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Shear wave propagation in a layered medium made of Voigt viscoelastic layers is studied. It is argued that it is possible to obtain closed-form
analytical approximate expressions for the effective dynamical parameters of the layered medium in the high-frequency regime. The multiple-
scale method is applied to obtain the frequency-dependent effective dynamical parameters. Lower-order analytical solution approximations
for harmonic steady-state were obtained. Numerical comparison against precise numerical solutions via the transfer matrix method was
carried out. This could contribute to the model design of tissue-like phantom materials for ultrasound devices calibration as well as in the
processing of signals from shear wave elastography.
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1. Introduction

Ultrasound devices play an important role in present-day
medical practice and research. The correct functioning of
such devices depends, on the one hand, on the manufacturer
and, on the other hand, on the final users (medical and tech-
nical staffs), the maintenance staff and the conditions of each
device. When it comes to maintenance, it is necessary that the
device be properly calibrated (several calibration techniques
are summarized in Refs. [1,2]). Some calibration techniques
are based on the use of phantoms, which mainly consist of a
contact or propagation medium that is required to have dy-
namical parameters similar to those of the soft tissue to be
analyzed, such as the average speed of sound, the acoustic
impedance and the attenuation parameter (for the relevance
of these quantities in the design of materials with specific
dynamical parameters, see [3]). These parameters can be ap-
proximated using various materials and configurations. Typ-
ical materials include agar, gelatin and polyvinyl-alcohol so-
lutions [4], whereas common configurations are cubes with
embedded spheres or rods [5-7]. New phantom designs are
frequently produced and evaluated [8-10]. In addition to
practical experimental intuition, development of new phan-
toms can be guided by theoretical models based on the par-
ticularities of employed materials and configurations [11-14].
For instance, mathematical models would contribute not only
to the rapid evaluation of these materials, but also to their de-
sign based on their geometry and frequency response. There-

fore, understanding the propagation mechanisms in these ma-
terials would further the development of better design tools,
which is the general objective of the present work. In partic-
ular, this contribution focuses on the mathematical modeling
of the waves produced by medical ultrasound imaging de-
vices. Such devices are considered here in the simplest con-
ceptual form, that is, capable of producing ultrasonic waves
through soft tissues and collecting the corresponding disper-
sion response signals for later processing [16,15].

We want to model soft tissue as simply as possible that
lets us arrive at explicit parameter expressions as functions
of frequency in the case of shear wave propagation. Speed
propagation and attenuation of the wave are the goal param-
eters, whose expresions are expected to be of help as theo-
retical guide in some phantom design process. Soft tissue is
an extremely complex medium composed by enormous num-
ber of diverse elements. Generally speaking, most models in
literature assumed it to be a type of solid or fluid in which
infinitesimal or finite, elastic or plastic strain relations gov-
ern [17-22]. Geometry composition is a major aspect here.
Particularly a laminated model will be employed because of
both its simplicity and resemblance to the structure of skin,
as it is composed of layers of different tissues (epithelium,
membranes, parenchyma thickness, etc.). In fact, the use
of layered structural designs is recurrent to achieve specific
functional parameters of materials for technological applica-
tion, as a phantom propagation medium itself could be (see
[23-27] among many others).
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Each layer will be considered as a solid viscoelastic ma-
terial [28], with Voigt constitutive relation. The simplicity
and linearity of the Voigt constitutive relation are the first at-
tributes that were considered for choosing it. Both Maxwell
and Voigt models are very useful for simply modeling the vis-
cosity of a medium (a good review can be seen in Ref. [29]).
In particular, a good summary of the most common mod-
els of tissue mechanics and their limitations can be found in
Ref. [30]. Particularly for the case of skin you can also con-
sult [31]. Some authors have already pointed out that the best
description of soft biological tissues is achieved with Voigt
constitutive relation or some variation of this under the appro-
priate frequency ranges. Among the works in this regard you
can see [32,33] where tissue substitute materials are treated.

To deal forward with the complexity of tissue layers we
will take advantage from multiple scales homogenization
method to obtain effective parameters [34,35] representing
global behavior. The notion of effective parameter guiding
us here is an abstract concept based on the black box model
as follows: given two systems,S1 and S2, subject to the
same boundary conditions, if the values of the response vari-
ables observed for systemS2 are sufficiently close to those
obtained for systemS1, then systemS2 can be considered
to be equivalent to (or a substitute for) systemS1. Thus, if
the tissue substitute is a homogeneous material, then the con-
stant parameters characterizing it are the so-called effective
parameters of the substituted real tissue. Note that such a
definition of effectiveness is pragmatic in nature [36], which
differs from the ones based on the asymptotic homogeniza-
tion methods [35] or averaging methods [37,38].

Section 2 presents the original continuum mechanics
model of one-dimensional shear wave propagation in a non-
homogeneous medium. Then, Sec. 3 states the perturbative
model to be solved derived from the original one. Section 4
displays the solution process in detail to get the effective pa-
rameters. In Sec. 5 the approximated solution to the pertur-
vative problem (based on effective parameters) and numerical
solution to the original problem with transfer matrix method
are compared for non-homogeneous media taken as random
laminated ones.

2. The model

The linear problem to be treated is as follows:




ρ̂
∂2u

∂t2
=

∂

∂x

(
Ĝ

∂u

∂x
+ η̂

∂2u

∂t∂x

)
, a ≤ x, 0 ≤ t,

u|x=a = ua cos (ωt) ,

σ|x=a = σa cos (ωt + θa) .

(1)

Function u(x, t) represents the displacement field of a
transversal wave motion on a semi-infinite medium that ex-
tends over[a,∞) 3 x as shown in Fig. 1a). Constant param-
etersua, σa, θa andω mean displacement amplitude, shear
stress, response phase delay and harmonic frequency,

FIGURE 1. a) An imposed or entering signal and the corresponding
propagated signal through a viscoelastic medium. b) Composite of
N lamina, wherexn is the position of interfaces. The left boundary
is atx = x0 = a and the right one is atx = xN . In addition the
wave is attenuated asx →∞.

respectively. Physically, the problem can be associated with
a transversal plane wave induced in a pure normal way on the
boundaryx = a of the medium. In addition, the medium is
assumed to be layered [Fig. 1b)] as such non-homogeneity
resembles many biological tissues. This continuum mechani-
cal linear model is obtained from approximate Euler’s motion
equation∂xσ = ρ∂ttu and Voigt’s modelσ = Ĝε + η̂∂tε,
whereσ is the stress andε = ∂xu is the strain. Parame-
tersĜ, η̂ and ρ̂ are the shear modulus, dynamical viscosity
and density, respectively, that in general depends onx for a
non-homogeneous medium. By the third Newton’s law we
expect that translational force densityρ̂∂ttu must be contin-
uous throughout the whole domain in positionx and timet,
so the smoothness ofu must be at leastC2 in t andC0 in x,
which implies that stressσ = Ĝ∂xu+ η̂∂txu is at leastC1 in
x, which means that̂G∂xu + η̂∂txu is C1 but not necessarily
each term and factor by itself. From the same Newton’s law
the deformative stress must be continuous too inx andt, so
σ must be continuous. Thus, in caseĜ, η̂ or ρ̂ are piecewise
continuous, these conditions must be satisfied in each bound-
ary. On the other hand, there is a third condition that states
the signal attenuation as it propagates to the right along the
x-axis (which is a consequence of viscosity of the medium),
i.e.

lim
x→∞

u(x, t) = 0, (2)

which has the effect of relating the two boundary conditions.
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A problem more suitable for computation associated with
problem (1) can be stated in terms of complex functions as




d

dx

(
G∗

dŵ

dx

)
+ ω2ρ̂ŵ = 0, a ≤ x,

ŵ|x=a = ŵa,

G∗
dŵ

dx

∣∣∣∣
x=a

= ŝa.

