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Shear wave propagation in a layered medium made of Voigt viscoelastic layers is studied. It is argued that it is possible to obtain closed-form
analytical approximate expressions for the effective dynamical parameters of the layered medium in the high-frequency regime. The multiple-
scale method is applied to obtain the frequency-dependent effective dynamical parameters. Lower-order analytical solution approximations
for harmonic steady-state were obtained. Numerical comparison against precise numerical solutions via the transfer matrix method was
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Keywords: Multiple scales; effective parameters; shear wave elastography; high-frecuency ultrasound.

DOI: https://doi.org/10.31349/RevMexFis.72.051101

1. Introduction fore, understanding the propagation mechanisms in these ma-
terials would further the development of better design tools,
. . . which is the general objective of the present work. In partic-
UItra_sound d‘?"'Ces play an important role in pre;eljt-da lar, this contribution focuses on the mathematical modeling
medical practice and research. The correct functioning o f the waves produced by medical ultrasound imaging de-

such devices depends, on the one hand, on thg manufactu(ﬁ{:es_ Such devices are considered here in the simplest con-
and, on the other hand, on the final users (medical and teclﬁ—1

. . o eptual form, that is, capable of producing ultrasonic waves
nlca_ll stafts), th_e maintenance staff and t.h? conditions of eac rough soft tissues and collecting the corresponding disper-
dev!ce. When it comes to maintenance, itis necessary thatt &N response signals for later processing [16,15].
device be properly calibrated (several calibration techniques
are summarized in Refs. [1,2]). Some calibration techniques We want to model soft tissue as simply as possible that
are based on the use of phantoms, which mainly consist of ets us arrive at explicit parameter expressions as functions
contact or propagation medium that is required to have dyef frequency in the case of shear wave propagation. Speed
namical parameters similar to those of the soft tissue to bpropagation and attenuation of the wave are the goal param-
analyzed, such as the average speed of sound, the acoustiers, whose expresions are expected to be of help as theo-
impedance and the attenuation parameter (for the relevancetical guide in some phantom design process. Soft tissue is
of these quantities in the design of materials with specifican extremely complex medium composed by enormous num-
dynamical parameters, see [3]). These parameters can be dyer of diverse elements. Generally speaking, most models in
proximated using various materials and configurations. Typliterature assumed it to be a type of solid or fluid in which
ical materials include agar, gelatin and polyvinyl-alcohol so-infinitesimal or finite, elastic or plastic strain relations gov-
lutions [4], whereas common configurations are cubes witlkern [17-22]. Geometry composition is a major aspect here.
embedded spheres or rods [5-7]. New phantom designs aRarticularly a laminated model will be employed because of
frequently produced and evaluated [8-10]. In addition toboth its simplicity and resemblance to the structure of skin,
practical experimental intuition, development of new phan-as it is composed of layers of different tissues (epithelium,
toms can be guided by theoretical models based on the pamembranes, parenchyma thickness, etc.). In fact, the use
ticularities of employed materials and configurations [11-14].of layered structural designs is recurrent to achieve specific
For instance, mathematical models would contribute not onlfunctional parameters of materials for technological applica-
to the rapid evaluation of these materials, but also to their detion, as a phantom propagation medium itself could be (see
sign based on their geometry and frequency response. Ther3-27] among many others).
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y-

Each layer will be considered as a solid viscoelastic ma-
terial [28], with Voigt constitutive relation. The simplicity
and linearity of the Voigt constitutive relation are the first at-
tributes that were considered for choosing it. Both Maxwell
and Voigt models are very useful for simply modeling the vis-
cosity of a medium (a good review can be seen in Ref. [29]).
In particular, a good summary of the most common mod- a) });:a
els of tissue mechanics and their limitations can be found in v ) N+1 complement
Ref. [30]. Particularly for the case of skin you can also con- : layered medium VL
sult [31]. Some authors have already pointed out that the bes' ; | I
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description of soft biological tissues is achieved with Voigt
constitutive relation or some variation of this under the appro- 2
priate frequency ranges. Among the works in this regard you g |
can see [32,33] where tissue substitute materials are treated // |
To deal forward with the complexity of tissue layers we ] Lo ‘ ed
will take advantage from multiple scales homogenization e[ R X
method to obtain effective parameters [34,35] representing”
global behavior. The notion of effective parameter guiding
us here is an abstract concept based on the black box model ) . )
as follows: given two systemsS; and S,, subject to the FIGURE . a) An imposed or enterlng S|gnal an.d the correspondmg
same boundary conditions, if the values of the response Varﬁropagated signal through a viscoelastic medium. b) Composite of
. N lamina, wherer,, is the position of interfaces. The left boundary
able_s observed for systeff} are sufficiently close to those s 4tz — 20 = a and the right one is at — z. In addition the
obtained for systen$;, then systemS; can be considered \yave is attenuated as— oo.
to be equivalent to (or a substitute for) systém Thus, if
the tissue substitute is a homogeneous material, then the con-
stant parameters characterizing it are the so-called effectikespectively. Physically, the problem can be associated with
parameters of the substituted real tissue. Note that suchatransversal plane wave induced in a pure normal way on the
definition of effectiveness is pragmatic in nature [36], whichboundaryz = a of the medium. In addition, the medium is
differs from the ones based on the asymptotic homogenizaassumed to be layered [Fig. 1b)] as such non-homogeneity
tion methods [35] or averaging methods [37,38]. resembles many biological tissues. This continuum mechani-
Section 2 presents the original continuum mechanicgal linear model is obtained from approximate Euler's motion
model of one-dimensional shear wave propagation in a norequationd,oc = pdyu and Voigt's modelr = Ge + 7jd;e,
homogeneous medium. Then, Sec. 3 states the perturbatiwhereo is the stress and = 0,u is the strain. Parame-
model to be solved derived from the original one. Section 4ersG, 7 and p are the shear modulus, dynamical viscosity
displays the solution process in detail to get the effective paand density, respectively, that in general depends tor a
rameters. In Sec. 5 the approximated solution to the pertumon-homogeneous medium. By the third Newton's law we
vative problem (based on effective parameters) and numeric&xpect that translational force densjt§;;u must be contin-
solution to the original problem with transfer matrix method uous throughout the whole domain in positierand timet,
are compared for non-homogeneous media taken as randa$a the smoothness afmust be at least? in t andC? in x,
laminated ones. which implies that stress = G9,u + 70, u is at leasC! in
x, which means that'd,u + HOw is C'* but not necessarily
each term and factor by itself. From the same Newton’s law
the deformative stress must be continuous tos andt¢, so
o must be continuous. Thus, in caSer or j are piecewise
continuous, these conditions must be satisfied in each bound-

n-th lamina with properties Gn, Nn, pPn

2. The model

The linear problem to be treated is as follows:

