
High Energy Physics Revista Mexicana de Fı́sica72050802 1–17 SEPTEMBER-OCTOBER 2026

A charged black string wormhole with disclinations: Ray and wave optics
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This study investigates the optical behavior of photon rays and scalar waves in a three-dimensional static Black String Charged Wormhole
(BSCWH) spacetime featuring topological disclinations. By analyzing null geodesics and the scalar Helmholtz equation, we present a unified
treatment of light and wave propagation in curved spacetime with geometric defects. The disclination parameter accounts for angular deficits
due to topological defects, the wormhole parameter governs throat geometry, and the Neveu-Schwarz (NS) charge introduces a string-inspired
field contribution. These factors jointly influence light bending, photon orbits, and scalar wave modes. Scalar wave propagation reduces to a
Schr̈odinger-like equation with an effective potential, from which we derive a spatially and frequency-dependent effective refractive index.
We obtain a closed-form weak-field deflection angle in terms of the geometric parameters and the disclination, and demonstrate that the trivial
redshift function inherent to the BSCWH geometry precludes the formation of a photon sphere, yielding instead a critical impact parameter
set by the throat radius. In the wave-optics sector, we show that the effective potential diverges at the throat, enforcing total reflection of
scalar waves and producing frequency-dependent phase shifts characteristic of a dispersive analogue-gravity medium. Our findings reveal
how curvature, charge, and topological features modify optical signatures, with implications for gravitational lensing, analogue gravity
experiments, and optical media design. This work highlights the role of string-inspired effects and spacetime defects in shaping wave
dynamics near wormholes.
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1. Introduction

Wormholes (WHs) are theoretical solutions to the Einstein
Field Equations (EFE), representing bridges that may con-
nect distant regions of the same universe or entirely differ-
ent universes. Characterized by a finite-radius throat, these
structures are sustained by matter-energy configurations that
may uphold or violate classical energy conditions. The con-
cept originated with early developments in General Relativity
(GR), notably the Einstein-Rosen bridge proposed by Ein-
stein and Rosen as a connection between two asymptotically
flat space-times [1, 2]. Subsequent models include the Ellis-
Bronnikov solution [3,4], as well as Reissner-Nordström and
Kerr-type WHs, which were later explored in Euclidean con-
texts [5, 6]. A major advancement came with the Morris-
Thorne wormhole (MTW), a static, spherically symmetric so-
lution that requires exotic matter violating the null and weak
energy conditions at the throat [7]. To address this, various
studies have proposed WH solutions that avoid exotic matter
within both standard GR and modified gravity frameworks

[10–12]. Additionally, WHs have been examined as potential
time machines, where a time shift between the mouths allows
for temporal travel [13]. Traversable WHs have also been
studied in cosmological settings, including de Sitter and anti-
de Sitter space-times [15, 16]. Beyond these static charged
configurations, recent work has enlarged the catalogue of
exact rotating wormholes. Within Einstein-Maxwell-dilaton
(EMD) theory, traversable solutions carrying electric, mag-
netic, and NS-type charges have been built and shown to
keep their ring singularity causally hidden behind the throat,
a property named wormhole cosmic censorship [18-21]. Ro-
tating traversable WHs in Einstein-Maxwell theory, together
with their NUT-charged generalizations, have further clari-
fied the role of Misner strings and the separation of angu-
lar momentum from gravitomagnetic charge in these geome-
tries [22-25].

Black strings (BS) are extended gravitational objects that
arise by augmenting higher-dimensional BH solutions [26-
35] with additional flat spatial directions. This construc-
tion leads to horizon topologies of the formSd−2 × R. A
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seminal investigation into the stability of these configura-
tions was conducted by Gregory and Laflamme [36,37], who
demonstrated that neutral BS in dimensions greater than four
are susceptible to a long-wavelength instability. This phe-
nomenon, now known as the Gregory-Laflamme (GL) insta-
bility, occurs when perturbation modes along the string direc-
tion grow exponentially over time, provided their wavelength
exceeds a critical threshold. The standard neutral BS met-
ric is obtained by extending the Schwarzschild-Tangherlini
BH solution [38] along an additional spatial dimension that
is translationally invariant. These uniform BS solutions pos-
sess event horizons that are either infinite or compactified
periodically, maintaining translational symmetry along the
extended direction. However, the onset of GL instability
breaks this symmetry and may lead to a transition toward
non-uniform BS [39,40] or localized BH phases. In the con-
text of string theory and supergravity, analogous instabili-
ties have been observed in systems such as near-extremal
or smearedD-branes wrapped on transverse circles [41-43].
These scenarios are often connected to neutral Kaluza-Klein
BH phases via dualities and Lorentz boosts. An important
theoretical development in this area is the Gubser-Mitra con-
jecture, which postulates a correspondence between thermo-
dynamic and classical (dynamical) instabilities in extended
gravitational configurations. This conjecture has been ex-
tensively studied in the context of smeared branes, support-
ing the interpretation of GL-type instabilities as manifesta-
tions of underlying thermodynamic instability [41]. Further-
more, phase transitions between BS and BH have been ex-
plored within strongly coupled thermal field theories, par-
ticularly through holographic duality and compactified su-
persymmetric Yang-Mills models [42]. These phenomena
carry significant implications for braneworld scenarios. In
models with large extra dimensions [44,45], or in warped
geometries such as those proposed in the Randall-Sundrum
framework [46,47], BS solutions are expected to form and
exhibit GL-like instabilities, mirroring the behavior observed
in higher-dimensional gravitational systems. Thin-shell WHs
constructed from charged BS spacetimes [48], as well as em-
beddings of WHs and dyonic BS in warped braneworlds [49],
have further enriched the landscape of extended gravitational
objects. Charged BS and black branes have also been stud-
ied in higher-curvature Lovelock theories [50], while wave
equations governing perturbations of rotating charged BS
have been analyzed in Ref. [51]. In the string-theoretic con-
text, massless BH and charged WH solutions have been con-
structed [52], providing a natural arena for exploring the in-
terplay between gauge fields and topology.

The study of ray and wave optics in curved manifolds
provides a powerful framework for understanding how space-
time geometry influences electromagnetic radiation. Within
the context of GR, mass and energy curve spacetime, thereby
affecting light propagation through phenomena such as grav-
itational lensing (GL) [53], wave interference patterns [54],
and modifications in scattering amplitudes [55]. These ef-
fects are particularly evident in features like photon rings ob-

