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Hermitian hamiltonians and imaginary eigenvalues beyond the Hilbert space
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In a quantum system initially in the-th eigenstate, an adiabatic evolution of the Hamiltonian ensures that the system remains in the
corresponding instantaneous eigenstate while acquiring a phase factor. This phase has two components: one resulting from standard tin
evolution and another associated with the dependence of the eigenstate on the varying Hamiltonian, known as the Berry phase. In this work
we explore the concept of geometric amplitudes in the context of a Hermitian Hamiltonian. We introduce the notion of geometric amplitude
and provide a novel derivation of this concept. Our study reveals that a system undergoing cyclic evolution under adiabatic conditions
acquires an additional amplitude factor of purely geometric origin. To illustrate this idea, we apply it to a concrete case: a generalized inverted
harmonic oscillator. Although a pseudo-inner product can be introduced to make resonance states formally normalizable, this procedure relie:
on a non-unitary metric operator and defines a modified Hilbert space; it does not restore normalizability nor self-adjointness in the standard
L?(R) framework.
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1. Introduction These quantities do not correspond to stationary bound-
state energies. Rather, they are associated with resonant

Quantum mechanics (QM), the fundamental theory govern(Gamow) states and appear as poles of the scattering matrix
ing microscopic phenomena, is built upon a rigorous mathein the complex energy plane, encoding the intrinsic instability
matical framework that ensures its consistency and wide apsf the system.
plicability across physics. One of its central objectives is the  This situation leads to a conceptual tension. A funda-
prediction of time evolution in Hamiltonian systems, a taskmental statement in quantum mechanics asserts that Hermi-
essential for understanding a vast range of physical processéin (self-adjoint) operators have real eigenvalues [1]. Yet,

A cornerstone of the standard formulation of QM is thein certain physically relevant extensions of the spectral prob-
requirement that observables be represented by self-adjoitftm. one encounters purely imaginary eigenvalues associated
operators on a Hilbert space. This condition guarantees theith formally Hermitian Hamiltonians. The resolution of this
reality of the spectrum and the unitarity of time evolution in @pparent paradox lies in the fact that these eigenvalues corre-
closed systems [1]. However, it is important to emphasizépond to generalized, non-normalizable states that do not be-
that these properties are rigorously ensured only when th€ng to the Hilbert space on which the operator is self-adjoint.
operator is truly self-adjoint on an appropriate domain [2, 3].Consequently, the usual expectation-value arguments ensur-
Formal Hermiticity alone is not sufficient. ing spectral reality no longer apply. _

The inverted harmonic oscillator provides a paradigmatic | @ Hermitian operator were to admit an eigenvalue
@Ilustration of this_ _subtlety [4—8]._ Although iFs I_—|ami|tonian Hn) =iE,|n), E, €R, 1)
is formally Hermitian, the associated potential is unbounded
from below, which drastically modifies its spectral proper-within the Hilbert space, the expectation valge, Hv))
ties compared to the standard harmonic oscillator. While thavould become purely imaginary, contradicting its guaran-
conventional oscillator possesses a discrete, non-degeneraitegd reality. The appearance of imaginary eigenvalues there-
equally spaced spectrum with square-integrable eigenfundore signals that one is working outside the standafd
tions, the inverted oscillator exhibits a purely continuousframework.
spectrum covering the entire real axis. Its generalized eigen- Despite the Hermiticity off/, such eigenvalues induce
states are not square-integrable and therefore lie outside tf@n-unitary time evolution. The evolution operatbiit) =
Hilbert spacel.?(R). exp(—iHt) generates exponential decay or growth rather