Pu O [ ~0u 0% ary. On the other hand, there is a third condition that states
"o = oz (Gax + n(%@x) , aswz 0<t, the signal attenuation as it propagates to the right along the
) x-axis (which is a consequence of viscosity of the medium),
Ul,_, = Uq cos (wt), i.e
0|,y = 0acos (wt +0,).
Function u(x, t) represents the d_is_pl_a<_:ement_field of a lim u(z,t) =0, @)
transversal wave motion on a semi-infinite medium that ex- T—00

tends ovefa, oc) > x as shown in Fig. 1a). Constant param-
etersu,, o4, 8, andw mean displacement amplitude, shear
stress, response phase delay and harmonic frequency, which has the effect of relating the two boundary conditions.
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A problem more suitable for computation associated withplies shorter wavelength, so the microstructural details of the
problem @) can be stated in terms of complex functions as propagation medium of characteristic length smaller than this

d dib ). . wavelength remain undetected by the wave, as they appear as
Ir <G d> +wipw =0, a<uz, homogeneous regions at its resolution scale. Then, the wave-
length is taken as the scale of observation, that is, the unit
W|,_, = Wa, (3)  length from which the medium is seen as a nested hierarchy
di of homogeneous blocks that extend longitudinally in powers
G T = Sq4. of such a unit. In particular, if the medium is overdamped,
T la=a the wave attenuates before propagating more than one wave-

Problem B) is obtained by changing to a problem where |ength so, in this case, the mean attenuation length can also
IS the real part Of a CompleX fUnC“OW = u + iv W|th serve as an Observation Sca|e_

v its imaginary part and supposiing’ = w(z) exp(—iwt)
with function @ carrying the spatial dependencyy, and
3, are the corresponding boundary values of complex dis

placementi and complex stress = G*(dw/dz) atz = a.  q,ency domain as — +o0, hence a small parameter inverse

G*(z,w) = G(z) — iwi(z) is the so-called complex or dy- 4, e frequency makes sense. The following dimensionless
namical modulus. Also, note that the parametric descr'pVariables are proposed: = I¢, w(¢) = B(1€) /1, £, = a/l

tion in terms of frequency (instead of wave number) is — w. /L GlE) = G/ C — A6 /7 _

adopted for attaining spatial attenuation rather than a temzé}a ~wa/ ' A(ﬁ) ) ( 62/ ,~77(§) U f)/n’ ?(5) _

poral one [39]. PUE)/ Py Sa = 8a/wi], € = G/ (wi)) y | = \/G/(w?p), with
Given Boltzmann’s superposition principle for the con- Which problemi8) becomes

stitutive relation of a viscoelastic materiak(z,t)

An appropriate choice of the small expansion parameter
allows, in addition to a good approximation, simplification in
solving the problem. We are interested in exploring the fre-

f(f G(z,t — t')Ope(x,t') considering nos ande for ¢t < a ((6(; —1in) dw) +epw =0, & <¢,

0 [29], its form in the frequency domain is(z,w) = 3 d

G*(z,w)e(x,w), where the functiorG* (z, w) is recognized w()|,_, =wa 4)
as the complex modulus in its most general form. The ma- ¢=ta ’

terial’s properties are encapsulatedif(z, w), so its behav- (G — i) dw _ .

ior can be capricious, although subject to specific qualitative d€ [e—¢, “

conditions at frequency limits close to zero or tending to in-
finity [40]. In & neighborhood of a frequenay, a linearap- & = and 5 are suitable constant values, for example, their

proximationG™ (z, w) ~ G* (2, w0) + 0.G"(2,w0)(w —wo)  corresponding maximum or mean values through the layered
can be useful, which would have the form derived from Voigt o 4ium could work.

model G*(z,w) ~ G(z) — ifj(x)w. Itis in this sense that

the Voigt model will be used, where the determination of the

values ofGi andj is done experimentally in the frequency 32 The expansion parameter
range to be treated.

The value of parameterfor tissue and ultrasonic scanning
3. Perturbative problem frequency is of orde®(10~¢), which is coherent with the
fact thatwn > G for high frequency values, sois a good
The multiple scales method is applied here to probl8nn(  candidate for expansion parameter. As choosing adequate
order to find an asymptotic approximation of its solution. Theexpansion parameter and parametrization strategy is crucial
multiple scales method is a perturbation method that consid42 43], it proves useful to take the expansion parameter
ers a formal power series expansion of the solution of a proby — /¢ to avoid fractional powers of, although working
lem depending on a small parameter [34,41]. The methogith fractional power expansions is possible [44]. Thus, the
requires, in addition to the expansion parameter, the definiproblem to be solved is
tion of two or more hierarchical scale variables which in this

case are space variables ranked according to the powers of , ¢4 ) L dw )

the expansion parameter. € <(V G —1in) d§) +vipw =0, & <¢,

3.1. Dimensionless formulation w()|e—g, = wa(V), (5)
We want to explore the asymptotic behavior in the high- (VQG _ iﬂ) dw = sq(v).

frequency regime. On the other hand, higher frequency im- d€ |e_e, “
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Following [45], the solution to problendj is sought via the asymptotic expansions

w(é-) - w()(g(hghg?; .. ) + Vw1(§07£17£27 o ) + V21,U2(£()7£1,§27 .. ) + ... )

d _dfo 0 dfi O  Ldfs O
&~ deog, Vdcoge TV dcog T

2
Wq = Wqo + VWq1 +V wa2+...,

Sa = Sa0 + VSa1 + V2 Sa2 + . .., (6)

where¢,, = v™ f,,(£), m = 0,1,2..., are the rescaling variables,, are functions to be determined, afidis the reference
or original variable, that isfy(¢) = £ and thereforefy = &, then¢,, = v™ f,.(£). So, variableg,,, will be treated as
independent of each other except fgr The w,,, (with m = 0,1,2,...) is them-th coefficient of the formal series af
in powers ofv, and is expected behave asymptotically at leastdike ; to ensure term™w,, has a contribution of order
O(v™) to the solutionw. Coefficientsf, d/d¢,, of differential operator should be understood in the same way. Expansions
for boundary values were propoused because it is expected they depend on frecuency, at the same time expansion parameter
is expected to be related inversely with frecuency that is supposed to be high enough. So, coeffjgjeamsls,,,, could be
understood as expansion coefficients in the sense of Taylor’s series.
By substituting[6) into the differential equation of problerg)( followed by some manipulations and grouping by powers
of v, the asymptotically zero expression is obtained which, to be satisfied, the coefficients powerasifbe zero, that is,