served near compact astrophysical objects [56]. However, di-
rect experimental verification remains difficult due to grav-
ity’s inherently weak coupling, requiring astronomical dis-
tances for measurable deviations. To address this limita-
tion, analogue gravity systems have been developed to repli-
cate relativistic geometries in controlled laboratory environ-
ments [57,58]. These analogues span diverse platforms, in-
cluding the observation of Hawking-like radiation in Bose-
Einstein condensates [59], simulations of relativistic orbits
using refractive-index-engineered optical materials [60], and
photonic setups that mimic GL [61]. Another complemen-
tary approach involves reducing the spatial dimensionality
of curved space-times (fromD to 3D), thereby facilitating
experimental access to curvature-induced wave phenomena
[62]. This geometrically inspired modeling approach was
significantly advanced by Batzet al. [63], whose founda-
tional work established a nonlinear Schrödinger-type frame-
work for describing light propagation on surfaces of constant
Gaussian curvature. Their theory deepens the connection
between geometry and wave dynamics and has inspired re-
search across classical optics, plasmonics [64], and quantum
wave transport [65]. In particular, their model elucidates how
curvature directly governs wave evolution in structured op-
tical environments [66,67]. In parallel, the geometrical op-
tics of topological defects such as disclinations has been ex-
plored in condensed-matter analogues [68], while surface-
plasmon models of BH and WH optics [69] and metama-
terial platforms for ray optics [70] have demonstrated that
curved-space optical phenomena can be faithfully reproduced
in laboratory settings. Classical optics for charged BH space-
times has also been developed in a rigorous mathematical
framework [71], and wave-optics effects in GL of gravita-
tional waves have been probed as signatures of dark-matter
substructure [72]. Recent developments in the fields of
photonics and quantum physics have led to significant ad-
vances in understanding wave propagation and particle in-
teractions in complex media. Dos S. Azevedoet al. [73]
have demonstrated novel nonlinear optical phenomena in en-
gineered materials, highlighting new avenues for controlling
light at the nanoscale. Complementing this, Xuet al. [74]
analyzed light manipulation techniques within advanced pho-
tonic structures, emphasizing applications in optical commu-
nication and sensing. Meanwhile, Shaoet al. [75] provided
valuable insights into wave dynamics in disordered systems,
revealing mechanisms behind localization and enhanced scat-
tering effects. On a theoretical and fundamental physics
level, Doganet al. have made substantial contributions
through a series of works [76-78] focusing on quantum field
theoretic approaches to particle behavior in curved spacetime
and nontrivial geometries, including ray geodesics and wave
propagation on WH-like surfaces [79]. Their research sheds
light on how topological and geometric effects influence par-
ticle spectra and interaction cross-sections, thereby opening
new possibilities for exploring physics beyond the Standard
Model. Moreover, Ahmedet al. [80,81] have advanced the
understanding of symmetry-breaking mechanisms and their
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implications for particle mass generation and vacuum stabil-
ity. Their investigations provide crucial theoretical founda-
tions that may guide future experimental searches for new
physics phenomena. Collectively, these interdisciplinary ef-
forts demonstrate the rich interplay between optical physics
and high-energy theory, driving forward the frontier of mod-
ern physics.

In this paper, we investigate a three-dimensional static
traversable black string charged wormhole (BSCWH) space-
time embedded with disclinations. We explore both ray op-
tics and wave optics in this curved space-time background.
For ray optics, we analyze null geodesic (NG) motion to de-
termine the behavior of photon trajectories. For wave op-
tics, we examine the scalar Helmholtz equation and, by em-
ploying a suitable ansatz for the scalar field, recast it into a
Schr̈odinger-like form. This transformation allows us to iden-
tify an effective potential that governs the wave dynamics.
From this potential, we derive an effective refractive index
(RI) that depends on both spatial coordinate and wave fre-
quency. We demonstrate how geometric parameters, such as
the throat radius, the NS charge, the curvature scale, and the
disclination affect the photon paths and the RI profile in the
WH geometry. In addition, we derive a closed-form weak-
field approximation for the deflection angle, identify the crit-
ical impact parameter governing photon capture, and present
numerical tables that quantify the dependence of key optical
observables on the spacetime parameters.

The structure of this paper is as follows: In Sec. 2, we in-
troduce a three-dimensional, static, and circularly symmetric
charged BSCWH with disclinations. In Sec. 3, we analyze
NG motion and derive the corresponding photon trajectories,
including the critical impact parameter and the weak-field de-
flection angle. Section 4 is devoted to the study of wave op-
tical properties in this curved space-time background, where
we obtain an effective RI. Finally, in Sec. 5, we summarize
our findings and present concluding remarks. Throughout
this work, we adopt natural units wherec = 1 = 8 π G = ~.

2. Three-dimensional BSCWH with disclina-
tions

In this section, we introduce the three-dimensional static and
circularly symmetric BSCWH with disclinations. In the sub-
sequent sections, we investigate its ray and wave optical
properties and analyze how the geometric parameters influ-
ence these characteristics.

In Ref. [82], the author proposed 3D traversable WH met-
ric analogue to the MTW 4D case [7,11]. The line element is
described by the circular symmetry in the chart (t, r, φ) as,

ds2 = −e2 Φ(r) dt2 +
dr2

1− b(r)
r

+ r2 dφ2, (1)

whereΦ(r) is a redshift function andb(r) is a shape func-
tion of a traversable WH. The flare-out condition is given by

|r b′(r)− b(r)|r=r0
< 0, while a throat of WH is defined as

b(r = r0) = r0.
In Ref. [83], the authors considered a logarithmic dilaton

profile,φ = −ln(r/`), as the dual of a constant dilaton with a
trivial redshift functionΦ(r) = 0, and used this to generate a
static, circularly symmetric 3D charged BSCWH. By adding
suitable matter sources-including the dilaton scalar, they ar-
rived at a line element of the form with disclinations given
by

ds2 = −dt2 +
dr2

f(r)
+ α2 r2 dφ2, (2)

where the metric functionf(r) is given by

f(r) = 1− b(r)/r, b(r) = b0 − Q2 `4

4 r
. (3)

For completeness, we recall the theory that produces the line
element (2). It descends from the three-dimensional low-
energy effective action of string theory [83], which in the
string frame reads

S =
1
2

∫
d3x

√−g e−2 ϕ

[
R + 4 (∇ϕ)2

+
4
`2
− 1

12
Hµνρ Hµνρ

]
, (4)

with ϕ the dilaton (distinct from the redshift functionΦ), `
the curvature (string) length, andHµνρ = ∂[µBνρ] the NS
three-form field strength. In three dimensions the antisym-
metric three-form must be proportional to the Levi-Civita ten-
sor, Hµνρ = Q√−g εµνρ, so the whole NS sector enters
through the single chargeQ. Taking the logarithmic dilaton
ϕ = − ln(r/`) of Ref. . [83], dual to a constant dilaton with
trivial redshiftΦ(r) = 0, the field equations return the shape
function already quoted in Eq. (3).

It helps to read the matter content straight off the ge-
ometry. In the Einstein frame the line element (2) solves
Gµν = T eff

µν in the units8 π G = 1 used here. A short calcu-
lation leaves a single non-vanishing mixed component,

Gt
t =

f ′(r)
2 r

, Gr
r = Gφ

φ = 0, (5)

so the effective source is an energy density with no radial or
tangential pressure,

ρ = −f ′(r)
2 r

= − b0

2 r3
+
Q2 `4

4 r4
, pr = pφ = 0. (6)

Becauser0 is a simple (non-extremal) throat,f(r0) = 0 with
f ′(r0) > 0, and henceρ(r0) < 0. The energy density turns
negative near the throat. This is the expected signature of
the null energy condition violation that keeps the wormhole
open, with the dilaton and NS matter of the action (4) sup-
plying the exotic source. Here,α denotes the disclination
parameter [84-86], which characterizes the angular deficit
caused by topological defects in the space-time. The param-
eter` represents the curvature radius, serving as a fundamen-
tal length scale in the geometry. The quantityQ corresponds
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to the NS (Neveu-Schwarz) charge, associated with the anti-
symmetric tensor field arising in the NS sector of string the-
ory. Finally,b0 is an integration constant, often related to the
WH throat or initial geometric conditions. It is worth noting
that the metric functionf(r) =

(
1− [b0/r] + [Q2 `4/4 r2]

)
satisfiesf(r) → 1 asr → ∞, indicating that the space-time
becomes asymptotically conical. This behavior, rather than
asymptotic flatness, arises due to the presence of disclina-
tions encoded by the parameterα.

The metric tensorgµν and its inversegµν for the space-
time (2) are given by

gµν = diag

(
−1,

1
f(r)

, α2 r2

)
, (7)

gµν = diag

(
−1, f(r),

1
α2 r2

)
. (8)

The throat radius of the WH is obtained by the following
condition:

f(r = r0) = 0. (9)

Using the relation (3), we find the throat radius as,

r0 = b0/2 +
√

b2
0 −Q2 `4/2 ≥ b0/2, (10)

provided the constraint on the parameters satisfiedb0 ≥ Q `2.
The range of the NS charge isQ ∈ (0, b0/`2].