In such contexts, the spectral problem must be formulatef@n @ pure phase rotation. Accordingly, the quantum state
beyond the usual Hilbert space framework, typically within €v0Ives as:
a rigged Hilbert space or resonance theory. Upon analytic W, (1)) = oBnt In) @)
continuation of the frequency parameter— iw, one for- ’
mally obtains a discrete set of purely imaginary eigenvaluesywhere we have sét = 1 throughout. In this case, the norm
E, =ihw(n+1/2). of the state is not preserved,, (¢) |¥,(¢)) # 1. Such evo-
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lution is non-unitary and reflects dynamical instability rathertonians with imaginary eigenvaluésSuch cases involving
than observable stationary energies. This clearly violates unimaginary eigenvalues have not been widely explored in the
tarity, which is expected for Hermitian dynamics. To restoreliterature and will be one of the key topics discussed in this
a consistent probabilistic interpretation, one may introducepaper.
a modified scalar product using a metric operajosuch Before proceeding with the discussion, let us first recall
that the inner product®,,(¢)| n |¥,(t)) remains conserved a representative example that illustrates this theme: the in-
in time and generalizes conventional quantum mechanics. verted harmonic oscillator, characterized by the Hamiltonian
We emphasize that the imaginary eigenvalues discussed 1 [p?
here do not originate from non-Hermiticity;’7" symmetry, H=- { — mw2q2} ,
or pseudo-Hermiticity. Unlike the non-Hermitian Hamiltoni- 2 [m
ans introduced by Carl M. Bender and collaborators [9, 10}v > 0, m > 0 are real constants. This is the same form as
in the context ofPT-symmetric quantum mechanics, whose the standard harmonic oscillator, but with a negative sign in
spectral reality arises from unbrokeAT symmetry, the front of the potential term. It represents an unstable (repul-
phenomena considered here emerge from the extension sive) potential:i—(1/2)mw?q?.
the spectral problem to generalized states. Similarly, while Mathematically, the generalized harmonic oscillator and
pseudo-Hermitian formulations—developed notably by Aliits inverted counterpart exhibit closely related structures, al-
Mostafazadeh [11]—allow one to define modified inner prod-lowing the solutions of one system to be derived almost di-
ucts ensuring spectral reality in certain non-Hermitian sys+ectly from those of the other through appropriate transforma-
tems, our analysis starts from formally Hermitian Hamilto- tions. This formal similarity, however, masks profound phys-
nians and attributes complex eigenvalues solely to the norical differences. The harmonic oscillator displays a discrete,
normalizable nature of the associated states. non-degenerate, and equally spaced energy spectrum with
The inverted harmonic oscillator thus serves as a canomormalizable eigenfunctions in the standard Hilbert space.
ical example of a Hermitian system exhibiting continuousBYy contrast, the inverted harmonic oscillator has a doubly
spectra, resonance phenomena, and dynamically unstalfl@generate continuous spectrum ranging frese — o0,
modes. It plays an important role in diverse areas such agnd its eigenfunctions are not normalizable in the conven-
guantum instability, tunneling, scattering theory, and quantional sense. Nevertheless, the introduction of a nontriv-
tum chaos. ial metric allows one to endow the state space with a well-
The situation becomes even more intriguing when thedefined pseudo-inner product, thereby providing a general-
Hamiltonian is time-dependent. The adiabatic theorem—ized notion of normalizability for the wave functions. We
originally formulated by Paul Ehrenfest [12]—states that afinally emphasize that the eigenvalues associated with the in-
system governed by a slowly varying Hamiltonian remainsverted harmonic oscillator are purely imaginary, reflecting
in its instantaneous eigenstate up to a phase factor, providdtie intrinsically unstable nature of this system.
suitable spectral conditions are satisfied. The Hermiticity of ~ Let’s first look at the classical dynamics to understand
the Hamiltonian is crucial in the standard proof of this the-the appearance of imaginary frequencies. The equation of
orem, as it ensures real instantaneous eigenvalues and @potion associated with the HamiltonizB) (s:
thonormal eigenstates. .. 9 ot ot
In 1984, Michael Berry [13] demonstrated that adiabatic G =wq = q(t) =A™ + Be™™, “)
cyclic evolution leads to an additional geometric phase factorThe classical solution is exponential, not oscillatory. This is
now known as the Berry phase. This phase has profound gequivalent to saying that the system has a purely imaginary
ometrical and topological significance and has been observeftequencyw — +iw. This is a hallmark of dynamical insta-
in numerous physical systems. However, all standard formubility: the system does not return to equilibrium but instead
lations of the adiabatic theorem and geometric phase assuns@dergoes unbounded growth or decay.
that the instantaneous eigenvalues are real. This naturally On the quantum level, solving the time-independent
leads to the central question addressed in the present worBchibdinger equation leads to solutions governed by the
What becomes of adiabatic evolution and geometric phasgsarabolic cylinder equation. The resulting wavefunctions
when the Hamiltonian admits purely imaginary eigenvaluesare expressed in terms of Weber functions (or modified Airy
associated with generalized states? functions at asymptotic limits). However, due to the inverted
The purpose of this paper is to clarify the mathematicalpotential, these solutions grow exponentially at spatial infin-
status and physical interpretation of imaginary eigenvalueity and are not square-integrable, the spectrum is continuous,
arising in formally Hermitian systems, to distinguish them not discrete.
from genuinely non-Hermitian spectral phenomena, and to This example challenges the standard assumption that
analyze their implications for dynamical stability and adia-Hermiticity guarantees unitary evolution. It also highlights
batic quantum evolution. the need for generalized mathematical frameworks, such as
As mentioned, a fundamental fact in quantum mechanfigged Hilbert spaces or effective non-Hermitian formula-
ics is that Hermitian (or self-adjoint) operators have only reations, even when starting from a formally Hermitian Hamil-
eigenvalues. However, one may encounter Hermitian Hamiltonian.

