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The purpose of this article is to address the issues of dimensional consistency that arise in the process of replacing the ordinary time derivative
operator by a fractional derivative operator in order to write a fractional differential equation. We show that by performing a simple change
of variables fulfilling certain conditions ensures the consistency in physical dimensions for fractional differential equations with non singular
kernels. An example of the proposed method is given.
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1. Introduction fractional time components of the system, naming the non-
local time as theosmic time This parameter allows the frac-
From a mathematical point of view, fractional calculus wastional derivative to be dimensionally consistent with its clas-
introduced as a generalization of classical calculus and hagical counterpart, even though its physical interpretation re-
become a powerful tool for modeling complex dissipativemains challenging, as it typically carries units such as sec
phenomena, attracting the interest of scientists and being cuthat are not directly measurable in practice.
rently the subject of many theoretical and experimental inves-  Alternatively, Vaz and Capelas de Oliveira [7] describe
tigations [1-3]. Among the various definitions of fractional a dimensional regularization technique for the fractional
derivatives, Riemann-Liouville and Caputo operators, basederivative of Caputo, where a multiplicative term involving
on power-law kernels, are widely used to capture memory efthe independent variable is introduced to maintain the origi-
fects with algebraic decay [4]. However, these kernels argal physical dimension of the problem. This approach avoids
singular at the origin, which can lead to difficulties in han- the arbitrariness of auxiliary parameters by systematically
dling initial conditions and interpreting physical processesbalancing the dimensions through characteristic scales.
To overcome these limitations, Caputo and Fabrizio proposed Other methods include normalization procedures that
a fractional derivative with smooth non-singular exponentialtransform variables into dimensionless forms to avoid dimen-
kernels, which have the ability to describe material heterosional balancing, but when reintroducing physical dimen-
geneities and multi-scale fluctuations [5]. Despite these kersions into fractional form, some problems are encountered
nel design development, incorporating fractional derivativesvhen interpreting the terms of the FDE [7].
into physical models introduces additional challenges related The main goal of this article is to answer the question
to dimensional consistency. on how physical dimensions in a fractional derivative opera-
Fractional derivatives, whether defined with singular ortor has to be taken into account to model real problems and
non-singular kernels, are incorporated into differential equato have dimensional consistency in the fractional differential
tions to model physical phenomena through fractional differ-system.
ential equations (FDEs). Through these formulations, non-
integer models have been applied to systems such as the
parallel RLC circuit or the damped harmonic oscillator [6]. 2. Dimensional consistency in fractional
However, the straightforward replacement of an integer order  derivative operators
derivative by a fractional order derivative in equations involv-

ing physical variables leads to dimensional imbalance thathe simplest procedure for constructing a fractional dif-
raises questions about the interpretability of the models [7]. ferential equation consists of simply replacing all conven-

To address this issue, some strategies are implementetipnal derivative operators of a given system by the frac-
such as introducing a scaling parameter or characteristic cotional derivative operator. The replacement of an integer or-
stant that restores the dimensional homogeneity in the equaer derivative operator by a fractional derivative operator in
tions. For example, @mez-Aguilaret al [8,9], and Bachuin a differential equation leads to a dimensional inconsistency.
[10] introduced an auxiliary parameterthat represents the For example, let us consider the definition of the classical
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Caputo fractional derivative, which is given by Derivative of a constant. If f(t) = C, whereC is a con-
. Lgfe) 1 stant, then
CDef(t) = / ° 1 o
TO=ta=a ) Tas goae® @ “"ppC=o, (5)

with a € (0,1] anda € [—oo,#] and f(t) € H'(a,b) for which is consistent with classical differentiation and advan-

b > a, where H!(a,b) denotes a Sobolev spacéf we do  tageous for physical modeling.

such replacements we have a dimensional inconsistency since

the time dimension of D¢, i.e. the Caputo fractional deriva- Limit cases. The Caputo—Fabrizio derivative interpolates
tive, issec™ while that ofd/dt is sec™!. For achieving di- between classical operators:

mensional consistency,@nezet al. introduce the follow-

. CF no —
ing simple rule which consists of replacing the ordinary time ({Lo Do) = 10 = £0),
derivative operator by the fractional one in the following way df (t)
d 1 llIn1 CFD?f(t) = W (6)
e DY where 0 <a <1, 2
dt ol=@

) ) ) ) Laplace transform. Let £{f(¢)}(s) = F(s). The Laplace
whereo > 0 is a new parameter which has the dimension Ofiransform of the Caputo—Fabrizio derivative is given by

time,i.e. [0] = s. Using this procedure, it is easy to write
down the fractional differential equation of any given system. LICF D f(t)) (s) = 1 sF(s)— f(0) )
Note that the dimensions df'dt and(1/c*~*) © D& are now ‘ l—a s+1%;
consistent.