(3)

Problem (3) is obtained by changing to a problem whereu
is the real part of a complex functionW = u + iv with
v its imaginary part and supposingW = ŵ(x) exp(−iωt)
with function ŵ carrying the spatial dependency.̂wa and
ŝa are the corresponding boundary values of complex dis-
placementŵ and complex stresŝs = G∗(dŵ/dx) at x = a.
G∗(x, ω) = Ĝ(x) − iωη̂(x) is the so-called complex or dy-
namical modulus. Also, note that the parametric descrip-
tion in terms of frequencyω (instead of wave number) is
adopted for attaining spatial attenuation rather than a tem-
poral one [39].

Given Boltzmann’s superposition principle for the con-
stitutive relation of a viscoelastic material,σ(x, t) =∫ t

0
G(x, t − t′)∂t′ε(x, t′) considering noσ and ε for t <

0 [29], its form in the frequency domain isσ(x, ω) =
G∗(x, ω)ε(x, ω), where the functionG∗(x, ω) is recognized
as the complex modulus in its most general form. The ma-
terial’s properties are encapsulated inG∗(x, ω), so its behav-
ior can be capricious, although subject to specific qualitative
conditions at frequency limits close to zero or tending to in-
finity [40]. In a neighborhood of a frequencyω0, a linear ap-
proximationG∗(x, ω) ≈ G∗(x, ω0) + ∂ωG∗(x, ω0)(ω− ω0)
can be useful, which would have the form derived from Voigt
modelG∗(x, ω) ≈ Ĝ(x) − iη̂(x)ω. It is in this sense that
the Voigt model will be used, where the determination of the
values ofĜ and η̂ is done experimentally in the frequency
range to be treated.

3. Perturbative problem

The multiple scales method is applied here to problem (3) in
order to find an asymptotic approximation of its solution. The
multiple scales method is a perturbation method that consid-
ers a formal power series expansion of the solution of a prob-
lem depending on a small parameter [34,41]. The method
requires, in addition to the expansion parameter, the defini-
tion of two or more hierarchical scale variables which in this
case are space variables ranked according to the powers of
the expansion parameter.

3.1. Dimensionless formulation

We want to explore the asymptotic behavior in the high-
frequency regime. On the other hand, higher frequency im-

plies shorter wavelength, so the microstructural details of the
propagation medium of characteristic length smaller than this
wavelength remain undetected by the wave, as they appear as
homogeneous regions at its resolution scale. Then, the wave-
length is taken as the scale of observation, that is, the unit
length from which the medium is seen as a nested hierarchy
of homogeneous blocks that extend longitudinally in powers
of such a unit. In particular, if the medium is overdamped,
the wave attenuates before propagating more than one wave-
length so, in this case, the mean attenuation length can also
serve as an observation scale.

An appropriate choice of the small expansion parameter
allows, in addition to a good approximation, simplification in
solving the problem. We are interested in exploring the fre-
quency domain asω → +∞, hence a small parameter inverse
to the frequency makes sense. The following dimensionless
variables are proposed:x = lξ, w(ξ) = ŵ(lξ)/l, ξa = a/l,
wa = ŵa/l, G(ξ) = Ĝ(lξ)/G̃, η(ξ) = η̂(lξ)/η̃, ρ(ξ) =

ρ̂(lξ)/ρ̃, sa = ŝa/ωη̃, ε = G̃/(ωη̃) y l =
√

G̃/(ω2ρ̃), with
which problem (3) becomes





d

dξ

(
(εG− iη)

dw

dξ

)
+ ερw = 0, ξa ≤ ξ,

w(ξ)|ξ=ξa
= wa,

(εG− iη)
dw

dξ

∣∣∣∣
ξ=ξa

= sa.

(4)

G̃, η̃ and ρ̃ are suitable constant values, for example, their
corresponding maximum or mean values through the layered
medium could work.

3.2. The expansion parameter

The value of parameterε for tissue and ultrasonic scanning
frequency is of orderO(10−6), which is coherent with the
fact thatωη̂ À Ĝ for high frequency values, soε is a good
candidate for expansion parameter. As choosing adequate
expansion parameter and parametrization strategy is crucial
[42,43], it proves useful to take the expansion parameter
ν =

√
ε to avoid fractional powers ofε, although working

with fractional power expansions is possible [44]. Thus, the
problem to be solved is





d

dξ

((
ν2G− iη

) dw

dξ

)
+ ν2ρw = 0, ξa ≤ ξ,

w(ξ)|ξ=ξa
= wa(ν),

(
ν2G− iη

) dw

dξ

∣∣∣∣
ξ=ξa

= sa(ν).

(5)
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Following [45], the solution to problem (5) is sought via the asymptotic expansions

w(ξ) = w0(ξ0, ξ1, ξ2, . . .) + νw1(ξ0, ξ1, ξ2, . . .) + ν2w2(ξ0, ξ1, ξ2, . . .) + . . . ,

d

dξ
=

df0

dξ

∂

∂ξ0
+ ν

df1

dξ

∂

∂ξ1
+ ν2 df2

dξ

∂

∂ξ2
+ · · ·

wa = wa0 + νwa1 + ν2wa2 + . . . ,

sa = sa0 + νsa1 + ν2sa2 + . . . , (6)

whereξm = νmfm(ξ), m = 0, 1, 2 . . ., are the rescaling variables,fm are functions to be determined, andξ0 is the reference
or original variable, that is,f0(ξ) = ξ and therefore,ξ0 = ξ, thenξm = νmfm(ξ0). So, variablesξm will be treated as
independent of each other except forξ0. Thewm (with m = 0, 1, 2, . . .) is them-th coefficient of the formal series ofw
in powers ofν, and is expected behave asymptotically at least likewm−1 to ensure termvmwm has a contribution of order
O(νm) to the solutionw. Coefficientsf ′md/dξm of differential operator should be understood in the same way. Expansions
for boundary values were propoused because it is expected they depend on frecuency, at the same time expansion parameter
is expected to be related inversely with frecuency that is supposed to be high enough. So, coefficientswam andsam could be
understood as expansion coefficients in the sense of Taylor’s series.

By substituting (6) into the differential equation of problem (5), followed by some manipulations and grouping by powers
of ν, the asymptotically zero expression is obtained which, to be satisfied, the coefficients powers ofν must be zero, that is,

∑

l+m+n=ñ

f ′l
∂

∂ξl

(
ηf ′m

∂wn

∂ξm

)
+ i

∑

l+m+n=ñ−2

f ′l
∂

∂ξl

(
Gf ′m

∂wn

∂ξm

)
+ iρwñ−2 = 0, l,m, n, ñ ∈ {0, 1, 2, . . .}. (7)

The sum subject to conditionl + m + n = ñ means that
if ñ = 0 then(l, m, n) = (0, 0, 0) and the sum has a single
term; if ñ = 1 then the sum has three terms for(l, m, n) =
(1, 0, 0), (l, m, n) = (0, 1, 0) and(l, m, n) = (0, 0, 1); and
so on forñ ≥ 2. It is agreed thatf ′m = 0 andwm = 0 in
casem < 0. The boundary and attenuation conditions are
also expanded, which yields




wn|ξ=ξa
= wan,

san =

(
G

∑

l+m=n−2

f ′l
∂wm

∂ξl
− iη

∑

l+m=n

f ′l
∂wm

∂ξl

)∣∣∣∣∣
ξ=ξa

,

lim
ξ−→∞

wm = 0, l, m, n ∈ {0, 1, 2, . . .},
(8)

where the rules just described for indices are the same here.
The last condition is the already stated attenuation condition
expected for eachwm.

4. Effective parameters

First, takẽn = 0 in Eq. (7) andn = 0 (8), so the zeroth-order
problem is

ν0 :





f ′0
∂

∂ξ0

(
ηf ′0

∂w0

∂ξ0

)
= 0,

w0|ξ=ξa
= wa0,

−iηf ′0
∂w0

∂ξ0

∣∣∣∣
ξ=ξa

= sa0,

lim
ξ0−→∞

w0 = 0.