TABLE I. Throat radiusr0 for various values ofb0 andQ with
` = 1. The constraintb0 ≥ Q `2 must be satisfied.

b0 Q r0

1.0 0.2 0.989898

1.0 0.4 0.958258

1.0 0.6 0.900000

1.0 0.8 0.800000

1.0 1.0 0.500000

1.5 0.2 1.493303

1.5 0.4 1.472842

1.5 0.6 1.437386

1.5 0.8 1.384429

1.5 1.0 1.309017

2.0 0.2 1.994987

2.0 0.4 1.979796

2.0 0.6 1.953939

2.0 0.8 1.916515

2.0 1.0 1.866025

2.5 0.2 2.495994

2.5 0.4 2.483896

2.5 0.6 2.463466

2.5 0.8 2.434272

2.5 1.0 2.395644

The flare-out condition at the throat requiresb′(r0) < 1.
From Eq. (3), we computeb′(r) = Q2 `4/(4 r2), which gives

b′(r0) =
Q2 `4

4 r2
0

. (11)

Sincer0 ≥ b0/2 ≥ Q `2/2, we have4 r2
0 ≥ Q2 `4, en-

suringb′(r0) ≤ 1, with equality only in the extremal limit
b0 = Q `2. Thus, the flare-out condition is satisfied for all
non-extremal parameter choices.

As seen from the table, the throat radiusr0 decreases
monotonically with increasing NS chargeQ for fixedb0, and
collapses to the extremal valuer0 = b0/2 whenb0 = Q `2.

3. Ray optics in BSCWH with disclinations

In this section, we analyze NG motion to determine the be-
havior of photon trajectories in a 3D BSCWH space-time,
described by the line element (2). We show geometrical pa-
rameters including disclination alter these trajectories.

The NG motion can be studied using a well-known
method called the Lagrangian formalism, where the La-
grangian density function is given byL = (1/2) gµν ẋµ ẋν ,
with the dot denoting differentiation with respect to an affine
parameter andgµν is the metric tensor for curved geometry.

For the metric given in Eq. (2), the Lagrangian density
function is given by

L =
1
2

[
−

(
dt

dτ

)2

+
1

f(r)

(
dr

dτ

)2

+ α2 r2

(
dφ

dτ

)2
]
. (12)

From the above function, one can see that there exist two
Killing vector fields, namely,ξ(t) ≡ ∂t associated with tem-
poral coordinate andξ(φ) ≡ ∂φ associated with the orbital
coordinate. The conserved quantities are the energyE and
the angular momentumL, fixed by E = −gµν ξµ

(t) ẋν and
L = gµν ξµ

(φ) ẋν . Sincegtt = −1 and gφφ = α2 r2, we
find [87]:

E =
dt

dτ
, L = α2 r2 dφ

dτ
. (13)

The factorα2 follows directly fromgφφ = α2 r2, sinceL is
the conserved charge ofξ(φ) = ∂φ, that isL = gφφ φ̇. With
these, the non-radial NG paths forr coordinate from Eq. (12)
simplify to:

1
f(r)

(
dr

dτ

)2

= E2 − L2

α2 r2
. (14)

The equation of orbit is therefore defined by
(

1
r2

dr

dφ

)2

= α2 f(r)
(

1
β2

− 1
r2

)
, (15)

whereβ = L/(α E) is the impact parameter for photon parti-
cles, so that the corrected definitions leave Eq. (15) and every
expression derived from it unchanged.
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3.1. Absence of photon sphere and critical impact pa-
rameter

A distinctive feature of the BSCWH geometry (2) is the triv-
ial redshift functionΦ(r) = 0, which impliesgtt = −1.
In standard BH spacetimes, the photon sphere (unstable cir-
cular photon orbit) arises from the competition between the
gravitational redshift (encoded ingtt) and the centrifugal bar-
rier. The effective potential governing photon orbits takes the
general formV orb

eff (r) = −gtt(r)/r2, whose local maximum
defines the photon sphere radiusrps.

In the present BSCWH geometry, however, the NG con-
dition (14) can be recast as

ṙ2 = f(r)
(

E2 − L2

α2 r2

)
. (16)

Defining the orbital effective potentialV(r) ≡ 1/r2, the turn-
ing point conditionṙ = 0 (with f(r) > 0) yields

1
β2

=
1

r2
tp

=⇒ rtp = β. (17)

SinceV(r) = 1/r2 is a monotonically decreasing function
with no local maximum for finiter, the BSCWH geometry
admitsno photon sphere. This is a direct consequence of
gtt = −1; in the absence of gravitational redshift, there is no
competing radial force to create an unstable circular orbit.

Consequently, the photon dynamics are governed solely
by the impact parameterβ relative to the throat radiusr0:

• If β > r0: the photon reaches the turning point at
rtp = β > r0, scatters, and returns to infinity. The
deflection angle is finite and depends on the spacetime
parameters.

• If β = r0: the photon grazes the WH throat, defining
thecritical impact parameter

βc = r0 =
b0

2
+

√
b2
0 −Q2 `4

2
. (18)

• If β < r0: the turning point lies atrtp = β < r0,
which falls inside the throat region wheref(r) < 0.
The photon reaches the throat and traverses the WH to
the other asymptotic region.

The critical impact parameterβc thus plays the role anal-
ogous to the shadow radius in BH spacetimes, delineating
scattered from captured (traversing) photon trajectories. Ta-
ble II presents values ofβc for representative parameter com-
binations.

Transforming to a new variable viar = 1/u in the above
Eq. (15) yields:

(
du

dφ

)2

=
α2

β2
f(u)− α2 u2 f(u). (19)

wheref(u) explicitly can be written as

f(u) = 1− b0 u +
Q2 `4

4
u2. (20)

TABLE II. Critical impact parameterβc = r0 and the flare-out
derivativeb′(r0) = Q2`4/(4 r2

0) for various parameter values with
` = 1.

b0 Q βc = r0 b′(r0)

1.0 0.2 0.989898 0.010205

1.0 0.4 0.958258 0.043559

1.0 0.6 0.900000 0.111111

1.0 0.8 0.800000 0.250000

1.0 1.0 0.500000 1.000000

1.5 0.4 1.472842 0.018437

1.5 0.6 1.437386 0.043562

1.5 0.8 1.384429 0.083478

1.5 1.0 1.309017 0.145898

2.0 0.4 1.979796 0.010205

2.0 0.6 1.953939 0.023573

2.0 0.8 1.916515 0.043559

2.0 1.0 1.866025 0.071798

Differentiating both sides of Eq. (19) w. r. t. φ and after
simplification results

d2u

dφ2
+ α2

(
1− Q2 `4

4 β2

)
u = −α2 b0

2 β2

+
3 α2 b0

2
u2 − α2Q2 `4

2
u3. (21)

In the limit Q = 0 corresponding to the absence of NS
charge, the above equation reduces as

d2u

dφ2
+ α2 u +

α2 b0

2 β2
=

3
2

α2 b0 u2. (22)

Figures 1–2 and 3–4 present the parametric plots of pho-
ton trajectoriesr(ϕ) = 1/u(ϕ) based on Eq. (21) for various
values of the disclination parameterα and the NS chargeQ.
Figure 5 compares the photon trajectories with and without
the influence ofα andQ, highlighting the impact of these
parameters on the photon’s path. We set the initial boundary
conditionu(0) = 0.001 andu′(0) = 0.01.

Moreover, for radial NG, where the angular momentum
vanishes,L = 0, the geodesic paths fort andr coordinates
from Eqs. (13)-(14) reduces as,

dt

dτ
= E,

dr

dτ
= ±E

√
f(r). (23)

From the above equation, we find the radial motion of photon
particles in temporal coordinate as,

dr

dt
= ±,

√
f(r). (24)
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6 F. AHMED, A. BOUZENADA, AND İ. SAKALLI

FIGURE 1. Parametric plot of the Photon trajectory for different values of the disclination parameterα, while keepingβ = 1.5, Q = 1 =
` = b0. The horizontal and vertical axes are the Cartesian coordinatesX = r cos φ andY = r sin φ (in units of b0) built from the orbit
r(φ) = 1/u(φ) of Eq. (21); the central black disk marks the throat atr = r0.