However, there are many different definitions of frac-
tional derivatives in the literature. Traditional definitions of

fractional derivatives, such as the Caputo operator, emplo&mons and favorable analytical properties, the Caputo

power-law kernels with singularities at the origin. Although Fabrizio derivative has been extensively employed in the

these kernels e_:ffectlvely represent Ior_lg-rang_e memory, theFormulation and analysis of fractional differential equations.
singular behavior often leads to analytical difficulties, numer-

ical instabilities, and ambiguity in the physical interpretation'A‘pphc‘%ons include stability analysis of dynamical systems,

L " S reaction—diffusion processes, and control problems, where
of initial conditions. In order to overcome these limitations,

. . . it provides a mathematically consistent and physically inter-
Caputo and Fabrizio proposed a new fractional derivative in P y Pny y

2015 characterized by a non-sinqular and nonlocal ex Onerg)_retable alternative to classical fractional operators. The op-
. : yan 9 P erator B) is nonlocal, as the value of the derivative at time
tial kernel. This formulation preserves the memory effect

. ) ; L h ire hi f the functi . How-
inherent to fractional calculus while ensuring improved reg-depends on the entire history of the function gwet]. How

ularity and computational tractability. Caputo and Fabrizioever' unlike power-law kemels, the exponential kernel in-
y P _y. ~ap duces a memory with finite persistence, which is often more
proposed changing the kerngl— s)~ in the Caputo frac-

. o . : realistic in applied models.
tional derivative by the exponential functierp|[—(at/(1 — i . .
a))] and1/T(1 — a) by (2 — a)M(a)/2(1 — a), to obtain From Eq. [8) we see that the Caputo-Fabrizio fractional

/ . L . rivative i imensionl rator, therefore in order
the following definition for the fractional derivative with non derivative is a dimensionless operator, therefore in order to

sinaular kernel of the Caputo-Eabrizio tvpe given b write down the corresponding fractional differential operator
9 P ype g y we need to introduce a new dimensionless parameter given

which facilitates the analytical solution of fractional differen-
tial equations.
Due to its non-singular kernel, well-defined initial con-

oF pa gy = 2= )M (@) / df (s) by
‘ 2(1-a) o ds boodt
t rite) = | s ®)
X exp {_a(—s)} ds, 3) 0
l-a wherep(t, «) is a function that has to have the dimension of

time in order forr to be a dimensionless function and also
2/(2 — ) has to be chosen in such a way so thét, «) is a strictly
y monotonic increasing function. Therefore, we can replace

The Caputo—Fabrizio derivative satisfies several fundath di time derivati tor bv the followi
mental properties that make it suitable for theoretical and ap- € ordinary ime derivative operator by the following one

plied mathematical physics. The Caputo—Fabrizio operator d dr d 1
satisfies the following mathematical properties a  dtdr o(t(7), @)

whereM («) is a normalization function such thaf (a) =

crDS. 9
In order to obtain the ordinary time derivative in E8) Wwhen
« = 1 we must impose the following condition:

1 d d
CF D& (af (t)+bg(t)) =a OF D2 F()+bCF Dg(t).  (4) S

Linearity. For any functionsf,g € C*([0,T]) and con-
stantsa, b € R,

(10)
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Therefore, if we would like to solve the fractional differen-

tial equation, using the Caputo-Fabrizio fractional derivative

operator, equivalent to a first order differential equation with
constant coefficients given by

dx

E + PCE(t) = Q,

whereP andQ are constants, we proceed to solve the follow-
ing fractional differential equation

(11)

CFDYa(r) + Po(t(r), a)z(r) = Qp(t(r),a).  (12)
Substituting Eq.3) into Eq. (L2) we have
—ar/(l—-a) pT
¢ e/ (=) ! () du
[ e
+ Po(t(7), a)z(r)z(r) = Qp(t(r),e).  (13)

Differentiating both sides of Eq18) with respect tor and
simplifying, we get

dx

B (1 a) L [Qp(i(r), o) ~ Pp(i(7), a)a(r)]

+ a[Qp(i(7), o) — Po(t(r), a)x(7)], (14)
which can be rearranged as
[(1 = a)Pep(t(r),a) + 1] /(1) +
[(1 = a)Pp(t(7), a)p + aPp(t(r), )] z(7)—
[(1 = )Qp(t(7), )¢ + aQep(t(),a)] =0, (15)

wherey = dp/dt. Equation|L5) has the following integrat-
ing factor [11]
aPy(t(r), @)

u(r) = exp/ 14+ (1 —a)Pe(t(r),a)

Therefore, multiplying Eq.X5) by p(7) and integrating we
arrive to the solution of Eq1Q) which is given by

dr. (16)

#(r) = =(r) (c+ [ uria - wap

+ aQlp(t(r), Ot)dT) , a7

where
1
[(1 = a)Pop(t(r),a) + 1] u(r)’

(1]

(r) =

(18)

3. Example: Analysis of an RC circuit

We are now interested in the modeling and study of a sim

ple electrical circuit consisting of a resistor and a capacitor

within the framework of the fractional derivative with a non
singular kernel [12-17]. Using the Kirchhoff voltage law in

NTIAL EQUATIONS WITH NON SINGULAR KERNELS

R
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o

FIGURE 1. The figure shows the RC circuit.

the circuit shown in Fig. 1, we get the following fractional
differential equation

“FDgq(t) + Tq(t) = T'qo,

wherel’ = 1/RC andqy = V,C.

