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Dimensional consistency of derivatives with non-singular kernels
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The Caputo-Fabrizio (CF) and Atangana-Baleanu (AB) derivatives were proposed as alternatives to the usual Caputo and Riemann-Liouville
fractional derivatives. An advantage of CF and AB derivatives is that they are defined in terms of non-singular kernels, such as the exponential
function and the Mittag-Leffler function, respectively. However, the use and application of fractional derivatives with non-singular kernels
has resulted in many models in terms of fractional differential equations that do not comply with the principle of dimensional homogeneity
and therefore their solutions are not entirely satisfactory. In this work, we propose New Derivatives of the Caputo-Fabrizio (NDCF) and
Atangana-Baleanu (NDAB) types, derive their Laplace transforms and apply them to the solution of an RC circuit as an illustrative example.
Furthermore, we confirm that the price to pay for attempting to avoid the singularity of the Caputo derivative is that the initial condition is
not satisfied for kernels without singularities. The initial condition depends on the order of the fractional desjivatigeonly reduces to

the initial condition wheny = 1. To provide a more realistic response, a shift in the dynamic variable was introduced, yielding physical
solutions consistent with the dimensionality, the initial condition, and the steady state.
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1. Introduction mental data better [4-10]. Despite the efforts to have a phys-
ical and geometrical interpretation of fractional derivatives

Fractional calculus (FC), which might be considered a gener@nd integrals, today there is no fully accepted answer to this
alization of ordinary calculus, deals with derivatives and inte'SSué [11,12]. A further aspect that requires attention and is
grals of non-integer order [1-3]. Although fractional deriva- ©verlooked in many works is the dimensional homogeneity
tives and integrals appeared almost at the same time as ¥ equations, particularly when physical processes are mod-
dinary derivatives, it was not until about 40 years ago thaf!ed. Itis very common to find, in the literature, equations

they gained wide acceptance in the scientific community, parthat do not comply with the principle of homogeneity, which
ticularly in applied sciences. Solutions obtained from frac-States that the dimensions of each of the terms of a dimen-

tional differential equations have been shown to fit experi-Sional equation on both sides should be the same [13,14]. The
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standard procedure for converting an integer-order model intavhere B(v) has the same properties as in the CF case, and
its corresponding fractional-order model consists of replac£.,(-), is the one-parameter Mittag-Leffler function, defined
ing the classical differential operator(s) with those of non-in Ref. [1],

integer order. This method, however, unbalances the units in

the equations. One possibility to overcome this difficulty is B _ i 2"

to change the ordinary derivative/dt by the fractional one T'(yn+1
1/ot=7dY /dt", introducing a parameter, commonly denoted

aso, first introduced in Refs. [15-17]. The units of this pa- The advantage of the CF and AB derivatives is that, we do
rameter depend on the variable to which the derivative is aprot have to deal with singular kernelstat 7, as is the case
plied (time or space). Thus, if we are dealing with a dynamicof (1).

process, where time derivative is requirednust have units  Definition 4: The Laplace transform of a functiofi(t) :

of time [T]. The above strategy has yielded dimensionally[o, c0) — R is the functionF (s), defined by

consistent results in models of different processes in the fields
of electric circuits, physics, biology and engineering, among
others [18-25]. Because the fractional Riemann-Liouville
and Caputo derivatives have a weak singularity at 7,

in recent times the Caputo-Fabrizio derivative (CFD) [26] The Laplace transform in the case of the Caputo, CF and AB
and the Atangana-Baleanu derivative (ABD) [27], were pro-derivatives, are, respectively:

posed as alternatives to solve this problem. However, it has

(4)

F(s) = LIf(1)] = / " f(t)e . 5)

been observed that, by starting from a dimensionally consis- LIODVf(t)] = s7F(s) — 77 f(0), (6)
tent fractional differential equation the resulting solutions are or sF(s) — f(0)
not dimensionally consistent [6, 28, 29]. This does not occur LIZTDVf(t)] = STados) @)

when applying the fractional Caputo derivative, in this case,
dimensionally consistent solutions are obtained [6,29]. The
growing interest in these non-singular operators motivates a
deeper examination of their properties, including the issue of
dimensional consistency addressed in the present work.  where f(0) represents the initial condition at= 0, and we
have takenV/(y) = B(y) = 1. In this work, we will only
analyze the case where the order of the derivative satisfies
the inequality) < v < 1. Itis clear thaty is a dimensionless
Definition 1: Given the functionf € C™[a,b] and~ a posi-  guantity.