FIGURE 2. Parametric plot of the Photon trajectory for different values of the disclination parameterα, while keepingβ = 1.5, Q = 1 =
` = b0. The horizontal and vertical axes are the Cartesian coordinatesX = r cos φ andY = r sin φ (in units of b0) built from the orbit
r(φ) = 1/u(φ) of Eq. (21); the central black disk marks the throat atr = r0.

FIGURE 3. Parametric plot of the Photon trajectory for different values of NS chargeQ, while keepingβ = 1.5, α = 0.5, ` = 1 = b0. The
axes are the Cartesian coordinatesX = r cos φ andY = r sin φ (in units ofb0) obtained from the orbitr(φ) = 1/u(φ); the central black
disk marks the throat atr = r0.
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A CHARGED BLACK STRING WORMHOLE WITH DISCLINATIONS: RAY AND WAVE OPTICS 7

FIGURE 4. Parametric plot of the Photon trajectory for different values of NS chargeQ, while keepingβ = 1.5, α = 0.5, ` = 1 = b0. The
axes are the Cartesian coordinatesX = r cos φ andY = r sin φ (in units ofb0) obtained from the orbitr(φ) = 1/u(φ); the central black
disk marks the throat atr = r0.

FIGURE 5. Parametric plot of the Photon trajectoryr(φ) = 1/u(φ) for different values of NS chargeQ without and with disclination
parameterα, while keepingβ = 1.5, ` = 1 = b0. The axes are the Cartesian coordinatesX = r cos φ andY = r sin φ (in units ofb0); the
central black disk marks the throat atr = r0.
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8 F. AHMED, A. BOUZENADA, AND İ. SAKALLI

FIGURE 6. Variation of the temporal coordinatet(r) as a function
of r for the radial NG motion. Here, we set` = 1,Q = 1, b0 =
1, C = 0. The horizontal axis is the radial coordinater and the
vertical axis is the coordinate timet(r), both in units ofb0.

Therefore, the temporal coordinatet(r) as

t(r) = ±
∫

dr√
f(r)

= ± dr√
1− b0

r + Q2 `4

4 r2

. (25)

Simplification of the above integral results

t(r) =
1
2

√
r2 − b0 r +

Q2 `4

4

− b0

2
ln

∣∣∣∣∣r −
b0

2
+

√
r2 − b0 r +

Q2 `4

4

∣∣∣∣∣ + C, (26)

whereC is an integrating constant.
Figure 6 illustrates the evolution of the temporal coordi-

natet(r) along a radial photon trajectory, plotted as a func-
tion of the axial coordinater. This behavior is obtained by
integrating the geodesic equation for radial null trajectories
(L = 0). In this plot, the curvature radius is set to` = 1,
the NS chargeQ = 1, the throat radiusb0 = 1, and the in-
tegration constantC = 0. The curve exhibits a monotonic
increase int(r), with the steepness of the curve reflecting
how the space-time geometry causes a delay in coordinate
time as the photon approaches the WH throat. Notably, the
presence of the charge parameter and the WH geometry both
influence the shape of this function through the metric com-
ponentf(r), thereby affecting the effective gravitational time
delay experienced by radially in-falling photons.

To obtain an expression of the deflection angle of photon
particles, we can write Eq. (19) with the help of Eq. (20) as,

du

dφ
=

α

β

√(
1− b0 u +

Q2 `4

4
u2

)
(1− β2 u2). (27)

The deflection angle is given by

δφ =
β

α
∆φ− π, (28)

where

∆φ =
∫ ∞

u0

du√(
1− b0 u + Q2 `4

4 u2
)

(1− β2 u2)
. (29)

Recall thatu0 = 1/r0, wherer0 is defined in Eq. (10).
Noting that for the special caseb0 = Q `2, we haver0 =
b0/2, which impliesu0 = 2/b0. Under this condition, the
lower limit of the integral in Eq. (29) coincides with the point
where the integrand becomes singular. As a result, the inte-
gral diverges at the lower limit. We therefore conclude that
the deflection angle can be determined only whenb0 6= Q `2.

The integral (29) after a few mathematical steps, we find
(see notes at the end)

∆φ =
1√

−β2 + Q2 `4

4

[F (π/2, k)− F (φ0, k)]

=
1√

−β2 + Q2 `4

4

[K(k)− F (φ0, k)] , (30)

where we have defined the following:

k2 =
−β2 − Q2 `4

4 +
√(−β2 − Q2 `4

4

)2
+ b2

0 β4

2
(−β2 + Q2 `4

4

) ,

φ0 = arcsin

(√ (−β2 + Q2 `4

4

)
(u0 − ξ1)(−β2 − Q2 `4

4 + Σ
)

(u0 − ξ2)

)
,

u0 =
2

b0 +
√

b2
0 −Q2 `4

,

ξ1,2 =
b0 ±

√
b2
0 −Q2 `4

1
2 Q2 `4

,

Σ =

√(
−β2 − Q2 `4

4

)2

+ b2
0 β4. (31)

Here,K(k) andF (φ0, k) denote the complete and incom-
plete elliptic integrals of the first kind, respectively [88,89].

We observe from the above analysis that the deflection
angle of photon particles is influenced by geometrical param-
eters(b0,Q, `) and the disclinations parameterα.

3.2. Weak-field deflection angle

In the weak-field regime, corresponding to a large impact pa-
rameterβ À b0, we can derive a closed-form approximation
for the deflection angle by expanding the orbit equation per-
turbatively. The total angular sweep of a photon traveling
from infinity to the turning pointrtp = β and back is

φtotal =
2
α

∫ 1/β

0

du√
f(u) (1/β2 − u2)

. (32)

Expanding1/
√

f(u) for smallu (i.e., larger),

1√
f(u)

≈ 1 +
b0

2
u +

(
3 b2

0

8
− Q2 `4

8

)
u2 +O(u3), (33)
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TABLE III. Weak-field deflection angleδφweak (in radians) for
b0 = 1, ` = 1, and selected values ofα,Q, andβ.

α Q β δφweak

0.7 0.0 5.0 1.665771

0.7 0.5 5.0 1.662966

0.7 1.0 5.0 1.654551

0.8 0.0 5.0 1.064851

0.8 0.5 5.0 1.062396

0.8 1.0 5.0 1.055033

0.9 0.0 5.0 0.597468

0.9 0.5 5.0 0.595286

0.9 1.0 5.0 0.588741

1.0 0.0 5.0 0.223562

1.0 0.5 5.0 0.221598

1.0 1.0 5.0 0.215708

1.0 0.0 10.0 0.105890

1.0 0.5 10.0 0.105400

1.0 1.0 10.0 0.103927

1.0 0.0 20.0 0.051473

1.0 0.5 20.0 0.051350

1.0 1.0 20.0 0.050982

and employing the standard integrals

∫ 1/β

0

du√
1/β2 − u2

=
π

2
,

∫ 1/β

0

u du√
1/β2 − u2

=
1
β

,

∫ 1/β

0

u2 du√
1/β2 − u2

=
π

4 β2
, (34)

we obtain

φtotal =
π

α
+

b0

α β
+

π (3 b2
0 −Q2 `4)

16α β2
+O(β−3). (35)

The weak-field deflection angle is therefore

δφweak =
π (1− α)

α
+

b0

α β

+
π (3 b2

0 −Q2 `4)
16 α β2

+O(β−3). (36)

This expression admits a transparent physical interpretation:

1. The first termπ(1 − α)/α represents thetopologi-
cal deflectiondue to the disclination-induced angular
deficit. Forα < 1, this yields a positive deflection, fo-
cusing light toward the defect core, in complete anal-
ogy with cosmic string lensing [84].