(9)

whose differential equation is easily integrated to obtain the
general solution

w0 = A0(ξ1, ξ2, . . .)
∫ ξ0

ξa

1
η(µ)f ′0(µ)

dµ

+ B0(ξ1, ξ2, . . .), (10)

whereA0 andB0 are the integration constants with respect
to the integration variableξ0, andf ′0 ≡ 1. Note thatA0 and
B0 do not depend explicitly onξ0 but through the otherξm

(m = 1, 2, . . . ). However, expresion (10) doesn’t met the
attenuation condition in general for aη(ξ) strictly positive
function, for example, a piecewise constant function which
is the case for layered medium has an integral would grows
unboundedly whenξ0 → ∞. As a consequenceA0 must
be identically zero, implying too the zero first contribution to
the response signal,sa0 = 0. Thus, the information gathered
from the zeroth-order problem is

−i A0|ξ=ξa
= sa0,

B0|ξ=ξa
= wa0,

A0 = 0,

sa0 = 0,

w0 = B0(ξ1, ξ2, . . .),

∂w0

∂ξ0
= 0.





: ν0 (11)
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Now, takeñ = 1 in (7) andn = 1 in (8), so the first-order
problem is

ν1 :





f ′0
∂

∂ξ0

(
ηf ′0

∂w1

∂ξ0

)
= −f ′0

∂

∂ξ0

(
ηf ′1

∂w0

∂ξ1

)

− f ′1
∂

∂ξ1

(
ηf ′0

∂w0

∂ξ0

)
,

w1|ξ=ξa
= wa1,

−iη
(

f ′0
∂w1

∂ξ0
+ f ′1

∂w0

∂ξ1

)∣∣∣∣
ξ=ξa

= sa1,

lim
ξ0−→∞

w1 = 0,

(12)

where terms containing∂w0/∂ξ0 = 0 can be eliminated.
Then, direct integration provides the general solution as

w1 = −∂B0

∂ξ1

∫ {
f ′1
f ′0

}
+ A1

∫ {
1

ηf ′0

}
+ B1, (13)

where the limitsξa = a/l (lower), ξ0 (upper) and the inte-
gration variableξ0 have been omitted for the sake of brevity
and their respective integrads were embraced, which will be
done from now on unless otherwise indicated. The dependen-
cies of each variable were also omitted,A1 andB1 being the
integration constants with respect toξ0. As before,A1 and
∂B0/∂ξ1 must be restricted to satisfy the attenuation con-
dition. Lighthill anti-secularism criterion [46] in its relaxed
form

wn+1

wn
∼ const., ∀ξm →∞, m, n ∈ {0, 1, 2, . . .}, (14)

provides a way to proceed. Here, it means that the contribu-
tion w1 behaves asw0 asξ0 →∞. Sincew0 is constant with
respect toξ0, thenw1 should also be constant at least in the
limit. Then, the Lighthill criterion becomes

− ∂B0

∂ξ1

∫ {
f ′1
f ′0

}

+ A1

∫ {
1

ηf ′0

}
∼ const., asξ0 →∞, (15)

The constant in the right-hand side of (15) is zero because
the left-hand side expression is zero inξ0 = ξa and, also,
because the attenuation condition requires it. Then, we have

lim
ξ0→∞

(
−∂B0

∂ξ1

∫ {
f ′1
f ′0

}
+ A1

∫ {
1

ηf ′0

})
= 0,

=⇒ A1

∂B0
∂ξ1

= lim
ξ0→∞

∫ {
f ′1
f ′0

}

∫ {
1

ηf ′0

} = const.,
∂B0

∂ξ1
6= 0,

Hence, with constantα01,

A1 = α01
∂B0

∂ξ1
(16)

and, therefore,

α01 = lim
ξ0→∞

∫ {
f ′1
f ′0

}

∫ {
1

ηf ′0

} . (17)

Condition (17) on f1 indicates that this function must be
O(

∫
η−1) provided there is a solution. This condition is sim-

ilar to the one used in Ref. [47] in the discussion of the mul-
tiple scales method for homogenization.

By putting the definition

g01(ξ0) = α01

∫ {
1

ηf ′0

}
−

∫ {
f ′1
f ′0

}
, (18)

into (13) with (16), w1 is written asw1 = g01∂B0/∂ξ1 +
B1. Such a consideration, together with (11) in the
first-order problem (12), leads toB1|ξ=ξa = wa1 and
−iα01(∂B0/∂ξ1)|ξ=ξa

= sa1, so the first-order information
is

sa0 = 0,

w0 = B0(ξ1, ξ2, . . .),

B0|ξ=ξa
= wa0,

−iα01
∂B0

∂ξ1

∣∣∣∣
ξ=ξa

= sa1,

w1 = g01(ξ)
∂B0

∂ξ1
(ξ1, ξ2, . . .)

+ B1(ξ1, ξ2, . . .),

B1|ξ=ξa
= wa1.





: ν1 (19)

Next, takeñ = 2 in (7) andn = 2 in (8), so the second-
order problem is

ν2 :





f ′0
∂

∂ξ0

(
ηf ′0

∂w2

∂ξ0

)
= −f ′0

∂

∂ξ0

(
ηf ′1

∂w1

∂ξ1

)

− f ′1
∂

∂ξ1

(
ηf ′0

∂w1

∂ξ0

)
− f ′0

∂

∂ξ0

(
ηf ′2

∂w0

∂ξ2

)

− f ′1
∂

∂ξ1

(
ηf ′1

∂w0

∂ξ1

)
− f ′2

∂

∂ξ2

(
ηf ′0

∂w0

∂ξ0

)

− if ′0
∂

∂ξ0

(
Gf ′0

∂w0

∂ξ0

)
− iρw0,

w2|ξ=ξa
= wa2,

sa2 = Gf ′0
∂w0

∂ξ0

∣∣∣∣
ξ=ξa

−iη
(

f ′0
∂w2

∂ξ0
+ f ′1

∂w1

∂ξ1
+ f ′2

∂w0

∂ξ2

)∣∣∣∣
ξ=ξa

,

lim
ξ0−→∞

w2 = 0,

(20)
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which, by using the information in (19), produces the general
solution

w2 = −
(

α01

(∫ {
f ′1
f ′0

∫
1

ηf ′0

}
+

∫ {
1

ηf ′0

∫
f ′1
f ′0

})

−
∫ {

f ′1
f ′0

∫
f ′1
f ′0

})
∂2B0

∂ξ2
1

− i

∫ {
1

ηf ′0

∫
ρ

f ′0

}
B0

−
∫ {

f ′1
f ′0

}
∂B1

∂ξ1
−

∫ {
f ′2
f ′0

}
∂B0

∂ξ2
+

∫ {
1

ηf ′0

}
A2

+ B2,

where braces delimiting integrad of inner integrals were
omitted because the scopes of these integrals are deduced
from the outer ones.A2 andB2 are the integration constants
that depend onξn, n > 0. In this case, the Lighthill criterion
(14) involves all terms butB2, since the same reasons given
to eliminate first term of expresion (10) apply here too. Then,
the criterion becomes

−
(

α01

(∫ {
f ′1
f ′0

∫
1

ηf ′0

}
+

∫ {
1

ηf ′0

∫
f ′1
f ′0

})

−
∫ {

f ′1
f ′0

∫
f ′1
f ′0

})
∂2B0

∂ξ2
1

− i

∫ {
1

ηf ′0

∫
ρ

f ′0

}
B0

−
∫ {

f ′1
f ′0

}
∂B1

∂ξ1
−

∫ {
f ′2
f ′0

}
∂B0

∂ξ2
+

∫ {
1

ηf ′0

}
A2

∼ const., asξ0 −→∞.

(21)

In this case, as we are looking for a wave-type solution, the
terms of ∂2B0/∂ξ2

1 and B0 could form a wave equation,
whereas, analogously to the previous first-order case, the re-
maining terms can be related to a suitable form ofA2. This
approach is reinforced by the fact that the coefficients in these
term association proposals are of the same integration order.
So, it is more natural to establish a proportionality relation
between, for example, the coefficients of∂B1/∂ξ1 andA2

than between the coefficients ofB0 and∂B0/∂ξ2. Of course,
one must keep in mind thatf1 behaves asymptotically as the
first-order integral ofη−1, so its participation would count as
an order of integration. With such considerations, criterion
(21) is decomposed into two parts as

−
(

α01

(∫ {
f ′1
f ′0

∫
1

ηf ′0

}
+

∫ {
1

ηf ′0

∫
f ′1
f ′0

})

−
∫ {

f ′1
f ′0

∫
f ′1
f ′0

})
∂2B0

∂ξ2
1

− i

∫ {
1

ηf ′0

∫
ρ

f ′0

}
B0 ∼ const.,

−
∫ {

f ′1
f ′0

}
∂B1

∂ξ1
−

∫ {
f ′2
f ′0

}
∂B0

∂ξ2

+
∫ {

1
ηf ′0

}
A2 ∼ const., asξ0 −→∞.