tive real parameter, let € N be suchthaf € (n—1,n), then

the Caputo fractional derivative gfof ordery andn = 1, is

1 s7F(s)—s771f(0)
1—7 57+ 2=

LIAPDf(t)] = (8

2. Basic concepts

defined by the integral [1], 3. Dimensional analysis of fractional deriva-
1 - tives
CDIf(1) = J A N .
NG ) o (t—71)7 First, note that an ordinary derivative has the physical units
where, f' = df /dr, and,['(z) = [~ e "t*~'dt, are the df f
ordinary derivative and the Gamma function, respectively. {%} = {T} . 9)

Definition 2: The Caputo-Fabrizio derivaitive is obtained

from (1) by replacing the power law kernél — 7)~7 with If f represents position and is measured in lerigihand¢
the exponential functioaxp(—[y/(1—v)]t) and1/T'(1 —v)  has units of timgT], then ©) represents the velocity of an
with M (v)/[1 — } then, we have [26], object at a given point. Every ordinary or partial differential

At —7) equation that represents a physical system must comply with
050 = 1 [ pwew (N2 ) @

the principle of dimensional homogeneity [13, 14].

On the other hand, the Caputo fractional derivative, as
whereM (v) is a normalization function, such that{(0) =  defined in Eq.[T), has the following physical units, [28, 30],
M(1) = 1. The above is to ensure that, when— 1, the
Caputo-Fabrizio derivative should be reduced to a first-order [CDVf(t)]} _ [i % I % T} _ {i] —
ordinary derivative. ™ T
Definition 3: The Atangana-Baleanu (AB) derivative is de- f f
fined in terms of a Mittag-Leffler function as a kernel, such [ﬁ} - [ﬁ}
as [27],

(10)
v )7 This expression complies with the principle of dimensional
- T

AB DY £(t) / F(r _ dr, (3) homogeneity [13, 14]. Iff represents position andrep-
T 14 1- resents time, then the fractional derivative would represent
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"fractional” velocity. But, what would the physical interpre- Unlike the Caputo-Fabrizio derivative, in this expression the
tation be? This question still lacks a satisfactory and univerexponential is dimensionless. The dimensionality of this new
sal answer. On the other hand, the Caputo-Fabrizio, B)g. ( derivative is the same as itn3), that is, it is seen as an ordi-
and Atangana-Baleanu, E@®){( derivatives do not satisfy the nary derivative'9). Its corresponding Laplace transform has
principle of dimensional homogeneity, because the kernelghe form
exponential function and Mittag-Leffler function do not have NDCF 1
well-defined dimensions [28]. LD = ST (sF(s) = £(0)). (25)

It is clear that we cannot use the definition of a frac- : ) . o .
tional derivative in an ordinary differential equation simply Due to the dlme_nsmnallty of t_he new de”""’?t"l‘g"l’ th? d".
by changing the ordinary derivative to a fractional derivative,reCt transformation of an ordinary differential equation into

since, as we have seen, they have different units. One way e)fracuonal differential equation can be performed, thanks to

go from an ordinary derivative to a fractional derivative was!'tS construction. To verify .th|s, I_et us look at a simple exam-
first presented in [15-17], as follows ple, such as the RC electrical circuit.
The ordinary differential equation that describes the be-

a ,d'f — af _ 1 df — havior of an RC circuit with a constant sour®g, is given
dat © dty dt o= dtv by

fr_r ! d
7= l7= 7=z - ROZ +0(t) =V, 0(0)=0. (18

provided thato has units of time{T]. As can be seen in  Noyw we change the derivative i) by the NDCF [L4),

