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A charged black string wormhole with disclinations: Ray and wave optics
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This study investigates the optical behavior of photon rays and scalar waves in a three-dimensional static Black String Charged Wormhole
(BSCWH) spacetime featuring topological disclinations. By analyzing null geodesics and the scalar Helmholtz equation, we present a unified
treatment of light and wave propagation in curved spacetime with geometric defects. The disclination parameter accounts for angular deficits
due to topological defects, the wormhole parameter governs throat geometry, and the Neveu-Schwarz (NS) charge introduces a string-inspire
field contribution. These factors jointly influence light bending, photon orbits, and scalar wave modes. Scalar wave propagation reduces to a
Schibdinger-like equation with an effective potential, from which we derive a spatially and frequency-dependent effective refractive index.
We obtain a closed-form weak-field deflection angle in terms of the geometric parameters and the disclination, and demonstrate that the trivial
redshift function inherent to the BSCWH geometry precludes the formation of a photon sphere, yielding instead a critical impact parameter
set by the throat radius. In the wave-optics sector, we show that the effective potential diverges at the throat, enforcing total reflection of
scalar waves and producing frequency-dependent phase shifts characteristic of a dispersive analogue-gravity medium. Our findings revese
how curvature, charge, and topological features modify optical signatures, with implications for gravitational lensing, analogue gravity
experiments, and optical media design. This work highlights the role of string-inspired effects and spacetime defects in shaping wave
dynamics near wormholes.
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1. Introduction [10-12]. Additionally, WHs have been examined as potential
time machines, where a time shift between the mouths allows
for temporal travel [13]. Traversable WHs have also been

Wormholes (WHS) are theoretical solutions to the EinSIeinstudied in cosmological settings, including de Sitter and anti
Field Equations (EFE), representing bridges that may con="""_. . ’ . §
q ( ), rep 9 9 y de Sitter space-times [15, 16]. Beyond these static charged

nect distant regions of the same universe or entirely differ- p i ¢ K h | d th tal f
ent universes. Characterized by a finite-radius throat, thesg>1gurations, recent work has eniarge € cawlogue o
act rotating wormholes. Within Einstein-Maxwell-dilaton

structures are sustained by matter-energy configurations th X . .
y 9y g MD) theory, traversable solutions carrying electric, mag-

may uphold or violate classical energy conditions. The con*—"" >
yup 9y etic, and NS-type charges have been built and shown to

cept originated with early developments in General Relativit;/]keep their ring singularity causally hidden behind the throat

GR tably the Einstein-R brid d by Ein- . )
(GRY), notably the Einstein-Rosen bridge proposed by Ein property named wormhole cosmic censorship [18-21]. Ro-

stein and Rosen as a connection between two asymptotical&t. ) ble WHSs in Einstein-M Il th togeth
flat space-times [1, 2]. Subsequent models include the Ellis- Ing traversable s In Einstein-Maxwell theory, together

Bronnikov solution [3,4], as well as Reissner-Nordstrand with their NUT-charged generalizations, have further clari-

Kerr-type WHSs, which were later explored in Euclidean con-fieOI the role of Misner s_trings and_ the sepgration of angu-
texts [5, 6]. A major advancement came with the Morris-la.r momentum from gravitomagnetic charge in these geome-
Thorne wormhole (MTW), a static, spherically symmetric so-1res [22-25]