(22)

Now, reasoning as in the first-order case, we propose

∂2B0

∂ξ2
1

= −κ2
01B0,

A2 = α11
∂B1

∂ξ1
+ α02

∂B0

∂ξ2
,

(23)

from which the following conditions are obtained:

lim
ξ0→∞

((
α01

(∫ {
f ′1
f ′0

∫
1

ηf ′0

}
+

∫ {
1

ηf ′0

∫
f ′1
f ′0

})

−
∫ {

f ′1
f ′0

∫
f ′1
f ′0

})
κ2

01 − i

∫ {
1

ηf ′0

∫
ρ

f ′0

})
= 0,

(24)

lim
ξ0→∞

(
α11

∫ {
1

ηf ′0

}
−

∫ {
f ′1
f ′0

})
= 0, (25)

lim
ξ0→∞

(
α02

∫ {
1

ηf ′0

}
−

∫ {
f ′2
f ′0

})
= 0, (26)

whereκ01, α11 and α02 are suitable constants. Condition
(25) for f1 is the same as (17) provided thatα11 = α01,
which is assumed to avoid contradiction. Also, condition
(26) for f2 is analogous to that forf1 with its correspond-
ing asymptotic proportionality constantα02. As for condition
(24), it can be reduced to see that it is indeed consistent with
the proposals made, soκ01 can be obtained.

Consider the definition

g2(ξ0) =
(

α01

(∫ {
f ′1
f ′0

∫
1

ηf ′0

}
+

∫ {
1

ηf ′0

∫
f ′1
f ′0

})

−
∫ {

f ′1
f ′0

∫
f ′1
f ′0

})
κ2

01 − i

∫ {
1

ηf ′0

∫
ρ

f ′0

}
, (27)

recall thatf ′0 = 1, and imposef1(ξ0)|ξ=ξa = 0 since it is a
perturbation toξ0 as [41]

ξ ∼ ξ0 + ξ1 + ξ2 + · · ·
= ξ0 + νf1(ξ0) + ν2f2(ξ0) + · · · . (28)

Then, (27) becomes

g2(ξ0) =
1
2
f1

(
α01

∫ {
1
η

}
+

(
α01

∫ {
1
η

}
− f1

))
κ2

01

− i

∫ {
1
η

∫
ρ

}
,

where expression inside inner parentheses is just (18), which
tends to zero whenξ0 → ∞ due to condition (17). Taking
the limit ξ0 →∞ for (27) also becomes zero implying

κ2
01 = 2i lim

ξ0→∞

∫ {
1
η

∫
ρ
}

(
α01

∫ {
1
η

})2 , (29)

Formula (29) is the definition ofκ01 or, more precisely, its
shape. At the same time, it is a condition on the parameters
of the medium, that is, in order forκ01 to be finite, it is nec-
essary that the second-order integral in the numerator grows
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HIGH-FREQUENCY EFFECTIVE DYNAMICAL PARAMETERS FOR A VISCOELASTIC LAYERED MEDIUM MODELING SOFT TISSUE 7

asymptotically at the same rate as the square of the first-order
integral in the denominator, which restricts the choice of pa-
rametersρ andη. For instance, if we consider the case of a
homogeneous medium (with constant parameters), both nu-
merator and denominator are polynomials of degree two, so
they have the same asymptotic behavior. Also, for a layered
medium composed of homogeneous layers whose parameter
values oscillate around their constant effective values, this as-
sumption seems to be sensible as well.

By takingκ01 as the principal square root of (29), the gen-
eral solution of (23) is B0 = C0(ξ2, . . .) exp(iκ01ξ1(ξ0)) +
D0(ξ2, . . .) exp(−iκ01ξ1(ξ0)), from which the contribu-
tions of right- and left-traveling waves are evident. By
using the boundary conditions in (19), it follows that
C0|ξ=ξa

= (α01κ01)−1(α01κ01wa0 + sa1) andD0|ξ=ξa
=

(α01κ01)−1(α01κ01wa0 − sa1), whereξ1|ξ=ξa
= 0 because

f1|ξ=ξa = 0. As the real and imaginary parts ofκ01 are posi-
tive, the second term diverges asξ0 →∞, so the attenuation
condition impliesD0 = 0, leading to the first contribution
to the response signalsa1 = α01κ01wa0, which produces
B0 = C0(ξ2, . . .) exp(iκ01ξ1(ξ0)) with C0|ξ=ξa

= wa0.

In order to know the behavior ofw0, it is still necessary
to findf1, which in turn requires the analysis of the following
order (̃n = 3 in (7) andn = 3 in (8)). Define

g11(ξ0) = α11

∫ {
1

ηf ′0

}
−

∫ {
f ′1
f ′0

}
(30)

and

g02(ξ0) = α02

∫ {
1

ηf ′0

}
−

∫ {
f ′2
f ′0

}
, (31)

so the second-order information is

B0 = C0(ξ2, . . .) exp (iκ01ξ1 (ξ0)) ,

C0|ξ=ξa
= wa0,

w0 = B0,

sa0 = 0,

w1 = iκ01g01B0 + B1,

B1|ξ=ξa
= wa1,

sa1 = α01κ01wa0,

w2 = g2B0 + g11
∂B1

∂ξ1
+ g02

∂B0

∂ξ2
+ B2,

B2|ξ=ξa
= wa2,

−i
(

α11
∂B1

∂ξ1
+ α02

∂B0

∂ξ2

)∣∣∣∣
ξ=ξa

= sa2.





: ν2 (32)

Next, takeñ = 3 in (7) andn = 3 in (8), so the third-order

problem is

ν3 :





f ′0
∂

∂ξ0

(
ηf ′0

∂w3

∂ξ0

)
= −f ′0

∂

∂ξ0

(
ηf ′1

∂w2

∂ξ1

)

− f ′1
∂

∂ξ1

(
ηf ′0

∂w2

∂ξ0

)
− f ′0

∂

∂ξ0

(
ηf ′2

∂w1

∂ξ2

)

− f ′1
∂

∂ξ1

(
ηf ′1

∂w1

∂ξ1

)
− f ′2

∂

∂ξ2

(
ηf ′0

∂w1

∂ξ0

)

− f ′0
∂

∂ξ0

(
ηf ′3

∂w0

∂ξ3

)
− f ′1

∂

∂ξ1

(
ηf ′2

∂w0

∂ξ2

)

− f ′2
∂

∂ξ2

(
ηf ′1

∂w0

∂ξ1

)
− f ′3

∂

∂ξ3

(
ηf ′0

∂w0

∂ξ0

)

− if ′0
∂

∂ξ0

(
Gf ′0

∂w1

∂ξ0

)
− if ′0

∂

∂ξ0

(
Gf ′1

∂w0

∂ξ1

)

− if ′1
∂

∂ξ1

(
Gf ′0

∂w0

∂ξ0

)
− iρw1,

w3|ξ=ξa
= wa3,

sa3 = G

(
f ′0

∂w1

∂ξ0
+ f ′1

∂w0

∂ξ1

)∣∣∣∣
ξ=ξa

−iη
(

f ′0
∂w3

∂ξ0
+ f ′1

∂w2

∂ξ1
+ f ′2

∂w1

∂ξ2
+ f ′3

∂w0

∂ξ3

)∣∣∣∣
ξ=ξa

,

lim
ξ0−→∞

w3 = 0.

