to test the equations.
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3. SILVER AND COPPER USING THE KOEHLER AND DUVALL EQUATION

Koehler and Duval® have recently proposed an expression of the form

1/3
2/3 v 1/3 a[l-(_":.) ]

W({V) = A é +B(Ea_) «C(_°) + He Yo (7)
Vv 14 V

tor the energyof the noble metals as a function of wolume. In this expression W(V)
is the energy per atom, V is the atomic volume at zero pressure, V the atomic volu-
me under pressure, A, B, C, H and a are arbitrary constants. The values of the five
constants were adjusted by Koehler and Duvall to tit the value W(V,) of the ener-
gy per atom at zero pressure, zero temperature, and four points on the cold isotherm
including the origin. Koehler and Duvall remarked also that in the transformation
of shock wave date into Hugoniots by means of the Rankins-Hugonoit equations,
metals are supposed to behave like perfect fluids, and no allowance is made for
shearing stresses. [n real materials, which possess in general some rigidity, the
Rankine-Hugoniot equations still hold for a shock wave travelling in the positive
X-direction, if one replaces P by-o_, and this is what is obtained from the shock
equations; the actual pressure P is smaller by anamount which can be estimated
to be two-thirds of the yield stress if this is assumed to be a constant independent

of pressure,

Calculations using the Koehler and Duvall energy equation have been ca-
9

rried out for silver using the coefficient reported by these authors assuming a per-
fect fluid behaviour, and also assuming a constant 7 kilobars yield stress indepen-

dent of pressure. In both cases, with and without yield stress, the results for the
cold isotherm and bulk modulus are in very good agreement with the shock wave
data reported by McQueen and Marsh®. For the Grineiser. ratio the results are
found to differ greatly among themselves ond also from the values reported by Mc-
Qeen and Marsh: however, due to the fact that the Hugoniot obtained from the Mie-
Gruneisen equation is not very sensitive to ditferences in the Gruneisen ratio’, the

four Hugoniots obtained are in very good agreement among themselves and with the
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Hugoniot reported by McQueen and Mersh.
These resuvlts show that the Koehler and Duvall equation is adequate for

the thermodynamic description of high pressure states of silver, and support also the

assumption that metals under shock behave like perfect fluids.

10

Copper has been treated along the same lines , with some minor changes

in the procedure: instead of four points on the cold isotherm we used only three
points, and included the zero pressure value of the bulk modulus in the fitting. A

perfect fluid behaviour was assumed and the results are in very good agreement

with the available experimental date.

4. SILVER USING THE BORN AND BRADBURN EQUATION

Following Born’s ideas on the thermodynamics of crystal lattices "' Brad-
burn'? suceeded in deriving the equation of state for a face-cerired cubic lattice

consisting of identical atoms, under the assumption that the mutual potencial ener-

gy of a pair of neighbouring atoms is of the form

o) =p{)l oy - 1(loy (8)
/4 r m r

which contains four arbitrary parameters D, r_,m,n. The Born-Bradburn equation of

state, which follows from this interatomic potential, may be expressed in the form

m+3

P=ALE( +£) +TY(E) (9)

in which ' is a known function of £, and this is defined by

1 +& = (YY) o 3 {10)
VO

V, is as usual the volume at zero pressure zero temperature, and is one of the arbi-

47



trary constants, the other arbitrary constants are A, 7 and m . V and T are the vo-
lume and temperature ot pressure P, respectively.

The adjustment of the parameters may be done in many different ways.
Furth adjusted the parametars to fit the zero-pressure values of compressibility

thermal expansion and their derivaties, and also the cohesive energy. Furth's vae~

14

lues are in reasonable agreement with the low-pressure data reported by Bridgman ,

but if one uses the same parameters in the shockewave range. the agrement is far
from good. Duvall and Zwolinski - reported the ‘comparison of two calculated points
tor aluminum and two for copper with the high-pressure data of Walsh and Christianu,
with differences of the order of 20%, and we got o similar results for silver.

In an attempt to improve the results for silver, the parameters A, m and n were
adjusted to fit the coid isotherm reported by McQueen and Marsh? in the pressure range
from 100 to 1300 kilobars. The best fit was obtained with m = 3.5, n = 7; one gets
then excellent agreement in the cold isotherm, (see Fig. 1), but a zero pressure ca-
tastrophe, 40% error in the Grineisen rotio and 100% error in the cchesive energy.