0 dw 0 ow
! ! n . r / n . 5 — ~
Z fl agl <77fm ) +1i Z , fl 8& <Gfm > + 1pWs—2 07 lv m,n,n e {07 17 2a .. } (7)

l+m+n=n 8§m l+m+n=n— 8£m

The sum subject to conditidi4- m + n = 7 means that
if 7 = 0then(l,m,n) = (0,0,0) and the sum has a single
term; if » = 1 then the sum has three terms foym,n) =
(1,0,0), (I, m,n) = (0,1,0) and(l,m,n) = (0,0,1); and
so on forn > 2. Itis agreed thayf], = 0 andw,,, = 0in

whose differential equation is easily integrated to obtain the
general solution

. L. o 1
casem < 0. The l;_moun_dary and attenuation conditions are wo = Ag(€1,E, .. .)/ —
also expanded, which yields e, M) folw)
w7l|§:£a = Wan, +BO(51,€27"'>7 (10)
0w, , 0wy, , . .
San = | G Z fi a€ —in Z fi D¢ , where Ay and By are the integration constants with respect
I+m=n—2 ! l+m=n P e, to the integration variablg), and f; = 1. Note that4, and
. B By do not depend explicitly ogy but through the othef,,
ghinoo wn =0, Lmne{0,1,2,...}, (m = 1,2,...). However, expresiorilQ) doesn’t met the

(8)  attenuation condition in general for/g¢) strictly positive

where the rules just described for indices are the same herfnction, for example, a piecewise constant function which

The last condition is the already stated attenuation conditiof the case for layered medium has an integral would grows
expected for each unboundedly wherg, — oco. As a consequencd, must
-

be identically zero, implying too the zero first contribution to
the response signal,o = 0. Thus, the information gathered

4. Effective parameters from the zeroth-order problem is
First, taken = 0in Eq. (7) andn = 0 (8), so the zeroth-order
problem is =1 Aole_¢, = Sa0;
0 0 Ay =0,
Wl = Wa0, )
. 0le=¢, = Wao R v (11)
W 5 ©)
. , OWo
—1in 08750 e = Sa0, U)():Bo(gl,fQ,...),
a’wo
li =0. - =0.
&)LHOO o 0&o

Rev. Mex. Fis72051101
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Now, takerr = 1in (7) andn = 1in (8), so the first-order

problem is

0
foa?o

’ 0 ,8w0
- f167El (nfoa&)> )

w1 |f:§a = Waql,

and, therefore,

f/
i 1
m —F .
So— 1
o f {nfé}
Condition [L7) on f; indicates that this function must be
O([ n~") provided there is a solution. This condition is sim-

ilar to the one used in Ref. [47] in the discussion of the mul-
tiple scales method for homogenization.

ap1 = (17)

/8w1 - / 0 ,8w0
(71f08€0> = *fo% <77f16§1>

12)

where terms containinguw,/9¢, = 0 can be eliminated.

5 5 ; -
iy (f(,)awl N f{aw0>’ - By putting the definition

50 51 £=¢, 1 g f{
im_wn =0, i =on [{Te} = [{7} 09

into (13) with (16), w; is written asw; = gp19By/9¢1 +

Then, direct integration provides the general solutionas ~ D1 Such a consideration, together witdlf in the
first-order problem12), leads to Bi|¢=¢, = wq1 and
0B ! 1 . L o . .
w = — o/{f}} +A1/{ ,}+Bl, 13) iap1(0Bo/0&1)|e=¢., = Sa1, SO the first-order information
851 fo 77fo IS
where the limitst, = a/l (lower), & (upper) and the inte- Sa0 = 0,
gration variable;, have been omitted for the sake of brevity wo = Bol(Er, Ea, ..
and their respective integrads were embraced, which will be e
done from now on unless otherwise indicated. The dependen- Bole—g, = Wao,
cies of each variable were also omittet}, and B; being the OB
integration constants with respectge. As before,A; and —iqg =2 = Sa1, o
0By /0& must be restricted to satisfy the attenuation con- 081 e, vt (19)
dition. Lighthill anti-secularism criterion [46] in its relaxed 0B,
form wy = 901(5)87(51752, )
€1
Untl _ const, Ve, — 0o, myne{0,1,2,...}, (14) + Bi(&1, 60, ),
wn
. . . Bl|£:§ = Wq1-
provides a way to proceed. Here, it means that the contribu- a

tion w, behaves as, aséy — oco. Sincewy is constant with

Next, taken = 2 in (7) andn = 2 in (8), so the second-

respect tafo, thenw, should also be constant at least in the grder problem is

limit. Then, the Lighthill criterion becomes
I3
o

+ A / {nlfé} ~ const., asfy; — oo, (15)

_omy
06

The constant in the right-hand side dffj is zero because
the left-hand side expression is zeroéin = &, and, also,
because the attenuation condition requires it. Then, we have

(B[ (H Ly
535“00( asl/{fa}”l/{nfa}) O

, 9 , Ow, _ /i /%

foaigo (Wfoa&)> = f08£0 <77f1 8§1>
, 0 , Owy , 0 , Owg

- flaigl (ﬁfoago) - foaf50 (ﬂf2%>
, 0 , Owg , 0 , Owg

- f187§1 <77f10"'§1> - f287§2 (nfoago>

0 8’(1)0
sl = /7Y _
1f0 850 (GfO ago ) 1pwo,

w2|§:£a = Wq2,

’ 8w0
f1 — [ndiatd
Al _ m LT} — const % 7§ 0 Sa2 GfO 850 E=¢€,
0Bo - £0—00 1 - 9 851 ) >
0% J {nfé } . , Ows , Owq , Owg
—in foTE +f1¥+f2¥ )
Hence, with constant;, 0 1 2/ le=¢
lim Wy = 0
OB Jim :
Al = O[()lylo (16) 3 (20)

Rev. Mex. Fis72051101
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which, by using the information ifl8), produces the general Now, reasoning as in the first-order case, we propose
solution

a;£BQO = _ﬁngov
g L fl}) ! (23)
<m</{ n%}+/{W&/ﬁ 4y — OB 0B,

f 8230 1 P 851 o2 852 ’
/{ /fé}) @ i/{nfé/fé}BO from which the following conditions are obtained:
e Y (N9 )
{ }511 { }a§§+/{m}A2 oo \\ " / fo/nfo +/ nfo/fo
fi [ h . 1 P
+ B, DL AR N I AN
’ /{fé/fé}> /{nfé/f6}> 0’(24

where braces delimiting integrad of inner integrals were

Stl=e Stl==

omitted because the scopes of these integrals are deduced im (o / 1 / S —0 (25)
from the outer ones4, andB, are the integration constants  ¢—oo \' '+ ./ | 7/} )
that depend o4,,, » > 0. In this case, the Lighthill criterion 1 1
(14) involves all terms bu3,, since the same reasons given  lim <a02 / {,} — / {f}) =0, (26)
to eliminate first term of expresiod @) apply here too. Then, fo—00 1o fo
the criterion becomes where kg1, a1 and age are suitable constants. Condition
(25) for f; is the same aslfy) provided thatay; = a1,
fi 1 f1 which is assumed to avoid contradiction. Also, condition
- (am (/{fo /77fo} + / {nfo / I }) (26) for f, is analogous to that fof; with its correspond-

(24), it can be reduced to see that it is indeed consistent with

ing asymptotic proportionality constadgs. As for condition
} (21)  the proposals made, $@; can be obtained.