2. The second termb0/(α β) is theleading gravitational
deflection, the (2 + 1)-dimensional analogue of the

Schwarzschild result4M/b in four dimensions. It is
enhanced by the factor1/α due to the conical geome-
try.

3. The third term introducespost-leading correctionsin-
volving both the WH parameterb0 and the NS charge
Q. Notably, the NS charge reduces the deflection an-
gle, counteracting the gravitational bending.

In Table III, we present the weak-field deflection angle
δφweak for representative parameter values, demonstrating
the interplay between disclination, gravitational, and charge
contributions.

As evident from the table, the disclination parameterα
dominates the deflection for moderate impact parameters,
while the NS charge provides a secondary correction that sys-
tematically reducesδφ.

4. Wave optics in BSCWH with disclinations

In this section, we examine the dynamics of wave propaga-
tion within the effective geometry of a WH, focusing specif-
ically on the corresponding electromagnetic wave modes. In
free space, Maxwell’s equations govern the behavior of elec-
tromagnetic fields. For a monochromatic wave with time de-
pendence of the forme−iωt, Maxwell’s equations reduce to
the Helmholtz equation:∇2ψ + k2ψ = 0, wherek = ω/c is
the wave number. This equation describes the spatial distri-
bution of electromagnetic waves under time-harmonic condi-
tions in a source-free region. The solutions to the Helmholtz
equation correspond to the permitted electromagnetic modes
in the frequency domain.

In the context of curved spacetime or effective geometries
such as that of a WH as described by the line element (2),
the Helmholtz wave equation can be expressed as [63,67,73-
78,80,81]:

(∆LB + k2
g)Ψ = 0, (37)

where∆LB represents the Laplace-Beltrami (LB) operator.
The termkg corresponds to the propagation constant associ-
ated with the wave frequencykg = ω/c = ω, while ∆LB

shows the effects of curvature on wave propagation. Specifi-
cally, for a generic metricds2 = −dt2 + gij dxi dxj , the LB
operator takes the following form:

∆LBΨ=
1√
g

∂i

(√
g gij∂jΨ

)
, (38)

whereg = det(gij) is the determinant of the spatial metric
tensorgij , and the indicesi, j correspond to the coordinates
in the geometry, which in this case arer andφ. For the metric
(2), the determinant of the spatial metric tensorgij is given
by

g = det(gij) =
α2 r2

f(r)
. (39)

In our case, we find

∆LBΨ =

√
f(r)
r

∂

∂r

(
r
√

f(r)
∂

∂r

)
+

1
α2 r2

∂2

∂φ2
, (40)
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To proceed, we now express the Helmholtz equation in a
form suitable for the specific geometry of the WH. According
to the space-time (2), let us consider the wave function

Ψ = exp(im φ) ψ(r), (41)

wherem is the magnetic quantum number andψ(r) is the
radial function.

Substituting Eq. (40) into Eq. (37) and using the wave
function ansatz (41), we arrive at the following equation:

√
f(r)
r

∂

∂r

(
r
√

f(r)
∂ψ

∂r

)

+
(

ω2 − m2

α2 r2

)
ψ(r) = 0. (42)

Now, let us try to determine the effective potential acting
on waves within the curved background. To do this, we re-
move the first-order derivative term appeared in the above dif-
ferential equation. For that, we perform the following trans-
formation:

ψ(r) =
χ(r)

r1/2f(r)1/4
. (43)

Substituting this transformation (43) into the Eq. (42) and
after simplification results in the Schrödinger-like equation:

χ′′(r) + (ω2 − U(r))χ(r) = 0, (44)

where

U(r) =
f ′′(r)
4 f(r)

− 3
16

(
f ′(r)
f(r)

)2

+
f ′(r)

4 r f(r)
+

m2/α2 − 1/4
r2

. (45)

Substituting functionf(r) and after simplification results
the following expression for the effective potential governing
the wave optics as,

U(r) =
A(r)
D(r)

,

A(r) = 2m2
(
4r2+Q2`4

)2
+

(−8r4−8Q2r2`4+Q4`8
)
α2

+ 2b2
0r

2
(
16m2 + α2

)− 2b0r
{

8m2
(
4r2 +Q2`4

)

+
(−8r2 +Q2`4

)
α2

}
,

D(r) = 2r2
(−4b0r + 4r2 +Q2`4

)2
α2. (46)

For the zero magnetic quantum number,m = 0, the ef-
fective potential reduces as,

U(r) =
B(r)
D(r)

,

B(r) =
(−8r4 − 8Q2r2`4 +Q4`8

)
α2

+ 2b2
0r

2α2 − 2b0rα
2

(−8r2 +Q2`4
)
. (47)

FIGURE 7. Graphical representation of the effective potential
Ueff(r) as a function ofr for different values of the disclination
parameterα. Here, we set̀ = 1,Q = 1, b0 = 1, m = 1.

The effective potential (46) plays a central role in under-
standing how wave propagation is influenced by the geom-
etry of the WH. It depends on the radial coordinater, the
magnetic quantum numberm, and several geometric param-
eters, including the throat sizeb0, the chargeQ, the curva-
ture scalè , and the disclination parameterα. Notably, the
WH spacetime induces a repulsive effective potential which
acts as a barrier to incoming waves. The strength of this re-
pulsive interaction decreases gradually as the radial distance
r increases. As expected from the geometry, the potential
diverges in the limitr → r0, reflecting the strongly repul-
sive nature near the WH throat form = 0 or m 6= 0, and
asymptotically vanishes asr →∞, indicating that spacetime
becomes effectively locally flat at large distances.

Figure 7 illustrated the radial variation of the effective
potentialU(r) for different values of the disclination param-
eterα = {0.7, 0.8, 0.9, 1.0}. In this plot, the curvature ra-
dius is set tò = 1, the NS chargeQ = 1, the throat radius
b0 = 1, and the angular quantum numberm = 1. As α de-
creases from unity (implying a stronger angular deficit), the
effective potential increases, which physically corresponds
to stronger scattering or trapping behavior for scalar waves.
This provides us precise information about topological de-
fects in modulating wave dynamics in the WH space-time.

Let us now derive the expression for the RIn(r, ω). In
a spatially varying medium, the Helmholtz equation can be
written as∇2ϕ + k2

eff(r)ϕ = 0, where keff(r) is the ef-
fective wave number that accounts for the influence of the
medium on wave propagation. The RIn(r) relates to this
effective wave number bykeff(r) = (ω/c)n(r). Substitut-
ing this relation into the Helmholtz equation yields∇2ϕ +
(ω/c)2 n2(r)ϕ = 0, which represents the general form of
the wave equation in a medium with a spatially varying RI.
Recognizing that the termk2 −Ueff(r) modifies the system’s
wave number, and comparing it with the wave equation in the
RI medium, we identifyk2

eff(r) = k2 −Ueff(r). Using the re-
lation k = ω/c = ω, we obtainn2(r) = 1 − [Ueff(r)/ω2].
Therefore, the behavior of the effective potentialUeff(r) di-
rectly influences the spatial profile of the RI, which is given
by
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FIGURE 8. Graphical representation of the effective refractive indexn(r) as a function ofr for different values of the disclination parameter
α (left panel) and frequencyω (right panel). Here, we set` = 1,Q = 1, b0 = 1, m = 1.

n(r) =

√
1− A(r)

ω2D(r)
. (48)

For the zero magnetic quantum number,m = 0, the RI re-
duces as,

n(r) =

√
1− B(r)

ω2D(r)
. (49)

Figure 8 shows the behavior of the effective RIn(r) as a
function of the axial coordinater, for different values of the
disclination parameterα and the wave frequencyω. In the
left panel, the frequency is fixed atω = 1, while in the right
panel, the disclination parameter is fixed atα = 0.9. Other
parameters are held constant across both panels: the curva-
ture radius̀ = 1, the NS chargeQ = 1, the throat radius
b0 = 1, and the angular quantum numberm = 1. In the left
panel, it is observed that asα approaches unity, the RI profile
n(r) < 1 increases withr. In the right panel, the RI in-
creases with rising wave frequencyω = {1.5, 2.0, 2.5, 3.0},
for fixed α = 0.9 againn(r) < 1. This illustrates a dis-
persive effect in the WH geometry: higher-frequency waves
experience stronger refractive behavior and are more signifi-
cantly influenced by the curvature and topological defects of
the space-time.