(33)

By substitutingw0, w1 andw2 from (32) into the differential
equation in (33), we find that

w3 = −
∫ {

1
ηf ′0

(
κ01ηf ′1g2 + iκ01

∫
{ηf ′1g

′
2}

−iκ3
01

∫ {
η(f ′1)

2

f ′0
g01

}
− κ01

∫ {
ρ

f ′0
g01

})}
B0

(∫ {
κ01

G

ηf ′0
(f ′0g

′
01 + f ′1)

})
B0

−
∫ {

1
ηf ′0

(
iκ01ηf ′1g

′
02 + iκ01

∫
{ηf ′1g

′
02}+ iκ01ηf ′2g01

+iκ01

∫
{ηf ′2g

′
01}+ 2iκ01

∫ {
ηf ′2f

′
1

f ′0

})}
∂B0

∂ξ2

−
∫ {

1
ηf ′0

(
ηf ′1g11 +

∫
{ηf ′1g

′
11}+

∫ {
η(f ′1)

2

f ′0

})}
∂2B1

∂ξ2
1

− i

∫ {
1

ηf ′0

∫
ρ

f ′0

}
B1

−
∫ {

f ′1
f ′0

}
∂B2

∂ξ1
−

∫ {
f ′2
f ′0

}
∂B1

∂ξ2

−
∫ {

f ′3
f ′0

}
∂B0

∂ξ3
+

∫ {
1

ηf ′0

}
A3 + B3,
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where all terms butB3 diverge asξ0 → ∞ for the same
reasons exposed for first term of expression (10). There are
signs of similarity with the structure ofw2 in the previous
case. It is immediately obvious thatA3 can be related to
the terms with first-order integral coefficients, that is, those
of ∂B2/∂ξ1, ∂B1/∂ξ2 and∂B0/∂ξ3. Also, substitution of
g11 into the coefficient of∂2B1/∂ξ2

1 reveals that it is exactly
the same as that of∂2B0/∂ξ2

1 of w2 and, together with the
term in B1, the same differential equation is formed as for
B0 with respect to the same variableξ1. It only remains to be
seen how the terms ofB0 and∂B0/∂ξ2 would cancel out in
the limit. Regarding this, one option is that they cancel each
other by establishing a proportionality relation betweenB0

and∂B0/∂ξ2, and the other option is that they cancel sepa-
rately. The first option leads to an inconsistency in whichf2

would not behave asymptotically as required by (24). On the
other hand, for the second option, it can immediately be seen
that if theB0 term must be zero at least in the limit, it would
imply a condition onf1 and the parameters of the medium.
However, such a condition restricts the material parameters in
a very capricious way. So, in order to maintain the maximum
possible generality, the alternative is to takef1 as the solu-
tion of the equation resulting from equating the coefficient
of B0 to zero. In addition, the term of∂B0/∂ξ2 must also
become zero, for which there are three possibilities: the first
one is that the coefficient cancels out in the limit, the second
one is that it cancels out identically, and the third one is that
∂B0/∂ξ2 = 0. In fact, the first two possibilities are incon-
sistent with the conditions forf1 andf2 in (24), leaving the
third one as the only possibility. With such considerations,
we have

∂2B1

∂ξ2
1

= −κ2
11B1, (34)

A3 = α21
∂B2

∂ξ1
+ α12

∂B1

∂ξ2
+ α03

∂B0

∂ξ3
, (35)

∫ {
1

ηf ′0

(
κ01ηf ′1g2 + iκ01

∫
ηf ′1g

′
2

−iκ3
01

∫
η(f ′1)

2

f ′0
g01 − κ01

∫
ρ

f ′0
g01

)}

−
∫ {

κ01
G

ηf ′0
(f ′0g

′
01 + f ′1)

}
= 0, (36)

∂B0

∂ξ2
= 0. (37)

Now, define

g3 =
∫ {

1
ηf ′0

(
ηf ′1g11 +

∫
ηf ′1g

′
11 +

∫
η(f ′1)

2

f ′0

)}
κ2

11

− i

∫ {
1

ηf ′0

∫
ρ

f ′0

}
,

g21 = α21

∫ {
1

ηf ′0

}
−

∫ {
f ′1
f ′0

}
,

g12 = α12

∫ {
1

ηf ′0

}
−

∫ {
f ′2
f ′0

}
,

g03 = α03

∫ {
1

ηf ′0

}
−

∫ {
f ′3
f ′0

}
, (38)

so g3 = g2 andg21 = g11 = g01 for α21 = α11 = α01,
and g12 = g02 for α12 = α02. Then, we writew3 =
g3B1+g21∂B2/∂ξ1+g12∂B1/∂ξ2+g03∂B0/∂ξ3+B3. The
wave equation ofB1 with respect toξ1 results inκ11 = κ01.
At this point we can already observe the recursiveness in the
decision-making of the integration constantAn and the de-
pendence of each contributionwn with respect toξ1. From
this, it could even be deduced that most likely no other contri-
butionwn depends onξ2, something that in any case remains
to be proven elsewhere. On the other hand, we have finally
arrived at the equation that definesf1: manipulating (36), it
can be rewritten as
(
− ς

6

) (
f1

α01

)3

+
(

ς

2

∫ {
1
η

})(
f1

α01

)2

+
(
−

∫ {
1
η

∫
ρ

})(
f1

α01

)

+
(∫ {

1
η

∫ {
ρ

∫
1
η

}}
+

∫ {
G

η2

})
= 0, (39)

whereς = −iα2
01κ

2
01. This cubic equation has analytical

solutions given by [48]
(

f1

α01

)

n

= − 1
3a

(
b +

(
3
√
i
)n

C± +
∆0(

3
√
i
)n

C±

)
, (40)

with n ∈ {0, 1, 2}, where∆0 = b2−3ac, ∆1 = 2b3−9abc+

27a2d andC± = 3

√
(∆1 ±

√
∆2

1 − 4∆3
0)/2, beinga, b, c, d

the coefficients of the powers off1/α01 in equation (39) and
3
√
i = (−1 + i

√
3)/2.

It is necessary to verify thatf1/α01 satisfies condition
(17). For this, rewrite∆0 and∆1 as

∆0 =
(

ς

2

∫ {
1
η

})2 (
1− δ1

ς

)
,

∆1 =
(

ς

2

∫ {
1
η

})3 (
2− 3

δ1

ς
+

δ2

ς

)
,

where

δ1(ξ0) =

∫ {
1
η

∫
ρ
}

∫ {
1
η

∫
1
η

} ,

δ2(ξ0) =

∫ {
1
η

∫ {
ρ

∫
1
η

}}
+

∫ {
G
η2

}

∫ {
1
η

∫ {
1
η

∫
1
η

}} ,

(41)
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considering relations
(∫ {1/η})2 = 2

∫ {
1/η

∫ {1/η}} and(∫ {1/η})3 = 6
∫ {

1/η
∫ {

1/η
∫ {1/η}}}

that can be ver-
ify directly. It follows that

C± =
ς

2

∫ {
1
η

}
δ±3 ,

with

δ±3 (ξ0) =

( (
2− 3

δ1

ς
+

δ2

ς

)

±
√(

2−3
δ1

ς
+

δ2

ς

)2

−4
(

1− δ1

ς

)3



1/3

, (42)

which, by substitution into (40), produces

(
f1

α01

)

n

=
∫ {

1
η

} (
1+( 3

√
i)nδ±3 +

1− δ1
ς

( 3
√
i)nδ±3

)
, (43)

with n ∈ {0, 1, 2}. Provided thatδ1 and δ2 are finite for
ξ0 → ∞, then(f1/α01)n would behave as desired, that is,
they would beO (∫

1/η
)
. Earlier we discussed the finitude

of δ1 in terms of the consistency ofκ01, but now it is nec-
essary to assume thatδ2 is also finite, which seems sensible
under the same arguments that the orders of integration of
the parameters in the numerator and denominator are equal.
That is, the obtained form off1/α01 is consistent with the
requirement of its asymptotic behavior. Note thatα01 serves
as an indeterminate parameter, generally complex, whose de-
termination from the data will be addressed in the validation
section5..