®)
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When the Hamiltonian becomes explicitly time- phase has been extended to systems with continuous spectra
dependent, the situation becomes even more intricate. If20,21] as well as to non-Hermitian Hamiltonians [22—29].
such cases, approximation techniques become essential. One Up to this point, all discussed cases assume that the en-
particularly powerful method is the adiabatic theorem [12]. Itergy eigenvalues are real, either discrete or continuous. A
applies to quantum systems whose Hamiltonift) varies  natural and intriguing question then arises: What happens
slowly with time and asserts that the system remains in itsvhen the eigenvalues of the Hamiltonian are imaginary?
instantaneous eigenstate up to a phase factor, provided the The aim of this work is fourfold. First, we seek to clar-
spectral gap condition is satisfied. ify the mathematical status of imaginary eigenvalues in op-

The Hermiticity of the Hamiltonian plays a crucial role erators that are formally Hermitian, with particular attention
in the validity of the adiabatic theorem, as shown in vari-to issues of self-adjointness and domain. Second, we aim
ous foundational studies [14-17]. In the following, we build to distinguish such situations from genuinely non-Hermitian
on this concept by introducing Berry’s adiabatic phase [13}frameworks, including those exhibiting PT symmetry. Third,
and the associated notion of geometric phase, which providase analyze the implications of imaginary eigenvalues for the
further insight into the topological and geometric aspects otime evolution of quantum states, especially regarding the
guantum evolution in the presence of slow parameter variabreakdown of unitarity. Finally, we investigate how the no-
tions. This phenomenon can be described by "global changion of geometric phase, in particular the Berry phase, is mod-
without local change”. Berry points out the geometrical char-fied in this nonstandard context.
acter of this phase which is not negligible because of its non-
integrable character. Since this much work has been done
this issue and the so-called Berry phase is now well esta

lished, theoretically as well as experimentally. We consider a quantum system described by a Hamiltonian

The adiabatic theorem, a fundamental result in quantun}{(é(t)) that depends on a real time dependent parameter

theory, states that for a Hamiltonid@(t) that varies slowly gy which parametrizes the environment of the system and
over time, the solution of the time-dependent Sclimger

) . ) ) such thatR(T') = E(0) . The time evolution is described by
equgUon can be appro>(.|ma'Fed using the eigenstafep of the time-dependent Sdbdinger equatiorid). At any instant,
the instantaneous Hamiltonian the natural basis consists of the eigenst%éé(t))) asso-

ciated with imaginary energie&®,,(R(t)), defined by the
H(#) [n(t)) = Ea(t) In(t)) B Goomale ooumtion CneroreEn A1) Y

t?' Solution of the Schibdinger equation

with energiesE,, (t) (n = 0,1,...). This eigenvalue equa-
tion implies no relation between the phases of the eigenstates
|n(t)) at differentt.