A RI n < 1 implies that the phase velocity of light or
waves in the medium exceeds the speed of light in vacuum,
c. This property is characteristic of metamaterials-artificially
engineered materials designed to exhibit unusual optical be-
haviors such as negative refraction, where light bends in
the opposite direction compared to conventional materials.
Metamaterials withn < 1 enable remarkable phenomena
like superlensing, allowing imaging beyond the diffraction
limit to achieve exceptionally high resolution. Importantly,
although a RI below unity corresponds to superluminal phase
velocities, this does not violate causality or special relativity,
since the group velocity–which governs the actual transmis-
sion of information-remains limited byc.

4.1. Total reflection and scattering interpretation

The divergence of the effective potentialU(r) as r → r0

carries profound physical consequences for wave scattering.
Near the throat,f(r) → 0, and the dominant contribution
to U(r) arises from the terms proportional to1/f(r)2 in the
denominator of Eq. (46). This divergence creates aninfinite
potential barrierat the WH throat, which enforces total re-
flection of all incoming scalar wave modes, regardless of their
frequencyω or angular quantum numberm.

More precisely, defining the reflection coefficientR and
transmission coefficientT for the Schr̈odinger-like prob-
lem (44), the infinite barrier height implies

|R|2 = 1, |T |2 = 0, (50)

for all modes. This result stands in sharp contrast to BH
spacetimes, where the event horizon acts as a perfectly ab-
sorbing boundary (|T |2 > 0), giving rise to finite greybody
factors. The BSCWH geometry thus provides a concrete
example of a gravitational configuration that scatters waves
elastically, with the throat functioning as a perfect mirror.

While no net absorption occurs, the scattered waves ac-
quire frequency-dependent phase shiftsδm(ω) that encode
the full structure of the effective potential. These phase shifts
can in principle be extracted from the asymptotic behavior of
the scattered wave:

χ(r) r→∞−−−→ Aeiωr + B e−iωr,

with
B

A
= e2iδm(ω). (51)

The phase shifts carry information about the WH throat ge-
ometry, the NS charge, and the disclination parameter, and
could serve as observational discriminators between WH and
BH spacetimes in the context of analogue gravity experi-
ments.

The peak valueUmax of the effective potential, attained at
a radiusrmax slightly above the throat, determines the char-
acteristic frequency scale at which the transition from low-
energy (strongly reflected) to high-energy (weakly perturbed)
scattering occurs. In Table IV, we presentUmax for various
parameter combinations.
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TABLE IV. Peak effective potentialUmax and corresponding radius
rmax for b0 = 1, ` = 1, and selected values ofα,Q, andm.

α Q m rmax Umax

0.7 0.5 0 0.9830 112.5269

0.7 0.5 1 0.9830 114.6389

0.7 0.5 2 0.9830 120.9748

1.0 0.5 0 0.9830 112.5269

1.0 0.5 1 0.9830 113.5618

1.0 0.5 2 0.9830 116.6664

0.7 1.0 0 0.5500 247.1074

0.7 1.0 1 0.5500 253.8539

0.7 1.0 2 0.5500 274.0934

0.9 1.0 0 0.5500 247.1074

0.9 1.0 1 0.5500 251.1887

0.9 1.0 2 0.5500 263.4323

1.0 1.0 0 0.5500 247.1074

1.0 1.0 1 0.5500 250.4132

1.0 1.0 2 0.5500 260.3306

TABLE V. Effective RI n(r) at selected radii forb0 = 1, ` = 1,
Q = 1, m = 1.

α ω n(r=2) n(r=3) n(r=5) n(r=10)

0.7 1.5 0.889810 0.953983 0.983869 0.996008

0.7 2.0 0.939609 0.974383 0.990959 0.997756

0.7 3.0 0.973622 0.988697 0.995992 0.999003

0.8 1.5 0.919188 0.966283 0.988181 0.997074

0.8 2.0 0.955385 0.981177 0.993369 0.998355

0.8 3.0 0.980422 0.991678 0.997058 0.999269

0.9 1.5 0.938799 0.974627 0.991127 0.997805

0.9 2.0 0.966052 0.985808 0.995018 0.998766

0.9 3.0 0.985056 0.993718 0.997789 0.999452

1.0 1.5 0.952579 0.980552 0.993228 0.998327

1.0 2.0 0.973610 0.989107 0.996196 0.999059

1.0 3.0 0.988358 0.995174 0.998311 0.999582

As seen from the table, the potential peak increases
sharply withQ (since larger charge shrinks the throat, con-
centrating curvature) and withm (reflecting the centrifugal
barrier). Notably, form = 0 the peak valueUmax is indepen-
dentof α, since theα2 factors cancel identically in Eq. (47);
the disclination affects only them-dependent angular barrier
contribution.

In Table V, we present numerical values of the effective
RI at selected radial positions, quantifying the dispersive be-
havior.

The table confirms thatn(r) → 1 as r → ∞ for all
parameter combinations, and that the deviation from unity
is most pronounced near the throat and for low frequen-

cies, consistent with the dispersive analogue-gravity interpre-
tation.

5. Conclusions

This study examined the optical properties-both ray-like and
wave-like of a three-dimensional static charged BSCWH
space-time incorporating topological disclinations. The ob-
jective was to understand how non-trivial geometric and
topological features influenced the photon trajectories and
scalar waves. The WH geometry was defined via a specific
shape functionb(r), and the space-time incorporated a NS
chargeQ from string theory, along with a disclination pa-
rameterα that accounted for angular deficits due to topolog-
ical defects. These components led to a non-asymptotically
flat space-time exhibiting rich and complex optical behav-
ior. The analysis of ray optics began with the study of NG
motion. It was shown that both the disclination parameter
α and the NS chargeQ including the WH parameterb0 sig-
nificantly affected photon trajectories. The derived orbital
equations and impact parameter relations, along with analyt-
ical expressions for the radial and angular evolution of light
paths, show that photons experienced modified bending and
shifting of trajectories, depending on the WH parameterb0,
the curvature scalè, and the disclination parameterα.

A key finding in the ray-optics sector is the identification
of the critical impact parameterβc = r0, which delineates
scattered from traversing photon trajectories. We demon-
strated that the trivial redshift function (Φ = 0) inherent
to the BSCWH geometry precludes the existence of a pho-
ton sphere, in contrast to standard BH spacetimes. This ab-
sence is a direct consequence of the metric structure and pro-
vides a potential observational signature for distinguishing
BSCWH geometries from BH spacetimes. Furthermore, we
derived the closed-form weak-field deflection angle (Eq.36),
which transparently separates the topological contribution
π(1 − α)/α from the gravitational bendingb0/(αβ) and the
NS charge correction. This analytical result complements the
exact elliptic integral expression and facilitates direct com-
parison with cosmic string lensing phenomenology [84].