SIS -
‘/{f;}afl_/{ }852 /{fo} 92(50):@01 (/{fl/ }+/{nf0/fl})

o) nfy 1

~ const., agy — oo. nfo

[a 5 s &) e
In this case, as we are looking for a wave-type solution, the i £ nfy ) fh

terms of 92 By /0¢3 and By could'form'a wave equation, ..., thatf} — 1, and imposefs (&)]e—e, — 0 since itis a
whereas, analogously to the previous first-order case, the r%erturbatlon tt, as [41] “
maining terms can be related to a suitable formdgf This 0

approach is reinforced by the fact that the coefficients in these E~vé+& +H6+ -
term association proposals are of the same integration order. 9
So, it is more natural to establish a proportionality relation =& +vfil6o) + v fa(€o) £ (28)

between, for example, the coefficients@B;/0¢1 and A2 Then, 27) becomes
than between the coefficients Bf ando B, /0&,. Of course,
one must keep in mind thei behaves asymptotically as the g, (¢,) = 1f1 (0401 / {1} + <0401 / {1} _ f1>) K
first-order integral of)~!, so its participation would count as 2 n n
an order of integration. With such considerations, criterion . /{1 / }
-1 P

(21) is decomposed into two parts as n

f 1 1 where expression inside inner parentheses is/ii8}t (hich
— (am (/ {} / ,} + /{ / L }) tends to zero whefiy — oo due to condition|17). Taking
fo J nfo nfo ) fo the limit &, — oo for (27) also becomes zero implying
f{/f{}>62Bo /{1 / }
- L —i — By ~ const, 1
/{fé o &7 nfo ) 1o K2, =2i lim f{,7fp}2’ (29)
§o—00
THESIiE (0
/
fol) & fo) 0% Formula 9) is the definition ofxq; or, more precisely, its
1 shape. At the same time, it is a condition on the parameters
+ — ¢ Ag ~ const.,, ag, — occ.

; of the medium, that is, in order fayy; to be finite, it is nec-
(22)  essary that the second-order integral in the numerator grows

Rev. Mex. Fis72051101
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asymptotically at the same rate as the square of the first-ord@roblem is

integral in the denominator, which restricts the choice of pa-
rameters andn. For instance, if we consider the case of a
homogeneous medium (with constant parameters), both nu-
merator and denominator are polynomials of degree two, so
they have the same asymptotic behavior. Also, for a layered
medium composed of homogeneous layers whose parameter
values oscillate around their constant effective values, this as-
sumption seems to be sensible as well.

By takingxg; as the principal square root #9), the gen-
eral solution of[23) is By = Cy(&2,...) exp(iko1&1(&o)) +
Dy(&2,...)exp(—ik01&1(&)), from which the contribu-
tions of right- and left-traveling waves are evident. By
using the boundary conditions iril9), it follows that

Cole=e, = (a01r01) H(01K01Wa0 + Sa1) ANA Dole—e, = 13-

(a01/<;01)’1(a01/<;01wa0 — Sal)i Where§1|5:50 = 0 because
file=e, = 0. As the real and imaginary parts ©f; are posi-
tive, the second term diverges&s— oo, so the attenuation
condition impliesD, = 0, leading to the first contribution
to the response signal,; = «ap1ko1wa0, Which produces
By = 00(52, .. ) exp(inmfl (50)) with CO|§:§(1 = Wg0-

In order to know the behavior afy, it is still necessary
to find f1, which in turn requires the analysis of the following
order @ = 3 in (7) andn = 3 in (8)). Define

oo f ()1}

and

e (1835 ) =iz (111522

- fi- (185 ) - foggs (15 )

- fige <nf{%21) - fige (n 022”;)

~ gy (152 ) - i (w5

g (1150 ) - i (s e )
g (ne) - iigg (6115)

~ifige (GRGE) - 3o

w3‘£:§a = Wq3,

871]1 8’(1)0
o)
Sa3 (fO 650 fl agl Ay

. / 8103 ’ 0w2 , 8w1 / 8w0) ‘

- A2+ o + :
in (f() 650 fl 861 f2 652 f3 853 e=t.
li =0.

EOE}OO s

(33)

By substitutingwg, w; andws from (32) into the differential

i [ {85} [{E}.

so the second-order information is

Bog = Co(&, .. .) exp (ik01&1 (&),
Colg—e, = Wao,

wo = By,

Sa0 =0,

wy = iko1901Bo + B,

equation in/83), we find that
1
w3 = —/{, (/ft)lﬁfigz + i/fm/{nf{gé}
77fo
/1\2
—i"ﬁm/{n(f}) 901} —K01/{p,901}>}30
fo 0
1
- / {Uf/ (150177f{962 + 1501/{77f{962} + 1K01nf2901
0

! £l a
+in01/{nf5961}+2i“01/{nj;féfl})} %

G !/ /
KOleé (fog01 + f1)}) By

Bile—e, = War, 2 (32)
a 1 f/ 2 82B

Sal = Q01K01Wa0, /{77fé (nf{g11+/{nf{glll}+/{n(fg) }>} affl

_ 9B, 0B 1
we = g2Bo + g11 96, + go2 96, + Ba, _i/{ﬁfé/J%}Bl
Bule_e. — wn (g s on

, ( 0B, a&)’ fo) 0& fo) 0&
—i|ai—— +app—— = Sa2-

0&1 0 ) le—e, _/{ﬁ}m)+/{1}A + B
1] 9% nfo) RO

Next, taken = 3 in (7) andn = 3 in (8), so the third-order
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8 L. FLORES-CANOEet al.,

where all terms buB; diverge as{, — oo for the same
reasons exposed for first term of expressibg).( There are 1

signs of similarity with the structure ab, in the previous g21 = Q21 /{ } - /{
case. It is immediately obvious that; can be related to
the terms with first-order integral coefficients, that is, those _ 1

of OB, /0¢1, OB /0¢; anddBy/0¢5. Also, substitution of g12 = 2 / { } - / {
g11 into the coefficient 0b? B, /9¢? reveals that it is exactly 1 7
the same as that @B, /0¢? of wy and, together with the 9oz = Q3 / {} - / {‘:’} , (38)
term in By, the same differential equation is formed as for nfo fo