lution that requires exotic matter violating the null and weak  Black strings (BS) are extended gravitational objects that
energy conditions at the throat [7]. To address this, variousirise by augmenting higher-dimensional BH solutions [26-
studies have proposed WH solutions that avoid exotic matte85] with additional flat spatial directions. This construc-
within both standard GR and modified gravity frameworkstion leads to horizon topologies of the forff—2 x R. A
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seminal investigation into the stability of these configura-served near compact astrophysical objects [56]. However, di-
tions was conducted by Gregory and Laflamme [36,37], whaect experimental verification remains difficult due to grav-
demonstrated that neutral BS in dimensions greater than fouty’s inherently weak coupling, requiring astronomical dis-
are susceptible to a long-wavelength instability. This phetances for measurable deviations. To address this limita-
nomenon, now known as the Gregory-Laflamme (GL) instation, analogue gravity systems have been developed to repli-
bility, occurs when perturbation modes along the string direccate relativistic geometries in controlled laboratory environ-
tion grow exponentially over time, provided their wavelengthments [57,58]. These analogues span diverse platforms, in-
exceeds a critical threshold. The standard neutral BS metluding the observation of Hawking-like radiation in Bose-
ric is obtained by extending the Schwarzschild-TangherliniEinstein condensates [59], simulations of relativistic orbits
BH solution [38] along an additional spatial dimension thatusing refractive-index-engineered optical materials [60], and
is translationally invariant. These uniform BS solutions pos-photonic setups that mimic GL [61]. Another complemen-
sess event horizons that are either infinite or compactifietary approach involves reducing the spatial dimensionality
periodically, maintaining translational symmetry along theof curved space-times (frorf? to 3D), thereby facilitating
extended direction. However, the onset of GL instability experimental access to curvature-induced wave phenomena
breaks this symmetry and may lead to a transition toward62]. This geometrically inspired modeling approach was
non-uniform BS [39,40] or localized BH phases. In the con-significantly advanced by Batzt al. [63], whose founda-
text of string theory and supergravity, analogous instabili-tional work established a nonlinear Sétinger-type frame-
ties have been observed in systems such as near-extrenvebrk for describing light propagation on surfaces of constant
or smeared>-branes wrapped on transverse circles [41-43].Gaussian curvature. Their theory deepens the connection
These scenarios are often connected to neutral Kaluza-Kleinetween geometry and wave dynamics and has inspired re-
BH phases via dualities and Lorentz boosts. An importansearch across classical optics, plasmonics [64], and quantum
theoretical development in this area is the Gubser-Mitra conwave transport [65]. In particular, their model elucidates how
jecture, which postulates a correspondence between thermoudrvature directly governs wave evolution in structured op-
dynamic and classical (dynamical) instabilities in extendedical environments [66,67]. In parallel, the geometrical op-
gravitational configurations. This conjecture has been extics of topological defects such as disclinations has been ex-
tensively studied in the context of smeared branes, supporplored in condensed-matter analogues [68], while surface-
ing the interpretation of GL-type instabilities as manifesta-plasmon models of BH and WH optics [69] and metama-
tions of underlying thermodynamic instability [41]. Further- terial platforms for ray optics [70] have demonstrated that
more, phase transitions between BS and BH have been egurved-space optical phenomena can be faithfully reproduced
plored within strongly coupled thermal field theories, par-in laboratory settings. Classical optics for charged BH space-
ticularly through holographic duality and compactified su-times has also been developed in a rigorous mathematical
persymmetric Yang-Mills models [42]. These phenomendramework [71], and wave-optics effects in GL of gravita-
carry significant implications for braneworld scenarios. Intional waves have been probed as signatures of dark-matter
models with large extra dimensions [44,45], or in warpedsubstructure [72]. Recent developments in the fields of
geometries such as those proposed in the Randall-Sundrupmotonics and quantum physics have led to significant ad-
framework [46,47], BS solutions are expected to form andvances in understanding wave propagation and particle in-
exhibit GL-like instabilities, mirroring the behavior observed teractions in complex media. Dos S. Azeveelal. [73]
in higher-dimensional gravitational systems. Thin-shell WHshave demonstrated novel nonlinear optical phenomena in en-
constructed from charged BS spacetimes [48], as well as engineered materials, highlighting new avenues for controlling
beddings of WHs and dyonic BS in warped braneworlds [49])ight at the nanoscale. Complementing this, &ual. [74]
have further enriched the landscape of extended gravitationalnalyzed light manipulation techniques within advanced pho-
objects. Charged BS and black branes have also been stutnic structures, emphasizing applications in optical commu-
ied in higher-curvature Lovelock theories [50], while wave nication and sensing. Meanwhile, Sheioal. [75] provided
equations governing perturbations of rotating charged Baluable insights into wave dynamics in disordered systems,
have been analyzed in Ref. [51]. In the string-theoretic conrevealing mechanisms behind localization and enhanced scat-
text, massless BH and charged WH solutions have been cotering effects. On a theoretical and fundamental physics
structed [52], providing a natural arena for exploring the in-level, Doganet al. have made substantial contributions
terplay between gauge fields and topology. through a series of works [76-78] focusing on quantum field
The study of ray and wave optics in curved manifoldstheoretic approaches to particle behavior in curved spacetime
provides a powerful framework for understanding how spaceand nontrivial geometries, including ray geodesics and wave
time geometry influences electromagnetic radiation. WithinPropagation on WH-like surfaces [79]. Their research sheds
the context of GR, mass and energy curve spacetime, therefjght on how topological and geometric effects influence par-
affecting light propagation through phenomena such as graicle spectra and interaction cross-sections, thereby opening
itational lensing (GL) [53], wave interference patterns [54], néw possibilities for exploring physics beyond the Standard
and modifications in scattering amplitudes [55]. These efModel. Moreover, Ahmect al. [80,81] have advanced the
fects are particularly evident in features like photon rings obunderstanding of symmetry-breaking mechanisms and their
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implications for particle mass generation and vacuum stabiltr b'(r) — b(r)|,_, < 0, while a throat of WH is defined as
ity. Their investigations provide crucial theoretical founda-b(r = r¢) = ro.
tions that may guide future experimental searches for new In Ref. [83], the authors considered a logarithmic dilaton
physics phenomena. Collectively, these interdisciplinary efprofile,¢ = —In(r/¢), as the dual of a constant dilaton with a
forts demonstrate the rich interplay between optical physicsrivial redshift function®(r) = 0, and used this to generate a
and high-energy theory, driving forward the frontier of mod- static, circularly symmetric 3D charged BSCWH. By adding
ern physics. suitable matter sources-including the dilaton scalar, they ar-
In this paper, we investigate a three-dimensional stati¢ived at a line element of the form with disclinations given
traversable black string charged wormhole (BSCWH) spaceby )
t!me embedded W_lth (_j|scl|_nat|0ns. We explpre both ray op- ds? = —di? + dr” +a?r?de?, @)
tics and wave optics in this curved space-time background. f(r)
For ray optics, we analyze null geodesic (NG) motion to de+where the metric functiorf(r) is given by
termine the behavior of photon trajectories. For wave op- 2
tics, we examine the scalar Helmholtz equation and, by em- f(r)y=1—=0b(r)/r, b(r) = by — Q . ()
ploying a suitable ansatz for the scalar field, recast it into a dr
Schiddinger-like form. This transformation allows us to iden- For completeness, we recall the theory that produces the line
tify an effective potential that governs the wave dynamicselement[2). It descends from the three-dimensional low-
From this potential, we derive an effective refractive indexenergy effective action of string theory [83], which in the
(RI) that depends on both spatial coordinate and wave frestring frame reads
guency. We demonstrate how geometric parameters, such as