In order to have dimensional consistency in E@)( sev-
eral authors include an auxiliary parametemwhich has the
dimension of seconds and is associated with the temporal
components in the system to maintain the dimensional con-
sistency of the fractional differential equation, which is valid
for the case of singular kernels [18-24].

For the case of differential equations with non singular
kernels we have to introduce an auxiliary functigrin or-
der to have dimensional consistency in EIP)( therefore in
this example we are going to use our method by using two
different dimensionless functiongt, «). For the first case
we are going to use(t,a) = e~ (=)' /T and for the sec-
ond case we are going to ugét, o) = (1 + I'(1 — a)t) /T,
respectively.

(19)

3.1. Casel

We are going to use the following functiop(¢, «)
e~ (1=t ;T which has the unit of second and using ER). (
we get the following dimensionless function

1—a)Tt _ 1

e(

T(t, ) = (20)

11—«
Note thatr (¢, «) is a strictly monotonic increasing function
and satisfies Eq10). Using Eg. 12) we have the following
fractional differential equation for the RC circuit

q _ q0
1+1-a)r 1+(1-a)r

“FD2q(r) +

where 0 < a<1. (21)

Using Egs./17) and (L8) we find the solution of the fractional
differential equation given in Eq20) which is given by

q(t,0) = qo + Co(1+ (1 — a)7)

x (2—a+(1—a)r)t/et) (22)
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FIGURE 2. The figure shows the voltage across the capacitor for gigyre 3. The figure shows the voltage across the capacitor for
the case when the DC voltagelis = 1 V. the case when the DC voltagelig = 1 V.

Using the initial conditiong(0,a) = 0 = qo + Co(2 —
a)'/(@=1) and using Eq.l20) we can write the solution in
terms of the ordinary time and the initial condition which is

Note thatr (¢, «) satisfies Eq.X0). Using Eq. [.2) we have
the following fractional differential equation for the RC cir-

i cuit
given by
q(tv O‘):CIO CFD?q(T) + qe(l—a)‘r — qoe(l—a)T
(1=a)Tt 2—a H/e) where 0<a <1 27)
| 1e (1—a) + ed-art - (29)

Using Egs.[17) and (18) we find the solution of the fractional
The voltage across the capacitor while it is charging is giverdifferential equation given in Eq27) which is given by

by

Co
Ve(t, o) = Vo q(1,a) = qo +

[1+ (1 - a)el-o7

e (@9

9_ g 1/(1-a)
1—a)l't
x (1 — el [(1 —— e(l_a)rt} - @9 Using the initial conditiong(0.0) = 0 = g + Co(2
a)~1=2/(0=2)%) and using Eq.l26) we can write the solu-
It is easy to verify the solution by taking — 1in Eq. 24)  tion in terms of the ordinary time and the initial condition

in order to get which is given by
Vet 1) =Vy(1—e ), (25)
L . o 1
which is the expected solution for an RC circuit connectedto  ¢(t,a) =¢qo | 1 — e/ a)E | - (29)
I(1—a)? « «
a DC battery. [1 + ay t

In Fig. 2 we show the graph of the voltage across the ca-
pacitor given by Eq.24) for different values ofv. Theresults g \gtage across the capacitor while it is charging is given
given in Fig. 2 shows that whem — 1 the system displays by
the classical behavior. However, for valuesiok o < 1,
the solution describes a dissipative system due to the fact that
the fractional differentiation with respect to time represents 1
a non-local effect of dissipation of energy (internal friction) Ve(t,a)=Vo [ 1- P(1—a)2 ] T/ | (30)
represented by the fractional order [1 T = }

3.2. Case?2 It is easy to verify the solution by taking — 1 in Eq. (30)

) ) ) in order to get
We are going now to use the following functign(t, o) =

(1 4+ T'(1 — a)t))/I" which has the unit of time and using

_ Tt
Eq. 8) we get the following dimensionless function Vo(t.1) = Vo (1 =), (31)

[l + (1 — ). (26) which is the expected solution for an RC circuit connected to

t,a) =
m(t;a) l-«a a DC battery.
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Conclusions
of

5

can be easily extended to non singular fractional derivatives

higher order. We should point out that there might be other

A systematic way to construct fractional differential equa-functionsy that could resultin a different fractional differen-
tions with non 5ingu|ar kernels has been proposed_ The re|é|.a| equation and that will result in other classes of solutions
vant aspect of this work is the method for setting up the fracWith different behavior.

tional differential equations with nonsingular kernels while
keeping the dimensionality of the physical parameters. Apcknowledgement
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