By with respect to the same varialgle It only remainstobe sog; = ¢, andgs; = gi1 = go1 for an1 = a1 = aoi,
seen how the terms d8, anddB, /¢, would cancel outin  and g1o = ggo fOr ais = age. Then, we writews =

the limit. Regarding this, one option is that they cancel eachy; By +go10Bs/0&1 + 9120 B1 /0&2+ 9030 Bo /03 + Bs. The
other by establishing a proportionality relation betwdan  wave equation of3; with respect ta&; results ink; = xo1.
and0B,/0¢», and the other option is that they cancel sepa-At this point we can already observe the recursiveness in the
rately. The first option leads to an inconsistency in whigh  decision-making of the integration constatyt and the de-
would not behave asymptotically as required B§)( Onthe  pendence of each contributian, with respect tct;. From
other hand, for the second option, it can immediately be seethis, it could even be deduced that most likely no other contri-
that if the B, term must be zero at least in the limit, it would butionw,, depends od,, something that in any case remains
imply a condition onf; and the parameters of the medium. to be proven elsewhere. On the other hand, we have finally
However, such a condition restricts the material parameters iarrived at the equation that defings manipulating 86), it

a very capricious way. So, in order to maintain the maximumcan be rewritten as

possible generality, the alternative is to takeas the solu-

3 2
tion of the equation resulting from equating the coefficient (_%) (fl> + (; / {1}> <f1)
iti Qo1 n Qo1

of By to zero. In addition, the term @iB;/0¢; must also

become zero, for which there are three possibilities: the first 1 f
one is that the coefficient cancels out in the limit, the second + (/{U/P}> (0401>
one is that it cancels out identically, and the third one is that

Stler Sel==
N~ ——

<

0B, /0¢2 = 0. In fact, the first two possibilities are incon- + (/{1/{p/1}} +/{G}) =0, (39)
sistent with the conditions fof; and f in (24), leaving the n Ui n?
thm:] one as the only possibility. With such con&deraﬂonswhereg — _iaZ,x2,. This cubic equation has analytical
we have solutions given by [48]
0%°B; 9
- = k1B, (34) Sy 1 b ¥i) © Ao 40
33 an ), 3a +(‘/I> i+(\/;) N » (40)
0B> OB OB
Az = a1~ €, + a2 8521 + aOSWSa (35)  withn € {0,1,2}, whereAy = b>—3ac, A, = 2b° —9abc+
. 27a%d andCy = {/(A, + /A — 4A3)/2, beinga, b,c, d
/ {f’ (momf{gg + ik /nf{g'g the coefficients of the powers ¢f /o, in equation89) and
"o Vi=(-1+1v3)/2.
It is necessary to verify thaf; /ag; satisfies condition
—1Fo1 — kot £l 901 (17). For this, rewriteA andA, as

T A )
T o))

Now, define where
93/{ nfs ("f1911+/"f19“ /n(;é)z)}ﬁfl 61(50)%]%7 (41)
SGef5) I 90 1)
RENRERYY
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HIGH-FREQUENCY EFFECTIVE DYNAMICAL PARAMETERS FOR A VISCOELASTIC LAYERED MEDIUM MODELING SOFT TISSUE 9

considering relation | {1/17})2 =2[{1/n[{1/n}} and  with n, = n(&)|e=¢,. Referring toCy in (32) and the fact
(f {1/77})3 =6 [{1/n[{1/n[{1/n}}} that can be ver- that B, does not depend of3, it was used thaﬁo(f_g_. L) R
ify directly. It follows that wqo When. .. &4 < &3 < & due to boundary conditions. Re-
call thats,,, depends om,,, due to the attenuation condition.
Cy = N / {1} 5;:’ From the physical point of view, we would say that the dis-
2 n placementy is the variable given or imposed as excitation to
with the system, whereas the strélfw is the response variable,
and¢ = &, is simultaneously the point of both application of
52 (£y) = < (2 B 3571 N 62> the excitation and collection of the response.
3150 < The behavior of the contributiom, is obtained with
& =vfi1(&). Sincef; is not a linear function of, the be-
5 oo\ 2 P havior ofwg as a function of the variablg is not necessarily
i\/<2—31+2> —4 (1 - 1) ) , (42)  simply harmonic. Since the shape:of is not harmonic and
s s ¢ it is not an explicit function of the original spatial varialglg
ko1 is not the effective complex wave nhumber as we need. In
an effort to find a definition of such an effective parameter,

f 1 1% the reasoning is as follows. If it is admitted that the limit
<1> :/{n} <1+(%)"5§+ < ) (43)

1/3

which, by substitution intc40), produces

Qo1 \%ﬁ noE 1 o
s (n") = lim / du,  (46)
with n € {0,1,2}. Provided tha¥; andd, are finite for So=o0 0 = La Je, (k)

o — oo, then(f1/ao:1), would behave as desired, that is, gxists, which defines the average of the reciprocal of the vis-

they would be® (J 1/n). Earlier we discussed the finitude ¢qsity, in turn it is possible to define a local wave number
of §; in terms of the consistency afy;, but now it is nec-

essary to assume tha&t is also finite, which seems sensible kioe(®) = I ko1 fl(z/1), (47)
under the same arguments that the orders of integration of
the parameters in the numerator and denominator are equaécalling thatf, = x/I and thatz is the original space vari-
That is, the obtained form of; /ay; is consistent with the able, in such a way that the average
requirement of its asymptotic behavior. Note thgt serves
as an indeterminate parameter, generally complex, whose de- Feum(z) = 1
termination from the data will be addressed in the validation T—a
sectiorb..

Now, we refocus on the objective of obtaining effective
parameters. Fron2B) and (19), the homogenized problem is

/ Koo (1) di, (48)

has a well-defined limit whem — oo as a result of46) and
(17). This average is obtained naturally from multiplying and
dividing the exponential argument i45) by = — «a, then as-

stated as sociatingro1£1/(z — a) to resemble the wave number of a
9B, 2 B _ g harmonic behavior.
9e2 + fiorbo =0, In other words, the lowest-order non-zero solutigs)(
takes the form
Bole—e, = wao,
. 9B, (44) wo = Weo €Xp (1kcum(z) (T — a)). (49)
Sal = —1001 7 ,
081 lee, At the same time, as it is needed that effective wave num-
lim wo = 0, ber be a constant that enclosed the global behavior of the
§o—00 layered medium, global average #f,. just lets us induce
whererg, is the effective wave number, specific for this first & definition of effective wave number as:
approximate description version of the original problem in 1 z
terms of the variablg;. Apparently, there are three condi- ~ feff = lim feum(z) = lim ——— / Kioc(pt)dp.  (50)
tions, but it must be taken into account that respongeis “
considered unknown. The solution to problefd)(is Substituting 47) into (50) and calculating the integral
) taking into account thaf; (a/1) = 0, we have that
wo (§1) = wao exp (ik01€1)
F{ 7o) R
ad k3 =1 lim 07, (45) )
Somee f {% J %} which requires that, for the limit to exist, the asymptotic be-
havior of f; at infinity must be linear inz. It is known
Sal = Q01K01Wa0 from Eq. 43) that the asymptotic behavior at infinity ¢f
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10 L. FLORES-CANOet al.,

is [, provided tha; andd, are finite, as already men- with m, = b1 fgﬁb n~! the mean value of~! over a

tioned. To guarantee this, it is sufficient that the functionsperiod andp,, (&) a suitableb-periodic function. Note that
G, n, andp be bounded throughout their domain; that is, thatthis linear growth is consistent with requirement of beijng
there exists an upper bound for the values of each of thenbounded. Then, after some rearrangement, solU#ib)ig
For example, ifH; is a constant such th&y=1(&)| < H;

for all & € [a/l,00), then [n~1 < Hy (& — &) ~ Hi&o. exp (1K0161) = exp i\/@fl(ﬁo)
Following a similar line of reasoning, one could arrive at Q01 £o—00