The study then extended to wave optics by formulat-
ing the scalar Helmholtz equation in the curved space back-
ground and transforming it into a Schrödinger-like equation.
This transformation allowed the identification of an effective
potentialU(r), which depended on the disclination param-
eter, NS charge, and WH geometry. The resulting potential
profiles showed that a decrease inα-indicating stronger topo-
logical defects-led to more localized and pronounced poten-
tials. This suggested that disclinations enhanced wave lo-
calization and interference effects for scalar waves. Cru-
cially, the divergence ofU(r) at the WH throat (r → r0) was
shown to enforce total reflection of all scalar wave modes
(|R|2 = 1), providing a clear wave-optics discriminator be-
tween WH and BH spacetimes: whereas BH horizons ab-
sorb incoming radiation (yielding finite greybody factors),
the BSCWH throat acts as a perfect mirror, producing only
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frequency-dependent phase shifts (Table IV). In addition,
we derived a frequency- and position-dependent effective RI
n(r) from the effective wave numberkeff(r). The RI was
found to depend not only on the radial coordinater, but also
on the wave frequencyω, the angular quantum numberm,
the curvature radius̀, the NS chargeQ, and the WH param-
eterb0. This indicated a dispersive optical medium, wherein
higher-frequency waves experienced stronger refractive ef-
fects, analogous to GL and optical phenomena in analogue
gravity systems. Graphical analysis (see Figs. 7 to 8) and nu-
merical tabulation (Tables V and IV) illustrated the behavior
of the effective potential and RI under variations inα andω,
further confirming the influence of curvature and topological
structure on wave propagation.

In summary, this investigation demonstrated the deep
connection between spacetime geometry and the behavior of
light in both classical and quantum regimes. It showed that
topological features such as disclinations were not merely
mathematical abstractions, but had measurable effects on
wave and photon dynamics. These findings provided new
insights into WH physics in lower-dimensional space-times
and suggested potential applications in the design of ana-
logue gravity systems and metamaterials, where engineered
geometries could emulate such curved-space phenomena.
In particular, then < 1 RI profiles derived here share
the characteristic features of metamaterial platforms stud-
ied in Refs. [69,70], while the disclination-induced lensing
connects naturally to phonon transport in topological defect
channels [68].

A natural direction for future work would be to extend
the present analysis by considering more general classes
of charged and rotating BSCWH geometries with topolog-
ical defects, where the inclusion of angular momentum and
higher-order curvature (D) corrections could reveal richer op-
tical behaviors. Also, test the influence of additional string-
inspired fields, such as dilaton or Kalb-Ramond (KR) mod-
els, on photon trajectories and wave scattering, thereby con-
necting the optical properties of WHs with string theory
frameworks. In this context, testing different types of pertur-
bations, including electromagnetic and gravitational modes,
could provide a broader illustration of how curvature (topo-
logical defect parameters) and disclinations affect wave prop-
agation. Also, one could test the influence of the effective RI
in GL models, especially its implications for distinguishing
WH geometries from BH spacetimes. In this context, possi-
ble applications in analogue gravity platforms, such as meta-
materials or optical lattices, may offer experimental realiza-
tions of the results, enabling the study of WH-inspired optics
in controlled laboratory environments. Additionally, extend-
ing the wave-optics analysis to include quasinormal mode
(QNM) calculations [17], electromagnetic perturbations, and
the extraction of scattering phase shifts from the effective
potential would provide a complete characterization of the
BSCWH spectral fingerprint. The connection to holographic
optics [90] and the recent developments in ray geodesics on
curved surfaces [79] also merit further investigation.

Notes: Evaluation of the integral

We start with the integral

∆φ =
∫ ∞

u0

du√(
1− b0u + Q2`4

4 u2
)
(1− β2u2)

.

Define the quadratic polynomials

P (u) = 1− b0u +
Q2`4

4
u2,

and
Q(u) = 1− β2u2.

The integral becomes

∆φ =
∫ ∞

u0

du√
P (u)Q(u)

.

u0 =
2

b0 +
√

b2
0 −Q2`4

,

The polynomialP (u) is quadratic inu. Its roots are

ξ1,2 =
b0 ±

√
b2
0 −Q2`4

1
2Q2`4

.

We rewrite

P (u) =
Q2`4

4
(u− ξ1)(u− ξ2).

To bring the integral into a standard elliptic form, perform
the substitution

u =
1
β

sin θ,

Computingdu,

du =
1
β

cos θdθ.

The integrand denominator becomes

√
P (u)Q(u) =

√
P

(
sin θ

β

) (
1− β2

sin2 θ

β2

)

=

√
P

(
sin θ

β

)
cos θ.

Thus the integral is

∫ 1
β cos θdθ

cos θ

√
P

(
sin θ

β

) =
1
β

∫
dθ√

P
(

sin θ
β

) .

Substitute,

P

(
sin θ

β

)
= 1− b0

β
sin θ +

Q2`4

4β2
sin2 θ.
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Denote

A = 1, B = −b0

β
, C =

Q2`4

4β2
.

So,

P

(
sin θ

β

)
= A + B sin θ + C sin2 θ

= C (sin θ − β ξ1) (sin θ − β ξ2).

Rewrite the integral as

I =
∫

dθ√
A + B sin θ + C sin2 θ

=
∫

dθ√
C (sin θ − β ξ1) (sin θ − β ξ2)

.

This integral can be transformed into standard elliptic in-
tegrals by completing the square or using substitution.

The integral becomes

∆φ =
1√

−β2 + Q2`4

4

[K(k)− F (φ0, k)] ,

whereK(k) = F (π/2, k) is the complete elliptic integral of
the first kind, andF (φ0, k) is the incomplete elliptic integral
of the first kind.
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21. G. Miranda, J. C. DeĺAguila, and T. Matos, Exact rotating mag-
netic traversable wormholes satisfying the energy conditions,
Phys. Rev. D99 (2019) 124045,https://doi.org/10.
1103/PhysRevD.99.124045

22. G. Clément and D. Gal’tsov, Rotating traversable worm-
holes in Einstein-Maxwell theory,Phys. Lett. B838 (2023)
137677, https://doi.org/10.1016/j.physletb.
2023.137677

23. G. Clément, D. Gal’tsov, and M. Guenouche, NUT wormholes,
Phys. Rev. D93 (2016) 024048,https://doi.org/10.
1103/PhysRevD.93.024048

24. R. Ibadov, et al., Scalarized nutty wormholes,Sym-
metry 13 (2021) 89, https://doi.org/10.3390/
sym13010089

25. T. Matos and D. Nunez, Rotating scalar field wormhole,Class.
Quant. Grav. 23 (2006) 4485, https://doi.org/10.
1088/0264-9381/23/13/012

26. A. Ashraf et al., Imprints of Quantum Gravity on Perias-
tron Precession and Trajectories around a Black Hole,Phys.
Dark Universe47 (2025) 101787,https://doi.org/10.
1016/j.dark.2024.101787

27. G. Mustafaet al., Orbital Motion and Epicyclic Oscillations
Around a Black Hole with Magnetic Charge,Phys. Dark Uni-
verse47 (2025) 101765,https://doi.org/10.1016/
j.dark.2024.101765

28. G. Mustafaet al., Epicyclic Oscillations Around Slowly Ro-
tating Charged Black Hole in Bumblebee Gravity,Phys.
Dark Universe47 (2025) 101753,https://doi.org/10.
1016/j.dark.2024.101753

29. A. Ashraf et al., Orbital Motion and QPOs Testing Around
Rotating Hairy Black Holes in Horndeski Gravity,Phys.
Dark Universe47 (2025) 101725,https://doi.org/10.
1016/j.dark.2024.101725

30. A. Ashrafet al., Plasma Lensing, Epicyclic Oscillations, Parti-
cle Collision, and Thermal Fluctuations Around a Short-Hairy
Black Hole,Phys. Dark Universe48 (2025) 101836,https:
//doi.org/10.1016/j.dark.2025.101836