(11), the principle of dimensional homogeneity [13, 14] iS {hen the corresponding new differential equation is given by
fulfilled. In (11), the right-hand side corresponds to a frac-

tional derivative which can be any of the known ones, such NDCF Doy () + ——wv(t) = LVO. (17)
as Caputo, Caputo-Fabrizio, Atangana-Baleanu, conformable RC RC
derivative [31], etc. Applying the Laplace transfornip),
Taking into account the expressiodd) and (1), we have 1 Vi
LINPCEDu(t)] + o= Llo(6)] = =L,
i _ 1 opipg RC RC
dt ol v(0) =0, (18)
1 1 bfir)
= . 12 we get,
At ) ot 62 ves
It is easy to see that the expressid®?)( has the following ;SV(S) + iV(s) = ﬁl (19)
o(l—7)s+~ RC RC's

dimensionality,

[i} - { 1 ) I ) 1 XT} - {i] 13 Factoring ouf/ (s)

Tl = "1 " T Tl Vi) = o(l—7)s+7
This method of converting an ordinary derivative into a frac- s [RCH+o(1—7)]s+7
tional derivative, using the Caputo derivative, has been usefjow, applying the inverse Laplace transform, we get
in different physical systems, resulting in a more general
solution that is homogeneously consistent with the physical
units of the system [15-17]. As we can see, starting from an
ordinary derivative of time or space, by means of the trans-
formation (L1), we can obtain dimensionally homogeneous 0

fractional differential equations, and therefore their solutions X exp ( " RC + a(l—7) t)} ' (21)
will be consistent with the physical units.

(20)

RC

1o
RC+o(1—7)

v(t;y)nper = Vo

The solution 21) is dimensionally consistent, sinee has

. . . units of time. However, wheth— 0, we have
4. A new derivative of the Caputo-Fabrizio (1)
o\l =7

type v(0;y)NDCF = [m] Vo # 0. (22)

For the relation/12) to hold, in the case of the Caputo- |n other words, the initial condition is not satisfied. Initial
Fabrizio derivative, we define a New Derivative of the condition is satisfied only wheny = 1. However, when

Caputo-Fabrizio type (NDCF), t — oo, from (21), we haveV (t — oc) = Vp. This fact
NDCE 1 1 [taf had already been observed in Refs. [6, 29], however, it dif-
Df(t) = 1= ;/ e fers a little from this work, since the dimensionality of the
0

CF derivative was not defined. That is, the definiti@phwas
X exp [_ Y (t - T)}dT. (14)  used there. It can easily be verified that, wher= 1 the
=9\ o expression2l) reduces to the well-known solution.
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5. A new derivative of the Atangana-Baleanu

type RC
t; =V {1 -
o - v Vpan =Vo RC+o(1-7)
Because the Atangana-Baleanu derivative is a generalization .
of the Caputo-Fabrizio derivative, then we can define a New < E ( _ yo 7 ﬂ)]. @7)
Derivative of the Atangana-Baleanu type (NDAB), as fo- K RC+o(1—7)
llows,

It was expected that in this case the initial condition would
11 [taf not be satisfied, when = 0, as in the case of the Caputo-
- — Fabrizio derivative22). From Eq. [22) and Fig. 1, we can
(L=")0oJo dr see that the initial condition is also a function-af We can
R (t — T)'Y} dr (23) see that, wher = 1, the expressiori2/) reduces to the or-
1—7 ' dinary solution.

NDABDf(t) —

xEW[

g

Its dimensionality is the same as ifi3]. Therefore, the o(t) =V [1 —exp ( _ L)} (28)
Laplace transform in this case, is RC

1 6. Applying the Caputo fractional derivative

L{NPABD (1)} = e R

To analyze and compare the different derivatives, we will
% (s”F(s) _ 57_1f(0)). (24)  solve thg same RC cir_cuit problem using Caputo’s derivative
(1) and its corresponding Laplace transfoié), (ve have

Now, applying the Laplace transforri24) to the same RC Ay ol ol
electrical circuit/L6), we have T T e t® = g (29)

1 Vo 1 Applying the Laplace transform and its inverse, we finally
P ;s Vis)+ @V(S) = RCS (25)  obtain the solution

1—y
wherea = o(1 — 7) andb = vyo' 7. Solving forV (s), we v(t,v)e = Vo {1 - E7< - URC t”)} (30)
have
In this case the condition$,(0,v)c = 0, v(oco;v)e = Vo
Voa(s'Y + ﬁ) are satisfied.
V(s) = = . (26)