Now, we refocus on the objective of obtaining effective
parameters. From (23) and (19), the homogenized problem is
stated as





∂2B0

∂ξ2
1

+ κ2
01B0 = 0,

B0|ξ=ξa
= wa0,

sa1 = −iα01
∂B0

∂ξ1

∣∣∣∣
ξ=ξa

,

lim
ξ0−→∞

w0 = 0,

(44)

whereκ01 is the effective wave number, specific for this first
approximate description version of the original problem in
terms of the variableξ1. Apparently, there are three condi-
tions, but it must be taken into account that responsesa1 is
considered unknown. The solution to problem (44) is

w0 (ξ1) = wa0 exp (iκ01ξ1) ,

α2
01κ

2
01 = i lim

ξ0→∞

∫ {
1
η

∫
ρ
}

∫ {
1
η

∫
1
η

} ,

sa1 = α01κ01wa0

(45)

with ηa = η(ξ0)|ξ=ξa
. Referring toC0 in (32) and the fact

thatB0 does not depend onξ2, it was used thatC0(ξ3 . . .) ≈
wa0 when. . . ξ4 ¿ ξ3 ¿ ξ1 due to boundary conditions. Re-
call thatsan depends onwan due to the attenuation condition.
From the physical point of view, we would say that the dis-
placementw is the variable given or imposed as excitation to
the system, whereas the strain∂ξw is the response variable,
andξ = ξa is simultaneously the point of both application of
the excitation and collection of the response.

The behavior of the contributionw0 is obtained with
ξ1 = νf1(ξ0). Sincef1 is not a linear function ofξ0, the be-
havior ofw0 as a function of the variableξ0 is not necessarily
simply harmonic. Since the shape ofw0 is not harmonic and
it is not an explicit function of the original spatial variableξ0,
κ01 is not the effective complex wave number as we need. In
an effort to find a definition of such an effective parameter,
the reasoning is as follows. If it is admitted that the limit

〈η−1〉 = lim
ξ0→∞

1
ξ0 − ξa

∫ ξ0

ξa

1
η(µ)

dµ, (46)

exists, which defines the average of the reciprocal of the vis-
cosity, in turn it is possible to define a local wave number

κloc(x) = l−1κ01νf ′1(x/l), (47)

recalling thatξ0 = x/l and thatx is the original space vari-
able, in such a way that the average

κcum(x) =
1

x− a

∫ x

a

κloc(µ)dµ, (48)

has a well-defined limit whenx →∞ as a result of (46) and
(17). This average is obtained naturally from multiplying and
dividing the exponential argument in (45) by x − a, then as-
sociatingκ01ξ1/(x − a) to resemble the wave number of a
harmonic behavior.

In other words, the lowest-order non-zero solution (45)
takes the form

w0 = wa0 exp (iκcum(x)(x− a)). (49)

At the same time, as it is needed that effective wave num-
ber be a constant that enclosed the global behavior of the
layered medium, global average ofκloc just lets us induce
a definition of effective wave number as:

κeff = lim
x→∞

κcum(x) = lim
x→∞

1
x− a

∫ x

a

κloc(µ)dµ. (50)

Substituting (47) into (50) and calculating the integral
taking into account thatf1(a/l) = 0, we have that

κeff = lim
x→∞

κ01νf1(x/l)
x− a

,

which requires that, for the limit to exist, the asymptotic be-
havior of f1 at infinity must be linear inx. It is known
from Eq. (43) that the asymptotic behavior at infinity off1
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is
∫

η−1, provided thatδ1 andδ2 are finite, as already men-
tioned. To guarantee this, it is sufficient that the functions
G, η, andρ be bounded throughout their domain; that is, that
there exists an upper bound for the values of each of them.
For example, ifH1 is a constant such that|η−1(ξ0)| ≤ H1

for all ξ0 ∈ [a/l,∞), then
∫

η−1 ≤ H1(ξ0 − ξa) ∼ H1ξ0.
Following a similar line of reasoning, one could arrive at∫ {

η−1
∫

η−1
} ≤ H2ξ

2
0 and so on if more integrals are

nested. The same applies to theG andρ, resulting in sim-
ilar inequalities for nested integrations of their combinations
as well. Thus, in the case ofδ1 in Eq. (41), the numerator
would beξ2

0 as well as the denominator, whereas in the case
of δ2, the numerator and denominator would be cubic pow-
ers. Requiring that the physical properties of shear modulus
G, viscosityη, and mass densityρ be bounded is a natural
and prudent requirement in this case. Thus,f1 would be ex-
pected to behave asymptotically asξ0 = x/l ensuring that
the limit of κeff exists.

It is now convenient to express effective wave number as
a function of the frequencyω for later use. To this end, we
use (17) and (46) in (50) to get

κeff = l−1ν〈η−1〉√iς,

from which, by substitutingl−1 = ω
√

ρ̃/G̃ and ν =√
G̃/
√

ωη̃, we get

κeff =

√
ωρ̃

η̃
〈η−1〉√iς, (51)

which is the sought dependency because neither〈η−1〉 nor
ς = −iα2

01κ
2
01 depend onω. Parameterα01 has been as-

sociated withf1 to obtain the average value of1/η. Once
the effective complex wave number is obtained, propaga-
tion speed and attenuation are immediate to find because by
writing the body of the harmonic wave asei((κR+iκI)x−ωt),
whereκeff = κR + iκI , we have

κR =
ω

veff
, (52)

κI = αeff, (53)

with veff the effective propagation speed andαeff the effec-
tive attenuation.

Notably, this is to say that negative imaginary part−κI

becomes Floquet-Bloch’s exponent whenG, η andρ are pe-
riodic functions [49,50]. Floquet-Bloch theory tells us that a
solution of a differential equation like Eq. (5) with periodic
coefficients sharing same period can be written ase−kxψ(x)
whereψ is a periodic function with period equal to that of
the coefficients,e−kx is the Floquet-Bloch factor and−k is
the Floquet-Bloch exponent or index. To see that−κI is
a Floquet-Bloch exponent we take solution (45) to its limit
form whenξ0 → ∞. From Eq. (43), f1 is dominated by the
behavior of

∫
η−1 in such a limit. Sinceη is periodic, sayb-

periodic, it is possible to write
∫

η−1 = mη(ξ0−ξa)+pη(ξ0)

with mη = b−1
∫ ξa+b

ξa
n−1 the mean value ofη−1 over a

period andpη(ξ0) a suitableb-periodic function. Note that
this linear growth is consistent with requirement of beingη−1

bounded. Then, after some rearrangement, solution (45) is

exp (iκ01ξ1) = exp
(
i
√
iςν

f1(ξ0)
α01

)
−−−−→
ξ0→∞

exp
(
−

√
ς

2
νmη(ξ0 − ξa)

)
exp

(
−

√
ς

2
νpη(ξ0)

)
×

exp
(
i

√
ς

2
ν (mη(ξ0 − ξa) + pη(ξ0))

)
, (54)

from which it is clear that as the last two exponential func-
tions enclose exclusively periodic contributions, the first ex-
ponential function coincides with Floquet-Bloch factor and,
therefore,k =

√
(ς/2)νmηl−1 is the negative Floquet-Bloch

exponent. Moreover, whenη is periodic, it follows that
〈η−1〉 = mη andκI = k, so effective wave number defi-
nition is in accordance with what is expected from Floquet-
Bloch theory. This shows that the results for periodic proper-
ties are recovered as a special case since no prior restriction
has been assumed regarding the arrangement of the layers,
which can even be arranged randomly.

The approximate solutionu of the original problem (1) is
found from the real part of (49). Section5. presents some
numerical solutions.

5. Validation

Now problem (3) will be solved numerically with the trans-
fer matrix method [51,52], and compared with approximate
solution (49).

Restricting problem (3) to each layer of the medium (see
Fig. 1) we get





d2ŵn

dx2
+ κ2

nŵn(x) = 0, x ∈ [xn, xn+1],

ŵn(x)|x=xn
= ŵn+1(x)|x=xn

,

G∗n
dŵn

dx

∣∣∣∣
x=xn

= G∗n+1

dŵn+1

dx

∣∣∣∣
x=xn

,

(55)

with n = 1, . . . , N ; ŵn is the complex displacement field so-
lution in then-th layer, andκn =

√
ω2ρ̂n/G∗n with ρ̂n and

G∗n the constant approximations ofρ̂(x) andG∗(x, ω) in the
n-th layer. Note that̂wn is not then-th approximation order
contributionwn in the asymthotic expansion (6). In addition,
the boundary and attenuation conditions are





ŵ1(x)|x=x0
= ŵ0,

G∗1
dŵ1

dx

∣∣∣∣
x=x0

= ŝ0,

lim
x→∞

ŵN+1(x) = 0,

(56)
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where ŵ0 = ŵa and ŝ0 = ŝa are the constant complex
boundary values inx = x0 = a.