JA{n=' [n~'} < H»& and so on if more integrals are
nested. The same applies to #ieand p, resulting in sim- exp (—\/?an(fo - §a)> exp <—\/?z/p,,(§o)) X
ilar inequalities for nested integrations of their combinations 2 2

as well. Thus, in the case ¢f in Eq. 41), the numerator [
would be¢2 as well as the denominator, whereas in the case ~ ©XP <1\/;’/ (my (&0 = &a) +Pn(§0))>v (54)
of d5, the numerator and denominator would be cubic pow-
ers. Requiring that the physical properties of shear modulugom which it is clear that as the last two exponential func-
G, viscosityn, and mass density be bounded is a natural tions enclose exclusively periodic contributions, the first ex-
and prudent requirement in this case. Thfjswould be ex-  ponential function coincides with Floquet-Bloch factor and,
pected to behave asymptotically & = /! ensuring that thereforek = /(s/2)vm, (= is the negative Floquet-Bloch
the limit of k. s exists. exponent. Moreover, when is periodic, it follows that

It is now convenient to express effective wave number agn~!) = m, andx; = k, so effective wave number defi-
a function of the frequency for later use. To this end, we nition is in accordance with what is expected from Floquet-

usel7) and 46) in (50) to get Bloch theory. This shows that the results for periodic proper-
o ties are recovered as a special case since no prior restriction
Keft = 1~ v (T )V, has been assumed regarding the arrangement of the layers,
_ which can even be arranged randomly.
from which, by substituting=! = wy/p/G andv = The approximate solution of the original problemX) is
\/5/\/‘7’ we get found from the_real part of4Q). Section5. presents some
numerical solutions.
WP, 1\
Reff = T<"7 >\/?a (51) . .
© i 5. Validation

which is the sought dependency because neithet) nor  Now problem 8) will be solved numerically with the trans-

¢ = —iag; kg, depend onv. Parametery; has been as- fer matrix method [51,52], and compared with approximate
sociated withf; to obtain the average value ofn. Once  solution @9).

the effective complex wave number is obtained, propaga- Restricting problem3) to each layer of the medium (see
tion speed and attenuation are immediate to find because Ifg. 1) we get

writing the body of the harmonic wave a¥ (#rtisnz—wt)

wherekes = kg + ik, we have d*b ;
eff R I L niwn(x) =0, € [Tn,Tnt1l,
dz?
KR = — (52)
R— 0 D
Veff wn($)|m:mn = w"+1(x)‘m::E1L’ (55)
1 = aer, (53) . dib o i
. . . " dx r=x N ”JFIW T=T ’
with v, s ; the effective propagation speed ang ; the effec- o -
tive attenuation. withn = 1,..., N; 1, is the complex displacement field so-

Notably, this is to say that negative imaginary par; |ytion in then-th layer, ands,, = \/w?p, /G with j,, and
becomes Floquet-Bloch's exponent wiény) andp are pe- g« the constant approximations pfz) andG* (z, w) in the
riodic functions [49,50]. Floquet-Bloch theory tells us that a,, i |ayer. Note thati,, is not then-th approximation order
solution of a differential equation like ECS)with periodic  contributionw, in the asymthotic expansioB) In addition,
coefficients sharing same period can be writtea d@5'y(z)  the boundary and attenuation conditions are
where1) is a periodic function with period equal to that of

the coefficientse=*7 is the Floquet-Bloch factor andk is W1 ()], yy = o,

the Floguet-Bloch exponent or index. To see that; is )

a Floquet-Bloch exponent we take soluti@) to its limit GT% = 3, (56)
form when&, — oo. From Eq. 43), f1 is dominated by the dr |,_g,

behavior of [ ! in such a limit. Sincey is periodic, say-

li h =
periodic, it is possible to writ¢ 7~ = m,, (&0 — &) +py (o) P (@) =0,
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HIGH-FREQUENCY EFFECTIVE DYNAMICAL PARAMETERS FOR A VISCOELASTIC LAYERED MEDIUM MODELING SOFT TISSUE 11

wherew, = @, and §; = §, are the constant complex where wy = Wwyii1(zy) = wny(zy) and sy =
boundary values in = zg = a. snii1(zy) = Sn(an). DefineT,, = M, (z,) M, (z,-1),
The solution of problem55) on then-th layer is so (65) can be rewritten as
() = Ane™® + Bpe trnT, (57) [IFN] =T [7:”0} : (66)
SN So

where A,, and B,, are the integration constants. Taking whereT =Ty ---T,, - -- T}, with
into account that the stress in theth layer is§,(z) =

_ -1
G} dwy, /dx, we can write Tn = My (zn) M, (zn-1)

; cos (Knly) %) sin (kpln)
D) g (@) | 2], (58) B [ s (e » (67)
Sn(z) B, — (knGY) sin (kply) cos (knln)
with andl, = z, — x,_1 the thickness of the-th layer,n =
1,2,...,N. The elementary case ob€) for a single layer
M, (z) = elfn® e irn® (59) allows observing thaf’,, connects the values at one end of
T ik, GRetn® —ik, Glemn® thenth layer with the values at its other end, that is,
Since matrixM,, (x) is non-singular, we have @L(xn) -7, U?n(xn—l) n=1,2,...,N, (68)
sn(xn) Sn(xn—l) ’ T Y
{A"] =M, (x) [%’”(x)] ; (60)  which means that if the values of displacement and stress on
Bn 8n(2) a boundary are known, then the corresponding values on the
where rest of the boundaries can be determined thanks to the conti-
nuity boundary conditions, and even the value at each point
ML) — 1 ik, Gle tn® = ifin® (61) of the domain, as long as the parameters of each layer are
n (@)= 2ik, G ik, Ghettin®  —eltn®| " known, namely, the thickness, the shear modulus of elastic-

ity, the dynamical viscosity and the mass density. The first
The continuity conditions irg5) can be written as two boundary conditions of the relatiorg] provide this in-
) ) formation in principle, however, provided that the third of
[If’”“(x")] - [If’"(x")] , m=12...,N, (62) themis valid, which is the attenuation condition, one of the
Sn+1(2n) Sn(2n) first two, displacement or stress, must remain unknown, that
is, one of them would correspond to the imposed signal and
the other to the response. In order to determine the response,
Ani 1 Ap it should be noted that the attenuation condition implies that
{ } = My iy () M (n) {BJ ’ (63) the shape of the displacement in th® + 1)-th medium
] o (:EN,OO) is QZ}N+1(I) = AN+161HN+II + BN+1€7iKN+1x,
where 68) was used. This formula expresses the coefficient§yhere the first term corresponds to the plane wave traveling
of the solution in thegn + 1)-th layer as a function of those g the right [see Fig. 1b)], whereas the second term corre-
in the n-th. Then, the iterative application of formul&3j sponds to a wave traveling to the left. Since the standing