_b_ , ,
(RC + a)S(S” + RC+a) 7. Discussion

Taking the inverse Laplace transform, we can write the soluSo far, starting from the transformatidhlj, the new deriva-
tion as follows tives NDCF (14) and NDAB 23) have been defined, which
are dimensionally consistent and also preserve the dimen-
Initial condition as a function of y sionality of the ordinary time derivative. Their correspond-
251 . ing Laplace transforms16) and 24) were also obtained and
applied to a simple example, teC circuit with a constant
source, yielding the solution21), (27) and for the Caputo
fractional derivative 30), which are dimensionally consis-
tent, unlike those obtained in Ref. [6,29]. However, only
the Caputo derivative satisfies the conditiofg; v) = 0 and
v(0c0,7v) = Vp, as can be seen in Fig. 2.
1.0 Figure 2 clearly shows that the initial condition only holds
in the case of Caputo’s derivative; in the other two cases, a
- jump occurs. Furthermore, from Fig. 2, we can observe that
the NDCF has a behavior similar to that of the ordinary in-
teger derivative, which implies that this derivative does not
contribute anything new to the description of the system, in
total agreement with [32]. In particular, the decay pattern
follows an exponential trend, indicating that the memory in-
FIGURE 1. This graph represents the initial conditic®?), for ~ troduced by the NDCF is effectively finite and rapidly atten-
certain values ofy, with the following physical parameter values: uated, and the behavior of the system is more like that of an
R=1000,QC=1xe3F;0=1,s; Vo = 5, volts. integer-order RC circuit. Unlike the NDCF, the NDAB uses

2.0

1.5 1

v(t—0)

0.0 4

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0
¥
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Comparison of Fractional RC Responses (y = 0.7)
VoltageVit)

RC

5(t§7)NDCF =W [1 - m

| xexp (- m’f)]

: o(l—7) RC
4 S P e | LSS o

— Caputo-Fabrizio + O—( - ’7) + J( - Py)
1H — Atangana-Baleanu

— Classical Caputo X |:1_ exp ( - mt>:| VO' (34)

Time (t)

4 3 8 10

In this case, when = 0, we have
FIGURE 2. This graph represents the different solutions given by
the equations2l), (27) and B0), respectively. HereR = 1 Ohm, 9(0,v)Npcr =0, (35)
C=1F,c=1sandVp, =5V.

and the initial condition holds. But, in the limit— oo, we
the Mittag-Leffler kernel, specifically designed to overcomeget

the short-memory limitations of exponential kernels. The

log-log representation in Fig. 3, makes this distinction ex- lim #(c0,7)Npop = LVO. (36)
plicit: while NDCF curves bend downward due to expo- t—o0 RC+o(1—7)

nential decay, both Caputo and NDAB maintain nearly lin-¢\ e choose

ear behavior in the asymptotic region, revealing algebraic re-

laxation. This confirms that NDAB preserves genuine long- Nypor = RC+0o(1—1) (37)
memory effects comparable to those of Caputo. RC ’

Let us define a shifted physical variable as as the normalization parameter, then the physical voltage
~phys (1. — (e i P
3(t) = v(t) — v(0). @) 7 (t;v)Nper = Nnper - 9(t; ), will be given by

7Phys (4.
Then, using the NDCF operator, the initial value problem " (& v)xpor
(16) is described by _ _ _ gl
' y Vo {1 exp( RCJra(lffy)t)}' (38)
NDCF _ 0
Dlu(t) = v(0)] + =lv(t) —v(0)] = 25 (32) |5 this case, the conditions
Taking into account the initial condition(0) = 0, we get P (0; ) nper = 0,
1 \% ~phys (. _
NDCF L _ Yo P (003 y)Npor = Vo. (39)
Dilv(t)] + Rcv(t) RO (33)

are hold, and, when = 1 the solution'88) becomesZ8). In

This equation is the same as [it7f, therefore the solution is the case of the NDAB, the system is described by