The adiabatic theorem concerns stdtes(t)) satisfying
the time-dependent Sddinger equation

H(R(1)|n(R(t))) = iEa(B(t)n(R(®))).  (9)

Assume that the system is initially prepared in th¢h
eigenstate of the Hamiltoniane., |V, (R(0))) = |n(R(0))).
The adiabatic theorem states that if the Hamiltorfig{R(¢))
0 evolves slowly (adiabatically), the system remains in the
gen (Wa(t)) = H[Un(t)), (6) corresponding instantaneous eigenstba@éi{_(t)» throughout
) ) ) the evolution. In other words, no transitions occur to other
and asserts that if a quantum system with a time-dependegfyenstates, although the eigenenergy itself may change over
non-degenerate Hamiltoniaf/ (¢) is initially in the nth o
eigenstatgn(0)) of H (0), and if H (t) evolves slowly Under this adiabatic assumption, we consider the ansatz:
enough, then the state at timeemains in thesxth instanta-
neous eigenstate &f (¢) up to a multiplicative phase factor. W, (1)) = Co(8)|n(E(1))), (10)
This phase factor
. whereC,(t) is a time-dependent prefactor.
on (1) = _/ dt' (n(t"|H(t') — mﬁ/‘n(t’» (7) The eigenfunctions of the Hamiltonialf (R(t)) do not
0 ot generally belong to £ and, as a result, do not form a com-

consists of two contributions: a dynamical phase and a ged2/€te set of orthonormal functiorig:(£(t)[n(£(?)) # dmn-

metric phase. Consequently, the quantum stfg(¢)) can A key question arising from the current interest in Hermitian
be expressed as: ' guantum mechanics with imaginary eigenvalues is: What are

the necessary and sufficient conditions for obtaining normal-
W,.(1)) = et I3 @t (n]iglr=HE|n@)) gy ()  iZable solutions? To address this, we propose introducing
a metricn(t), inspired by the pseudo-Hermitian framework,
The geometric phase manifests itself in a wide variety ofto define a scalar product that guarantees a well-defined and
physical phenomena, such as the evolution of light polarizaPositive norm,
tion in optical fibers and the precession of neutrons subjected - -
to magnetic fields. Furthermore, the concept of geometric (m(B(1))[n(t)[n(E(t))) = dma- (11)
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Substituting the expressiod@) into the time-dependent extends over the entire real lif& € R). In particular, the
Schibdinger equation and projecting the result onto the eigenHamiltonian does not admit a ground state, since the potential
state weighted by the time-dependent metyi¢): i.e,  divergesto—oco as| g |— oco.

(n(R(t)|n(t), yields a differential equation that governs the ~ The generalized eigenstates associated with this continu-

evolution ofC,, (). ous spectrum are not square-integrable and therefore do not
As a result, the time-evolved wave function takes thebelong to the Hilbert spack?(R). Instead, they are under-
form: stood as scattering states within an extended framework, such
. , . as the rigged Hilbert space formalism. Each energy value is,
| (8)) = elo PO On(R(2))). (12)  in general, doubly degenerate, a degeneracy that has a clear

é)hysical interpretation in terms of scattering solutions cor-
responding to left- and right-moving waves in the repulsive
guadratic potential.

If one formally performs an analytic continuation of the
frequency parametew(— iw), one obtains a discrete set of

t - b purely imaginary energy values of the forfy, = i(n +

Yn(t) :/ <”(R(t/))’”(t/)@ n(t))dt'. (13)  [1/9))w. However, these quantities do not represengt physical
0 energies of stationary bound states. Rather, they are associ-

This expression includes both a dynamical term (from th
imaginary eigenvalugE,, (t) and a geometric contribution
arising from the nontrivial time dependence of the eigenbasi
and the metrig)(t)

The total amplitude factor can thus be written as: ated with resonant (Gamow) states and correspond to poles
= oIS Eaati D (14) of the §catter|ng r_nafcrl)_< in th(=T .complex energy plang, thereby
~— N encoding the intrinsic instability and decay properties of the
dynamical amplidute Geometrical amplitude system.

The geometric termy, (¢), which depends only on the path The inverted generalized harmonic oscillator therefore
followed in Hilbert space, is analogous to the Berry phaséProvides a paradigmatic example of a quantum system char-
encountered in Hermitian systems under cyclic adiabatic evoACterized by a continuous spectrum, non-normalizable eigen-
lution. Meanwhile, the first exponential captures the familiarStates, and resonance phenomena. For this reason, it plays an

dynamical contribution. important role in the study of quantum instability, tunneling
The orthonormality relation in Eq/10) does not di- Processes, and various aspects of quantum chaos.

rectly extend to the time-evolved statgls, (¢)), due to the The eigenvalue equation takes the following form