The solution of problem (55) on then-th layer is

ŵn(x) = Aneiκnx + Bne−iκnx, (57)

where An and Bn are the integration constants. Taking
into account that the stress in then-th layer is ŝn(x) =
G∗ndŵn/dx, we can write

[
ŵn(x)
ŝn(x)

]
= Mn(x)

[
An

Bn

]
, (58)

with

Mn(x) =
[

eiκnx e−iκnx

iκnG∗neiκnx −iκnG∗ne−iκnx

]
. (59)

Since matrixMn(x) is non-singular, we have
[
An

Bn

]
= M−1

n (x)
[
ŵn(x)
ŝn(x)

]
, (60)

where

M−1
n (x) =

1
2iκnG∗n

[
iκnG∗ne−iκnx e−iκnx

iκnG∗neiκnx −eiκnx

]
. (61)

The continuity conditions in (55) can be written as
[
ŵn+1(xn)
ŝn+1(xn)

]
=

[
ŵn(xn)
ŝn(xn)

]
, n = 1, 2, . . . , N, (62)

from which it follows that
[
An+1

Bn+1

]
= M−1

n+1(xn)Mn(xn)
[
An

Bn

]
, (63)

where (58) was used. This formula expresses the coefficients
of the solution in the(n + 1)-th layer as a function of those
in the n-th. Then, the iterative application of formula (63)
starting fromN + 1 produces

[
AN+1

BN+1

]
= M−1

N+1(xN )MN (xN ) · · ·M−1
n+1(xn)

×Mn(xn)M−1
n (xn−1)Mn−1(xn−1) · · ·

×M−1
2 (x1)M1(x1)

[
A1

B1

]
. (64)

By left-multiplying (64) by matrix MN+1(xN ), then using
(58) in x = xN to replace the product on the left-hand side,
and using (60) to replace the column vector of layern = 1
on the right-hand side, we obtain

[
ŵN

ŝN

]
= MN (xN ) · · ·M−1

n+1(xn)Mn(xn)M−1
n (xn−1)

×Mn−1(xn−1) · · ·M−1
1 (x0)

[
ŵ0

ŝ0

]
, (65)

where ŵN = ŵN+1(xN ) = ŵN (xN ) and ŝN =
ŝN+1(xN ) = ŝN (xN ). DefineTn = Mn(xn)M−1

n (xn−1),
so (65) can be rewritten as

[
ŵN

ŝN

]
= T

[
ŵ0

ŝ0

]
, (66)

whereT = TN · · ·Tn · · ·T1, with

Tn = Mn(xn)M−1
n (xn−1)

=

[
cos (κnln)

(
1

κnG∗n

)
sin (κnln)

− (κnG∗n) sin (κnln) cos (κnln)

]
, (67)

and ln = xn − xn−1 the thickness of then-th layer,n =
1, 2, . . . , N . The elementary case of (66) for a single layer
allows observing thatTn connects the values at one end of
thenth layer with the values at its other end, that is,

[
ŵn(xn)
ŝn(xn)

]
= Tn

[
ŵn(xn−1)
ŝn(xn−1)

]
, n = 1, 2, . . . , N, (68)

which means that if the values of displacement and stress on
a boundary are known, then the corresponding values on the
rest of the boundaries can be determined thanks to the conti-
nuity boundary conditions, and even the value at each point
of the domain, as long as the parameters of each layer are
known, namely, the thickness, the shear modulus of elastic-
ity, the dynamical viscosity and the mass density. The first
two boundary conditions of the relations (56) provide this in-
formation in principle, however, provided that the third of
them is valid, which is the attenuation condition, one of the
first two, displacement or stress, must remain unknown, that
is, one of them would correspond to the imposed signal and
the other to the response. In order to determine the response,
it should be noted that the attenuation condition implies that
the shape of the displacement in the(N + 1)-th medium
(xN ,∞) is ŵN+1(x) = AN+1e

iκN+1x + BN+1e
−iκN+1x,

where the first term corresponds to the plane wave traveling
to the right [see Fig. 1b)], whereas the second term corre-
sponds to a wave traveling to the left. Since the standing
wave is imposed from the left on thex = x0 boundary, it is
expected to propagate to the right through each layer, gener-
ating transmission and reflection at each interface until reach-
ing the(N + 1)-th medium, where there would no longer be
reflection but only propagation to the right. Hence, the co-
efficient of the leftward wave must beBN+1 = 0. From
(60) we can see thatBN+1 = (iκN+1G

∗
N+1e

iκN+1xN ŵN −
eiκN+1xN ŝN )/(i2κN+1G

∗
N+1) = 0, which implies that

iκN+1G
∗
N+1ŵN − ŝN = 0. (69)

Note now that this new condition deduced from the wave at-
tenuation condition requires knowledge of parametersκN+1

andG∗N+1. On the one hand, the wave is expected to be al-
most completely attenuated by the time it reaches the N+1st
medium. This means that the contribution of these param-
eters is significantly reduced, but so is their inherent error,
allowing for some freedom in their selection. In other words,
the propagation involves only a few layers beyond which no

Rev. Mex. Fis.72051101



12 L. FLORES-CANOet al.,

information is available, so their parameters can be chosen
conveniently. On the other hand, it is best if no further un-
knowns are introduced. Ideally,κN+1 andG∗N+1 should be
expressed in terms of the already known parameters of the
other layers. One possibility is to use the same parameters
as the last layer; another is to take the average parameters
from the set of properties of the first few layers. The pa-
rameters used will be the equivalent parameters of the lami-
nated medium. An equivalent medium is understood here as
one whose parametersκ andG∗ relate the displacements and
stresses at the boundaries of the laminate through a relation
similar to (68), that is,

[
ŵN+1

ŝN+1

]
=

[
cos (κL)

(
1

κG∗
)
sin (κL)

− (κG∗) sin (κL) cos (κL)

]

×
[
ŵ0

ŝ0

]
, (70)

whereL = l1 + l2 + · · ·+ lN = xN − x0 is the total length
of the composite medium. It should be noted that this idea
of effectiveness is similar to the one proposed in Ref. [36]
and explained as the black box idea in the introduction sec-
tion. These parameters have been chosen because of their
simple relationship with known parameters and because they
encompass the entire laminated medium.

Equations (66), (69), (70) together with the imposed
boundary condition, for example,̂w0 = const., represent a
system of six equations with six unknowns, namely,ŵ0, ŝ0,
ŵN , ŝN , κ andG∗, but it must be kept in mind thatκN+1 = κ
y G∗N+1 = G∗, because of the construction of the effective
medium.

It follows from (70) that

cos (κL) =
ŵN ŝN + ŵ0ŝ0

ŵN ŝ0 + ŵ0ŝN
, (71)

(κG∗)2 =
ŝ2
0 − ŝ2

N

ŵ2
N − ŵ2

0

. (72)

Then, from (68), (69) and (72), we have

(
r2
12

)
(iκG∗)4 + (2r11r12) (iκG∗)3 +

(
r2
11 − r2

22

)
(iκG∗)2

+ (−2r21r22) (iκG∗) +
(−r2

21

)
= 0, (73)

whererij are the components of matrixR = T−1. Solving
(73) for iκG∗, and then using (71) allows determiningκ and
G∗, which in turn reveals the relation between̂wN and ŝN .
With this relation, (69) and (66), it is possible to determine
the two remaining unknowns having substituted the value im-
posed at the boundary. Regarding the four possible solutions
of (73), only one has a consistent physical meaning.

FIGURE 2. Comparison of solutionŝw, wκ̄ andwapp for frecuency
ω/2π = 10 MHz and 1 layer. Vertical axes are dimensionless but
the angle one is in rads. Right vertical axes in log scale apply for
dashed lines.