given by R1) with the initial condition[22). Now, taking the

relation 31), we have 1 \%
“ VDB Dly(t) — o(0)] + s 0(1) — o(0)] = . (40)
1 —v(t)/Va . L. .
b Following the similar procedure, we get the solution
~phys (1.
0.100 v (t;Y)NDAB
1=
Yo
— v [I—E (——t”)] 41
0.010 . 0 "\ RC+o(1—7) (41)
sigil i Caputo The solution41) satisfies the conditions
LY eeees NDCF
10 i o NDAB " (0;y)Npas =0,
ol ----- Classical ,bphys(oo; V)NDAB =15, (42)
o0l o010 I 10 o 100 10 and,inthe case = 1 it becomesZg).
FIGURE 3. Log-log comparison of the asymptotic residual- Even_after enf_orcing structural norma_nza}tiof‘ to guaran-
V/V; for the fractional RC circuity = 0.6. The NDCF model  tee physical consistenc%) and @2), the intrinsic asymp-
exhibits exponential decay, indicating a short memory. totic nature of each operator remains unchanged, Fig. 4.
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tem, where the solutions are dimensionally consistent; how-
ever, the initial condition results as a function of the frac-
tional order of the derivative. From a physical point of view,
the above is incorrect, since the capacitor was initially dis-
charged. To obtain a more physically realistic response, a
shift was made in the dynamic variab&l} and the physical
solutions are obtained. The solutioi@8) and @41) are now
dimensionally consistent and the initial conditions are main-
tained at — 0, as well as the steady state, when co.

We hope that these New Derivatives of the Caputo-
Fabrizio and Atangana-Baleanu type, will find applications
‘ . o S o in various physical problems, where dimensionality is impor-
0 5 10 15 20 25 30 tant.

v(t)/Ve

1.0
Appendix A
0.8
In this appendix we will explicitly obtain the Laplace trans-
form of the Atangana-Baleanu derivative3]. Expression
(23) can be written as a convolution

0.6

04r

_
o(l—7)

. [f’(t) *EW( - ﬁﬂ)}' (A1)

NDABDf(t) —

0.2

0.0 = .
0.1 100
FIGURE 4. Time-domain response(t)/V, of the fractional RC Then, applying the Laplace transform, we have

circuit corresponding to solution8@), (38) and 41). After struc- 1

tural normalization, the solution8®) and @1) satisfy the physical L{NPABDf(t)} = ?E[f/(t)}

initial condition,f)”hys(o; ~) = 0, as can be seen in the first graph, o(1-7)

and in the second it can be seen that it converges to the steady- r {E ( _ Y t”)} (A.2)
state valuei?"¥* (c0;v) = Vo. In the second graph, a logarithmic K (1—7)o7 ' '
scale is used on the horizontal axis to clearly illustrate convergence

toward the steady state. Taking into account the formulas

NDCF modifies the effective time scale but does not alter the I {E (—at”)} _ s

exponential character of the relaxation. In contrast, Caputo K s7+a’

and NDAB maintain heavy-tailed decay, which is the defin- LI ()] = sF(s) — £(0). (A.3)

ing structural property of fractional-order systems.
In summary, while Caputo is suitable for modeling sys-We get
tems with persistent memory, NDAB refines this behavior

through a non-singular Mittag-Leffler kernel, NDCF behaves LINPABD f()) = 1 [sF(s) _ f(())}
as a short-memory approximation. From a dynamical per- o(1=1)
spective, only Caputo and NDAB generate true nonlocal frac- 511 1

tional behavior in theRC' circuit, whereas Caputo-Fabrizio

. . . ) 1% b = 1— 10 1—~
reduces effectively to a time-rescaled integer-order model. ST T ol =7)s7 + 70

X (s”F(s) - s”‘lf(O)), (A.4)

8. Conclusions L . -

which is the expressior2d). The process for obtaining the
In this work, starting from the transformatid), the New ~Laplace transform of the NDCEL) is similar to that shown
Derivatives of the Caputo-Fabrizio type NDCEZ{ and  Nere.
of Atangana-Baleanu NDAE2@) were defined, as well as
the|.r cgrrespondlng. Laplace tr'ansfgrms. Begause thgse ”eﬂppendix B
derivatives have units off /T'|, just like an ordinary deriva-
tive, they can be used directly in physical problems withoutin this appendix we will explicitly obtain the Laplace trans-
altering their physical units. This was verified in tR€' sys-  form of the Atangana-Baleanu derivative3f. Expression

Rev. Mex. Fis72060702
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(23) can be written as a convolution

which is the expressior2d). The process for obtaining the

NDAB ) 1) — 1 hzﬂace transform of the NDCRE) is similar to that shown
o(l—7) .
! __ 0
[f (t)*EW( e )} (B.1)
Then, applying the Laplace transform, we have Acknowledgments
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