_time_-dependent prefactor. _To restore a consisvtwent normal-r 7 52 9 X¢? —iY

ization framework, we define a rescaled metrig{t) = “2ap _qu% =5 )| ¥n = Entn, (17)

n(t)e=2Jo EnWdte=20(0) - With this definition, the time- _ _ _ _
evolved states remain orthonormal in the modified inner To determine the eigenfunctions, and the eigenvalues,

product: we introduce the following unitary transformation
~ Y
(W ()] 76) [0 (6)) = S as) Uel) = Unl) =exp |3 | vnle). 19)
3. Example: inverted generalized harmonic (rindicates reversed) such as
oscillator ; Y
UlqU =q, U'pU=p-—q, (19)
Consider the quantum system defined by the following .
Hamiltonian: and let us note that the transformed Hamiltoniah
1 v _ 7t _1 s, (XZ-Y?) ,
H(t) =5 [Z®)p* +Y (t) (pa +ap) + X (1) *] . (16) H' =U'HU =5 [ZP t——a |, (20)

usually called a generalized harmonic oscillator [30] whichcorresponds to the Hamiltonian of the inverted harmonic os-
depends on the set of external parametéfsY, Z) € R3.  cillator with purely imaginary frequenciy/(Y?2 — XZ2) =
For fixed values of the parameterH, corresponds to the iw.
Hamiltonian of the harmonic oscillator with purely imaginary ~ Therefore, this replacement transforms the eigenfunc-
frequency provided( Z ( Y2 and we assume henceforth that tions,, into generalized eigenvectorg, of the inverted har-
this remains the case a8 Y, Z vary. monic oscillator20)

The Hamiltonian of the inverted generalized harmonic os- 1 1
cillator is defined by Eq.f). In contrast to the standard  r .y _ <Wm> ‘ exp [iyqz} ~ [<W> : q]
harmonic oscillator, its spectral properties are markedly dif- " ™ 27 2
ferent due to the quadratic potential being unbounded from ) . .
below. As a consequence, the system exhibits several dis- — oy, {_’Yqﬂ vl {(wm) * [(“’) 2 q] } (2D
tinctive features. First, its energy spectrum is continuous and 27
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where the operatdr = exp [—(7/8)(¢p + pq)] changes the and angular momentum. Within the conventional framework,

coordinate; and momentunp operators as this property follows from the Hermiticity of the Hamiltonian
- - . operator, which ensures a real spectrum and unitary time evo-
exp {g(qp + pQ)} gexp [—g(qzﬂ + pQ)} =qe'1, lution. Real eigenvalues therefore represent physically mean-
. . _ ingful states and form a fundamental basis for the predictive
exp {g(qp + pQ)} pexp [*g(QP + pq)] =pe'®, (22) consistency of quantum theory.

) _ o ) Recent developments in non-Hermitian quantum me-
and its action on a wave function in theepresentation reads  chanics have considerably broadened this perspective. It is
Vf(q) = ¢'s f(ge's). The so-callechth Hermite function oy well established that certain classes of non-Hermitian

Xn (q) satisfies the following equation: operators, including those possessii@ symmetry or be-
9y longing to the class of pseudo-Hermitian Hamiltonians, may
3 2” +2 (n +1-— q2) Xn(z) =0, (23)  still exhibit entirely real spectra under appropriate conditions.
q It is not generally true that all PT-symmetric Hamiltonians
and the corresponding energies are exactly given by possess entirely real eigenvalue spectra; this holds only when

the PT symmetry is unbroken. When PT symmetry is spon-
B, = (n n 1) v i (n n 1) (Y?—XZ). (24) taneously broken, complex conjugate eigenvalue pairs can
2 2 emerge. Conversely, the presence of a real spectrum does
. . . . not imply that a Hamiltonian is PT-symmetric, as there exist
It Is straightforward to verify that the norm associated non-PT-symmetric operators with entirely real eigenvalues.

with the_solutlon 21) is not well-defined. Spe_C|f|caIIy, when Therefore, PT symmetry is neither a necessary nor a suffi-
calculating the squared norm of these functions, we observe

A : : . ; _cient condition for spectral reality. These extensions provide
::2?(% [¥n) # 1. This suggest introducing the metric oper powerful theoretical tools for describing open quantum sys-

tems, dissipative dynamics, and gain—loss mechanisms, while
B iY o maintaining a consistent probabilistic interpretation through
=P |75 74 generalized inner-product structures.