FIGURE 3. Same settings as in Fig. 2 but with 10 layers.

Figures 2-5 show the numerical solutions with the trans-
fer matrix method denoted bŷw (black curves), the analyt-
ical solutions of lower order approximation (49) denoted by
wapp (red curves) and, for comparison, the solutions when
the parameter of the average complex wave number is used,
weighted according to the width of the layers, denoted bywκ̄

(blue curves), obtained via the formulas

wκ̄(x) = wa exp (iκ̄(x− x0)), (74)

κ̄ =
1
L

N∑
n=1

ln

√
ω2ρ̂n

Ĝn − iωη̂n

. (75)

Vertical lines in gray indicate the interfaces, showing only
those inside the attenuation range of the wave. In each figure,
the top four subfigures show the real and imaginary parts of
solutionsŵ, wκ̄ andwapp, as well as their absolute values and
angles (left vertical axis and continuous curves), whereas the
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FIGURE 4. Same settings as in Fig. 2 but with 30 layers.

FIGURE 5. Same settings as in Fig. 2 but 100 layers.

right vertical axis is for natural logarithms of these quanti-
ties (dotted curves). Figures 2-5 correspond to1, 10, 30 and
100 layers, respectively. The data sets of elasticity modulus,
viscosity and density were generated randomly with standard
distributions with average values from the data reported in
Ref. [53] for bovine muscle tissue, therefore valuesG̃, η̃ and
ρ̃ were taken as these average values as follows:G̃ = 0,
η̃ = 0.014 Pa· s andρ̃ = 1, 080 kg/m3, and their standard
deviations asσG = 6, 250 Pa,ση = 0.0035 Pa·s andσρ = 0,
that is, constant density. The choice of these values comes
from the fact that, aroundG = 0, theG̃/ωη̃ ¿ 1 approxima-
tion is the best, on which the definition of the small expansion
parameter is based. Frequency is set atω = 10 MHz, which
is approximately where the curve of the elasticity modulus
crosses the horizontal axis, that is, where it changes sign.

For soft tissue such as skeletal muscle,G̃ values close to
zero andη̃ ∼ 0.01 Pa·s can be found according to [54] at
frequencies∼ 15 MHz, whereas for hydrogel (a soft tissue
substitute) the values are approximatelyG̃ ∼ 100 kPa and
η̃ ∼ 0.1 Pa·s at frequencies∼ 100 MHz according to [55].
Unfortunately, the response of this type of material reported
in literature at frequencies of MHz is scarce, largely because

FIGURE 6. Comparison of solutionŝw, wκ̄ and the three possible
solutions forwapp. Frecuencyω/2π = 10 MHz and 30 layers.

shear waves attenuate very quickly, as [53] points out, which
makes the applicability of the results obtained here for these
substitutes invalid, wich is why no graphics have been pre-
sented for these materials. On the other hand, an encour-
aging aspect is that the trend shown by [55] themselves for
higher frequencies seems to indicate that the dominant vis-
cosity regime would be reached for a frequency on the order

of ∼ 10 MHz fulfilling the assumption
√

G̃/ωη̃ ¿ 1.

In general, at first glance,wκ̄ andwapp behave very sim-
ilarly. However, tests with different groups of random data
show that thewapp solution decreases in stability for increas-
ing absolute value or dispersion of the elastic modulus data
G and with increasing number of layers, which is expected in
the first case, but not obvious in the second one. In fact, the
greater the number of layers, the more frequently one can find
behaviors like the one shown in Fig. 6, where jumps appear
related to divisions by zero or changes of sign in the discrimi-
nant∆2

1−4∆3
0 associated with (39) in the numerical calcula-

tions. The yellow curves correspond to the different solution
branches ofwapp originating from the different solutions of
f1 (39). After testing with different data, we speculate that
divisions by zero and sign changes of the discriminant seem
to indicate opportunities to jump between the different solu-
tion branches, which could be tested in a future work. On
the other hand, it should be noted thatwapp seems to be ef-
fectively better thanwκ̄ in those cases in which the distribu-
tion of layers is not uniform, which is better observed in the
case of a low number of layers as in Fig. 3. Moreover,wapp

accompanies the numerical solution̂w in its breaks or non-
smooth changes at the interfaces, whereaswκ̄ does not due to
its average nature. Also, the difference between the effective
complex wave number (51) to (75) is less than5%. Finally,
it is important to take into account, from a methodological
point of view, that the constantα01 was absorbed in the def-
inition of f1. This constant was optimally chosen to fit the
numerical solutionw, that is, to select the best approximate
solution as the one with the best least-squares fit.
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6. Conclusions

Seeking to build models for biomaterials, this work addressed
the problem of shear-type waves emitted at the boundary
of a laminated medium with layers made of homogeneous
Voigt-type viscoelastic materials. The focus was placed on
what happens in the immediate environment of the ray of
incidence, with propagation perpendicular to the interfaces,
so plane waves do not disperse in longitudinal waves or
by changes of direction. The model was transformed into
a perturbation problem and studied via the multiple scales
method, from which the lowest nonzero order approximate
solution was obtained with respect to the expansion param-

eter
√

G̃/ωη̃ ¿ 1, which can be interpreted as the viscous
relaxation being much smaller than the propagation period
of the harmonic plane wave. The thermal effects derived
from local friction were neglected, which means that the al-
terations in the parameters due to temperature changes caused
by the mechanical propagation are not taken into account.
The layers were taken to have random parameters close to
the values for bovine muscle tissue reported in Ref. [53] in
the frequency range of 10 MHz for which the elastic modu-
lusG approaches zero and the viscosity is relatively constant.

The results obtained via the multiple scales method are
applicable to situations where the excitation frequency is
moderately high, so the effects of nonlinear responses can
be neglected. It can be noted that the use of information from
the medium and the excitation signal to define the appropriate
expansion parameter is crucial, resulting in important simpli-
fications of analysis.

Unlike classical homogenization (e.g., [56]), this formu-
lation is applicable to non-periodic structures. It allows for
obtaining analytical expressions, in contrast to the numeri-
cal solution approach, and opens new avenues of connection
with other problems. For example, the coefficients of the dif-
ferential equation (G, η, andρ) can be not only piecewise
constant functions but also continuous, like a sinusoidal peri-
odic function as in the Mathieu equation [57]. Furthermore,
it focuses on the dependence of the material’s response on
the strain rate (frequency), making it clear that the interpre-
tation of the constitutive parameters of the Voigt model must
be done in terms of a frequency range.

Comparison was made to the results of the transfer matrix
method, which is easily generalizable to any number of layers

without making the expressions and computation more com-
plex, with little loss of accuracy. Such expressions are useful
for approximating the behavior of non-homogeneous media
with piecewise continuous parameters, which allows the di-
rect numerical treatment of the integrals. In fact, they are
useful for media with random parameters of constant mean.
Although further tests are needed in addition to numerical
ones, such as dimensionless analysis, the variation with re-
spect to the length fraction parametersln or others, as well as
a more formal determination of the error, the results obtained
so far are of practical value with relative low complexity.

Regarding the accuracy of the analytical expressions
of lower order approximation (49) in comparison to the
weighted wave number solution, it was observed that, in gen-
eral, the former is not better than the latter. However, the
lower order approximation solution has the virtue of repro-
ducing the variations due to the structure of the medium, that
is, to the value changes in the parameters of the propaga-
tion medium, which has the potential to transport information
from the medium to the response signal and to decode it.

As future work, we can mention the application of these
ideas to the design of agar-based phantoms with parameters
guided via concentration, which would allow, from a theoret-
ical point of view, the analysis of a greater number of con-
figurations to evaluate their feasibility of implementation. In
addition, the formulation will be generalized to more dimen-
sions, considering the possibility of more elaborate geome-
tries. In fact, these results would be part of a broader nu-
merical simulation study, which in turn shortens the path for
parameter estimation in situations of varying complexity. On
the other hand, attenuation models in terms of conduction and
internal friction could be incorporated to describe the depen-
dence on the structure of the medium which, in turn, would
lead to the proposal of possibly more appropriate constitutive
models.
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