from which it follows that

BnJrl

starting fromV + 1 produces wave is imposed from the left on the= z, boundary, it is
A expected to propagate to the right through each layer, gener-
{BNH} =Myt (an)My(zy) - My (@) ating transmission and reflection at each interface until reach-
N1 ing the(N + 1)-th medium, where there would no longer be
X My (20) M (2 1) My (2p—1) - - reflection but only propagation to the right. Hence, the co-
A efficient of the leftward wave must bBy; = 0. From
x My (1) My (1) [Bl} . (64)  (60)we can see thay, = (iHN+1G7y+1_€mN_+“N1bN -
1 eMNHIEN ) /(1268 41G v 41) = 0, which implies that

By left-multiplying (64) by matrix My 1 (zx), then using ikN+1G NN — Sy = 0. (69)
(58) in z = x to replace the product on the left-hand side,
and usingl60) to replace the column vector of layer= 1

on the right-hand side, we obtain

Note now that this new condition deduced from the wave at-
tenuation condition requires knowledge of parameters;
andGy, ;. On the one hand, the wave is expected to be al-

Wy 4 1 most completely attenuated by the time it reaches the N+1st
v | My () - My (@) Mo () My (20-1) medium. This means that the contribution of these param-
A eters is significantly reduced, but so is their inherent error,

X My _q(xp_1) - M (o) [1{0] , (65) allowing fors.om(.a freedom in their selection. In otherwords,

S0 the propagation involves only a few layers beyond which no
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12 L. FLORES-CANOet al.,

information is available, so their parameters can be chosen_ ']

conveniently. On the other hand, it is best if no further un- 7 05|
knowns are introduced. Ideally,y 1 andGy, ; should be = 004
expressed in terms of the already known parameters of the
other layers. One possibility is to use the same parameters
as the last layer; another is to take the average parameter .
from the set of properties of the first few layers. The pa- 101
rameters used will be the equivalent parameters of the lami-z ;|
nated medium. An equivalent medium is understood here as®
one whose parametexsandG* relate the displacements and
stresses at the boundaries of the laminate through a relatiot , |
similar to 68), that is, E

Abs(Ln(w))

44

24

Ana(Ln(w))

=

Ang(w)
£ S)

o
)

— Wapp

—== In(w)
=== In(wg)
=== In(Wapp)

Re(Ln(w))

o

IS

N

Im(Ln(w))

0.0 4

o

OjD OjS 1j0 115 2:0 2:5 3j0 3j5
[ﬁw“} _ [ cos (kL) (=& ) sin (/{L)} xm X0
SN+1 — (kG™)sin (kL) cos (kL) FIGURE 2. Comparison of solutions), wxz andwap for frecuency
[ . } w/2m = 10 MHz and 1 layer. Vertical axes are dimensionless but
X )

(70) the angle one is in rads. Right vertical axes in log scale apply for
dashed lines.

whereL =1y + 1y + -+ Iy = xny — xg IS the total length Lo

of the composite medium. It should be noted that this idea s -oTpTT
of effectiveness is similar to the one proposed in Ref. [36] £ °°1 N
and explained as the black box idea in the introduction sec- ¢ le===""""
tion. These parameters have been chosen because of the _44 1™ - [
simple relationship with known parameters and because they énz ] |

encompass the entire laminated medium. 0

Equations 166), (69), (70) together with the imposed
boundary condition, for exampley, = const., represent a
system of six equations with six unknowns, namely, o, 0.0
Wy, Sn, kandG*, but it must be keptin mind thaty 1 = & B
y Gy41 = G*, because of the construction of the effective
medium. 0.01

It follows from (70) that

NI
w o
Abs(Ln(w))

o
=)

\\

Ana(Ln(w))
S|

Wi

o
o

— Wapp

-== In(w)
=== In(wg)

Z 05
U
o === In(Wapp)

N
Re(Ln(w))

N
Im(Ln(w))

I A FIGURE 3. Same settings as in Fig. 2 but with 10 layers.
Ccos (/{L) = w (71)
WNSo + WoSN Figures 2-5 show the numerical solutions with the trans-

(kG*)? = 88— 8% (72) fer matrix method denoted by (black curves), the analyt-
w3 — W ical solutions of lower order approximatioAd) denoted by

wapp (red curves) and, for comparison, the solutions when
the parameter of the average complex wave number is used,
weighted according to the width of the layers, denoted/py
(blue curves), obtained via the formulas

Then, from 68), (69) and [72), we have

(rfa) GRG™)" + (2riira) (i6G7)° + (1], — 13,) (1KG*)?
+ (—2ra1722) (iKG™) + (—13,) = 0, (73)

1 [ w?p
wherer;; are the components of matrik = 7—!. Solving L o Gn — iwip,

(73) for ikG*, and then using#l) allows determining: and

G*, which in turn reveals the relation betweén; andsy.  Vertical lines in gray indicate the interfaces, showing only
With this relation, [69) and 66), it is possible to determine those inside the attenuation range of the wave. In each figure,
the two remaining unknowns having substituted the value imthe top four subfigures show the real and imaginary parts of
posed at the boundary. Regarding the four possible solutionsolutionsi, wz andwapp, as well as their absolute values and
of (73), only one has a consistent physical meaning. angles (left vertical axis and continuous curves), whereas the

wx () = w, exp (1R(z — x0)), (74)
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L0 I ~ 1.0 1.0
= z < ~
B \ =7 Fs5 2 s
705 N JUSSL L e S g05 i
====" % 4
< e g < §S 0.0 N\
0.0 k== Lo 0.0 \ =g
= — 103 50 / 0.50
44 L z - -
= I S S e z 8 Z z
o S b= = =
22 // o5 s 225 ! E025' -
9 < = —_
< // é— we é ||
0 0.0 0.0 0.00 14+ J——
10 N = Wepe —_ T T : : (Wapp)o
w22f = |42 --- In(W) z ~ 5.0 ’/
< _essF z Iy z = — (Wapph
_=== 2 __ ! 5 L Z
245 Zz=2 = In(wy) < P = pes
Z dez===7 S =) P J25 A — (Wapp)2
: N 23 - : |~ 3| A
L= - &J app _g // g é
0.0 — 0 0 0.0 I g !
- N SR il T S|t Ehad S
5 02 2 g1 : =
2wt b2 35 = S 2.5
£ aE=" = =) HAT =
004 Ll-="1 Lo~ <0 i ‘ 0.0l i
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FIGURE 6. Comparison of solutions), wx and the three possible
solutions forwapp. Frecuencyw /27 = 10 MHz and 30 layers.