- i Y, Within this context, the adiabatic theorem remains a fun-
X exp {Z(xp +P$)] exp {25 A ] : (25)  damental principle governing the evolution of quantum states
under slowly varying Hamiltonians. When a system initially
such that the squared norfw? |7 |%) = 1is finite. Note prepared in an instantaneous eigenstate evolves adiabatically
that the metric operator is not unique, in the sense that inalong a closed path in parameter space, the state acquires
finitely many operators can possibly be implemented. not only the usual dynamical phase but also an additional
Inserting the wave functioril) and the metricZ5) into ~ geometric contribution known as the Berry phase. This ge-

the formula L3) defining the geometric quantity, one finds ometric phase depends exclusively on the geometry of the
path traced in parameter space and has profound implications

1 (C) = — (n n 1) f Z, (Y) (26)  across many areas of physics.
2)Jew \Z In the present work, we revisited the geometric aspects of

where the following property of the Hermite functions adiabatic evolution and explored their extension beyond the
T ¢232 [¢]d¢ = (n + [1/2]),has been used. Thyg(C)  conventional phase structure. In particular, we introduced the

given by a circuit integral in parameter space is imaginarynotion of a geometric amplitude, which generalizes the con-

Thus the time-evolved wave can be written as: cept of' gepmetric phgse in situgtions Where_ the spectral or
_ normalization properties of the eigenstates differ from those

W, (g, 1)) = efo En®dtigm(®) oxp {_quQ] encountered in standard Hermitian systems. We have shown

2z that, under cyclic and adiabatic evolution, the quantum state

wma * w4 may acquire an additional amplitude factor of purely geomet-
x V! {() Xn {(2> (J} } ) (27)  ric origin. This contribution arises from the structure of the

T parameter space and from the normalization properties of the
the first exponential is the dynamical amplitude and the sednstantaneous eigenstates, and is therefore distinct from the
ond exponential (the geometrical amplitude) is the object oflynamical evolution generated by the Hamiltonian.

attention in this paper. To illustrate this mechanism, we applied the formalism
to a generalized harmonic oscillator with time-dependent pa-
4. Conclusion rameters and an effective negative frequency. This model

provides a useful framework for investigating unstable quan-
In quantum mechanics, the reality of the eigenspectrum playsim dynamics. In particular, it exhibits features such
a central role, as it guarantees the physical observability ands continuous spectra, non-normalizable eigenstates, and
stability of measurable quantities such as energy, momentumesonance-like behavior, which are commonly encountered
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6 M. MAAMACHE

in problems involving quantum instability, tunneling pro- tially growing or decaying solutions, reflecting the intrinsic

cesses, and aspects of quantum chaos. dynamical instability of the potential rather than a breakdown
Although the generalized harmonic oscillator and theof the quantum formalism.

inverted harmonic oscillator are mathematically related

: . : Lo In summary, the present work highlights the rich geo-
through suitable transformations, their physical interpreta- Y b ghig g

i in fund tally diff t The ordi h ~metric structure underlying adiabatic quantum evolution in
1ons remaun tundamenta’ly diterent. 1he ordinary RArmonICey stems that depart from the standard Hermitian paradigm.

; . S
oscnla;or possessesta d|scr?[|t1e, non-de_gteneragle, a_nd efueﬂﬁlparticular, the introduction of the geometric amplitude

spaced energy spectrum with square-integrable €1gentung o nqs the conventional framework of geometric effects in
tions forming a complete orthonormal basis in Hilbert space uantum mechanics and provides new insight into the role of

By contrast, the inverted harmonip oscillator is charac:t.erize(geometry in the dynamics of unstable or non-standard quan-
by a contln.uous spectrum extepdlng fross fo +o0, and 'tS, tum systems. Our main result shows that adiabatic cyclic
eigenfunctions are not square-integrable in the convention volution can generate not only a geometric phase but also
Sense. geometric amplitude, thereby revealing a deeper geometric

. Th|s apparent difficulty can be cpn5|stently addresse tructure in quantum dynamics beyond the traditional Berry-
within extended frameworks such as rigged Hilbert spaces Qéhase description

generalized inner-product structures, which allow the prope
treatment of non-normalizable states, including scattering | dedicate this work to my grandchildren Mohamed
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