31. A. Ashraf et al., Thermal Fluctuations, Particle Collision,
QPOs, and Emission Energy Around a Schwarzschild Black
Hole Immersed in Dehnen-Type Dark Matter Halo,Phys.
Dark Universe47 (2025) 101823,https://doi.org/10.
1016/j.dark.2025.101823

32. A. Ditta et al., Impact of Gravitational Collapse Exhibiting
Loop Quantum Black Holes on Thermodynamical Features and
Weak Gravitational Lensing,Phys. Dark Universe47 (2025)
101818,https://doi.org/10.1016/j.dark.2025.
101818

33. A. Ditta et al., Particle Motion, Shadows and Thermodynamics
of Regular Black Hole in Pure Gravity,Phys. Dark Universe47
(2025) 101573,https://doi.org/10.1016/j.dark.
2024.101573

34. A. Bouzenadaet al., Barrow Entropy Effects on Thermody-
namics and Quasi-Periodic Oscillations Around a Frolov Black
Hole, Nucl. Phys. B1017 (2025) 116928,https://doi.
org/10.1016/j.nuclphysb.2025.116928

35. A. Saleem et al., Epicyclic Oscillations, Particle Colli-
sions, Emission Energy and Thermal Fluctuation Around a
Black Hole with de-Sitter Core, Nucl. Phys. B1017 (2025)
116926,https://doi.org/10.1016/j.nuclphysb.
2025.116926

36. R. Gregory and R. Laflamme, Black strings and p-branes are
unstable,Phys. Rev. Lett.70 (1993) 2837,https://doi.
org/10.1103/PhysRevLett.70.2837

37. R. Gregory and R. Laflamme, The Instability of Charged Black
Strings and p-Branes,Nucl. Phys. B428 (1994) 399,https:
//doi.org/10.1016/0550-3213(94)90241-0

38. F. R. Tangherlini, Schwarzschild field in n dimensions and the
dimensionality of space problem,Nuovo Cim.27 (1963) 636,
https://doi.org/10.1007/BF02784569

39. B. Kol, The Phase Transition Between Caged Black Holes and
Black Strings,Phys. Rep.422 (2006) 119,https://doi.
org/10.1016/j.physrep.2005.09.003

40. T. Harmark and N. A. Obers, Phases of Kaluza-Klein Black
Holes, Class. Quantum Grav. 21 (2004) 1709,https://
doi.org/10.1088/0264-9381/21/7/013

41. P. Bostock and S. F. Ross, Smeared Branes and the Gubser-
Mitra Conjecture,Phys. Rev. D70 (2004) 064014,https:
//doi.org/10.1103/PhysRevD.70.064014

42. O. Aharony et al., Black Hole-Black String Phase Transi-
tions in Thermal 1 + 1-Dimensional Supersymmetric Yang-
Mills Theory on a Circle,Class. Quantum Grav. 21 (2004)
5169, https://doi.org/10.1088/0264-9381/21/
22/001

43. T. Harmark and N. A. Obers, New Phases of Near-Extremal
Branes on a Circle,JHEP2024(2004) 022,https://doi.
org/10.1088/1126-6708/2004/09/022

44. N. Arkani-Hamed, S. Dimopoulos, and G. Dvali, The Hier-
archy Problem and New Dimensions at a Millimeter,Phys.
Lett. B 429 (1998) 263,https://doi.org/10.1016/
S0370-2693(98)00466-3

45. I. Antoniadis et al., New Dimensions at a Millimeter to a
Fermi and Superstrings at a TeV,Phys. Lett. B436 (1998)
257, https://doi.org/10.1016/S0370-2693(98)
00860-0

46. L. Randall and R. Sundrum, A Large Mass Hierarchy from
a Small Extra Dimension,Phys. Rev. Lett. 83 (1999) 3370,
https://doi.org/10.1103/PhysRevLett.83.
3370

47. L. Randall and R. Sundrum, An Alternative to Compactifica-
tion, Phys. Rev. Lett. 83 (1999) 4690,https://doi.org/
10.1103/PhysRevLett.83.4690

Rev. Mex. Fis.72050802

https: //doi.org/10.1103/mnkg-8ccb�
https: //doi.org/10.1103/mnkg-8ccb�
https://doi.org/10.1103/ PhysRevD.111.084056�
https://doi.org/10.1103/ PhysRevD.111.084056�
https://doi.org/10.3390/axioms14110831�
https://doi.org/ 10.1103/PhysRevD.99.124045�
https://doi.org/ 10.1103/PhysRevD.99.124045�
https://doi.org/10.1016/j.physletb. 2023.137677�
https://doi.org/10.1016/j.physletb. 2023.137677�
https://doi.org/10. 1103/PhysRevD.93.024048�
https://doi.org/10. 1103/PhysRevD.93.024048�
https://doi.org/10.3390/ sym13010089�
https://doi.org/10.3390/ sym13010089�
https://doi.org/10. 1088/0264-9381/23/13/012�
https://doi.org/10. 1088/0264-9381/23/13/012�
https://doi.org/10. 1016/j.dark.2024.101787�
https://doi.org/10. 1016/j.dark.2024.101787�
https://doi.org/10.1016/ j.dark.2024.101765�
https://doi.org/10.1016/ j.dark.2024.101765�
https://doi.org/10. 1016/j.dark.2024.101753�
https://doi.org/10. 1016/j.dark.2024.101753�
https://doi.org/10. 1016/j.dark.2024.101725�
https://doi.org/10. 1016/j.dark.2024.101725�
https: //doi.org/10.1016/j.dark.2025.101836�
https: //doi.org/10.1016/j.dark.2025.101836�
https://doi.org/10. 1016/j.dark.2025.101823�
https://doi.org/10. 1016/j.dark.2025.101823�
https://doi.org/10.1016/j.dark.2025. 101818�
https://doi.org/10.1016/j.dark.2025. 101818�
https://doi.org/10.1016/j.dark. 2024.101573�
https://doi.org/10.1016/j.dark. 2024.101573�
https://doi. org/10.1016/j.nuclphysb.2025.116928�
https://doi. org/10.1016/j.nuclphysb.2025.116928�
https://doi.org/10.1016/j.nuclphysb. 2025.116926�
https://doi.org/10.1016/j.nuclphysb. 2025.116926�
https: //doi.org/10.1103/PhysRevLett.70.2837�
https: //doi.org/10.1103/PhysRevLett.70.2837�
https: //doi.org/10.1016/0550-3213(94)90241-0�
https: //doi.org/10.1016/0550-3213(94)90241-0�
https://doi.org/10.1007/BF02784569�
https: //doi.org/10.1016/j.physrep.2005.09.003�
https: //doi.org/10.1016/j.physrep.2005.09.003�
https: //doi.org/10.1088/0264-9381/21/7/013�
https: //doi.org/10.1088/0264-9381/21/7/013�
https: //doi.org/10.1103/PhysRevD.70.064014�
https: //doi.org/10.1103/PhysRevD.70.064014�
https://doi.org/10.1088/0264-9381/21/ 22/001�
https://doi.org/10.1088/0264-9381/21/ 22/001�
https://doi. org/10.1088/1126-6708/2004/09/022�
https://doi. org/10.1088/1126-6708/2004/09/022�
https://doi.org/10.1016/ S0370-2693(98)00466-3�
https://doi.org/10.1016/ S0370-2693(98)00466-3�
https://doi.org/10.1016/S0370-2693(98) 00860-0�
https://doi.org/10.1016/S0370-2693(98) 00860-0�
https://doi.org/10.1103/PhysRevLett. 83.3370�
https://doi.org/10.1103/PhysRevLett. 83.3370�
https://doi.org/ 10.1103/PhysRevLett.83.4690�
https://doi.org/ 10.1103/PhysRevLett.83.4690�


16 F. AHMED, A. BOUZENADA, AND İ. SAKALLI
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