~ 1.0 N TR pr ~
% 05 \\\ bttt il I é shear waves attenuate very quickly, as [53] points out, which
* oo bt T T 0% makes the applicability of the results obtained here for these
. 1 3 substitutes invalid, wich is why no graphics have been pre-
%2 Al i ] T — sented for these materials. On the other hand, an encour-
< ol V_,,-—"’ Y g aging aspect is that the trend shown by [55] themselves for
10 T 1ae — m) higher frequencies seems to indicate that the dominant vis-
£ os | \\ peer AR 2; —— I cosity regime would be reached for a frequency on the order
S e Sl - (e of ~ 10 MHz fulfilling the assumption /G/wi < 1.
02/ /Q\\\ I ________---' ™ La 5 _ In general, at first glqncez_;,g andwapp behave very sim-
£ / A 123 ilarly. However, tests Wlth different groups _o_f rand_om data
0.0 {fomip=a] T ' —{o~ show that thevapp Solution decreases in stability for increas-
LU ﬁm) Sl o S ing absolute value or dispersion of the elastic modulus data
G and with increasing number of layers, which is expected in
FIGURE 5. Same settings as in Fig. 2 but 100 layers. the first case, but not obvious in the second one. In fact, the

greater the number of layers, the more frequently one can find

right vertical axis is for natural logarithms of these quanti-behaviors like the one shown in Fig. 6, where jumps appear
ties (dotted curves). Figures 2-5 correspond,td0, 30 and  related to divisions by zero or changes of sign in the discrimi-
100 layers, respectively. The data sets of elasticity moduluspantA? — 4A} associated with39) in the numerical calcula-
viscosity and density were generated randomly with standartlons. The yellow curves correspond to the different solution
distributions with average values from the data reported irbranches ofuvapp Originating from the different solutions of
Ref. [53] for bovine muscle tissue, therefore valﬂésy and  f; (39). After testing with different data, we speculate that
p were taken as these average values as follo@is= 0,  divisions by zero and sign changes of the discriminant seem
7 = 0.014 Pa s andp = 1,080 kg/m?, and their standard to indicate opportunities to jump between the different solu-
deviations ag ¢ = 6,250 Pa,s, = 0.0035 Pas ands, = 0,  tion branches, which could be tested in a future work. On
that is, constant density. The choice of these values comehe other hand, it should be noted th@;pp seems to be ef-
from the fact that, aroun@ = 0, theG Jwn < 1 approxima-  fectively better thanu, in those cases in which the distribu-
tion is the best, on which the definition of the small expansiortion of layers is not uniform, which is better observed in the
parameter is based. Frequency is set at 10 MHz, which  case of a low number of layers as in Fig. 3. Moreovey,,
is approximately where the curve of the elasticity modulusaccompanies the numerical solutignin its breaks or non-
crosses the horizontal axis, that is, where it changes sign. smooth changes at the interfaces, whetgagoes not due to

For soft tissue such as skeletal musclevalues close to its average nature. Also, the difference between the effective
zero andi; ~ 0.01 Pas can be found according to [54] at complex wave numbel5(Q) to (75) is less tharb%. Finally,
frequencies~ 15 MHz, whereas for hydrogel (a soft tissue it is important to take into account, from a methodological
substitute) the values are approximatély~ 100 kPa and  point of view, that the constanty; was absorbed in the def-
7 ~ 0.1 Pas at frequencies- 100 MHz according to [55]. inition of f;. This constant was optimally chosen to fit the
Unfortunately, the response of this type of material reportechumerical solutionu, that is, to select the best approximate
in literature at frequencies of MHz is scarce, largely becausesolution as the one with the best least-squares fit.
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6. Conclusions without making the expressions and computation more com-
plex, with little loss of accuracy. Such expressions are useful
Seeking to build models for biomaterials, this work addressegl, approximating the behavior of non-homogeneous media
the problem of shear-type waves emitted at the boundaryith piecewise continuous parameters, which allows the di-
of a laminated medium with layers made of homogeneougect numerical treatment of the integrals. In fact, they are
Voigt-type viscoelastic materials. The focus was placed onysefy| for media with random parameters of constant mean.
what happens in the immediate environment of the ray ofjthough further tests are needed in addition to numerical
incidence, with propagation perpendicular to the interfacespnes, such as dimensionless analysis, the variation with re-
so plane waves do not disperse in longitudinal waves Ogpect to the length fraction parametérr others, as well as
by changes of direction. The model was transformed intoy more formal determination of the error, the results obtained
a perturbation problem and studied via the multiple scalegg far are of practical value with relative low complexity.
method, from which the lowest nonzero order approximate Regarding the accuracy of the analytical expressions
solution was obtained with respect to the expansion paramss |ower order approximation49) in comparison to the

eter/G/wi < 1, which can be interpreted as the viscousweighted wave number solution, it was observed that, in gen-
relaxation being much smaller than the propagation perio@ral, the former is not better than the latter. However, the
of the harmonic plane wave. The thermal effects derivedower order approximation solution has the virtue of repro-
from local friction were neglected, which means that the al-ducing the variations due to the structure of the medium, that
terations in the parameters due to temperature changes caussdto the value changes in the parameters of the propaga-
by the mechanical propagation are not taken into accountion medium, which has the potential to transport information
The layers were taken to have random parameters close from the medium to the response signal and to decode it.
the values for bovine muscle tissue reported in Ref. [53] in  As future work, we can mention the application of these
the frequency range of 10 MHz for which the elastic modu-ideas to the design of agar-based phantoms with parameters
lus G approaches zero and the viscosity is relatively constaniguided via concentration, which would allow, from a theoret-
The results obtained via the multiple scales method argcal point of view, the analysis of a greater number of con-
applicable to situations where the excitation frequency igigurations to evaluate their feasibility of implementation. In
moderately high, so the effects of nonlinear responses caaddition, the formulation will be generalized to more dimen-
be neglected. It can be noted that the use of information fromgions, considering the possibility of more elaborate geome-
the medium and the excitation signal to define the appropriatgies. In fact, these results would be part of a broader nu-
expansion parameter is crucial, resulting in important simpli-merical simulation study, which in turn shortens the path for
fications of analysis. parameter estimation in situations of varying complexity. On
Unlike classical homogenizatioe.g, [56]), this formu-  the other hand, attenuation models in terms of conduction and
lation is applicable to non-periodic structures. It allows forinternal friction could be incorporated to describe the depen-
obtaining analytical expressions, in contrast to the numeridence on the structure of the medium which, in turn, would
cal solution approach, and opens new avenues of connectiggad to the proposal of possibly more appropriate constitutive
with other problems. For example, the coefficients of the dif-models.
ferential equation, n, andp) can be not only piecewise
constant functions but also continuous, like a sinusoidal peri-
odic function as in the Mathieu equation [57]. Furthermore,Acknowledgments
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