Another trial was corried out by inverting the previous procedure, m and n
were odjusted to fit the cohesive energy and Gruneisen ratio, and then A was adjus-
ted to fit the cold isotherm as well as possible., With the values m = 4.5, n = 8 the
results are improved, but there are errors up to the 10% in pressure in the IMbarre-
gion.

At this stage we gave up the assumption that the parameter in eq. (9) is a
constant independence of volume. If one starts from the 0°K energy function in the

form

W) == A() F(5) (11)

the cold isotherm coatains an additiona) term in the volume derivotive of A:

P.=A_9F _ +Fp_ %A (12)
A L
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where

F() = 3m (g4 zymem [ m £ (13)

mn N - m

With the values m = 4.5, » = 8 and the set of (P., V) zero temperature
state of silver reported by McQueen and Marsh4, eq. (12) gives a first-order linear
differential equation for A, with the inhomogenequs term given in tabular form. This
differential equation was solved numerically by the Runge-Kutta mt'.-tht.'n:I”r to obtain
A an its volume derivative, also in tabular form, and an analytical curve was titted
by the stardard procedures to this set of points' ; values of the volume derivative

of A were first titted 1o the curve

‘11 . ] v
dA _ 1.526 + 267.500(1 =v) + 8.684 (1=v) T x10 «1.526 ¢ oo [1+]

av (14)

and the equation for A(V) was obtained by integration. These equations tit very
well the points obtained by numerical methods (See Fig. 2).

The results are very interesting because and additional term appears in the
expresions for the cold isotherm and for the lattice energy, and this term includes
an exponential of the type used by Koehler and Duvall ® to fit the shock-wave data
for the noble metals. Although the value 55.599 of the exponent is too high compa-
red with the value of 10 reports by Koehler and Duvall, the procedure look quite
promising. Calculations carried out for silver give excellent agreement with the
cold isotherm, (see Fig. 3), and very good results for the zero-pressure Grineiser.
rotio (FS = 2.626) and bulk modulus (B, = 1129.677 Kbor), as well as the volume

dependence of the cohesive energy and compressibility.

5. SOME RESULTS ON NaCl

: eq 3
Recent data on the shock-wave compression of sodium chloride have been
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used to examine the validity of some of the expressiones proposed for the lottice
energy.

Two of the expressions used for the eru:rgy5 contain only an attractive Cou-
lomb term, and a repulsive term following an exponential (eq.15) and an inverse po-

wer low (eq. 16) respectively.

1/3
="A[(K2) - P exp ____('I- V)] (15)
V 7o fo, Vo
1/3 hid
p=-ale) - (o)) 16)

V n V
In the first case it was found'’ that the same value of the parameters used

by Léwdin’® to fit Bridgman’s Jow-pressure data fit also the data in the 50-800 ki-
lobar ranges In the second case the results are not so good, and equation of this
type cannot be fitted to the high pressure data unless it is modified in a suvitable

1
form'?.

Some work has also been done using the expression proposed by Born and
Mt:lyelr21 for the lattice potential in a regular ionic lattice; this involves an empirical
repulsive potential between the ion centers and of two constants for each ion.
Usnng for the ionic radio the values reported by Huggins and Nnyeru, and odjusting
the othar five constants of the equation to fit the data on zero pressure, cohesive

energy and bulk modulus, as well as three points on the cold isotherm, one gets for

the cold isotherm the expression

. 1/3 1/3

*4/3 "3 ~11 /3 2/3 *B.1S6 VU 2/3 =11.535 U
=Av +tAv tAv tB v e tB,v e

(17)

where the values in Haup (]0-3 Hartree atomic units of pressure = 294.088 kilobars)

obtained for the constants are:

A, =~ 0.3929 B, = 10.0053x 10"

1
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A, = + 0.6658 B, =4.2163x 10

A, = - 0.7004

3

and give excellent agreement with the cold isotherm reported by Al'tshuler and co-

workerss; the average percentage diviation is 0.6 %.

6. CONCLUSION

It is not necessary to emphasise the importance of the equation of state within the
framework of thermodynamics, but we should like to remark that the main interest
of this work lies probobly in the fact that at the root of each equation of state the-
re are usually some assumptions concerning the microscopic behaviour of the solid
ond so, one can use the macroscopic results on shock-wave compression of solids

to test the assumptions and theories used to describe their microscopic behaviour.
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