the throat radius, the NS charge, the curvature scale, and the S = 1 /d3x —ge 29 |R+4(Vp)?
disclination affect the photon paths and the RI profile in the 2

WH geometry. In addition, we derive a closed-form weak-

field approximation for the deflection angle, identify the crit- + 4 1 H. e 4)
ical impact parameter governing photon capture, and present 2127 ’

numerical tables that quan_tlfy the dependence of key Optlcavlvith & the dilaton (distinct from the redshift functiab), ¢
observables on the spacetime parameters.

. . ) . the curvature (string) length, arid,,,, = 9|, B,, the NS
The structure of this paper is as follows: In Sec. 2, we "N ihree-form field strength. In three dimensions the antisym-

troduce a three-dimensional, static, and circularly Symmetrig, oy i ree-form must be proportional to the Levi-Civita ten-
charged BSCWH with disclinations. In Sec. 3, we analyze or H — Q=ge so the whole NS sector enters
’ pnrp — Hrps

NG motion and derive the corresponding photon trajectorie . : L
including the critical impact parameter and the weak-field des-fhrgu_grllrf(hre/;)“;gflggpar[;%] E?Jl:??otgectl)%gsﬂgt]Z]iléltcjc;Laf/ei?h

. . . ©
f!ect|on anglie. .Sect|'on 4 is devoted to the study of wave Pirivial redshift®(r) = 0, the field equations return the shape
tical properties in this curved space-time background, Wher?unction already quoted in EBY
we obtain an effective RI. Finally, in Sec. 5, we summarize -

- . It helps to read the matter content straight off the ge-
our findings and present conf:ludmg remarks. ThroughouE)metry. In the Einstein frame the line elemeR} 6olves
this work, we adopt natural units whete= 1 = 87 G = h. G = TS in the unitss 7 G = 1 used here. A short calcu-

lation leaves a single non-vanishing mixed component,

2. Three-dimensional BSCWH with disclina-

tions G'y = £ G =G% =0, (5)

27’
) ) . ) ) ) so the effective source is an energy density with no radial or
In this section, we introduce the three-dimensional static a”@angential pressure,
circularly symmetric BSCWH with disclinations. In the sub-

. . . . . 2 p4
sequent sections, we investigate its ray and wave optical  _ ') _ _ bo Q¢ Pr=ps=0. (6)
properties and analyze how the geometric parameters influ- 2r 273 4rd
ence these characteristics. Because is a simple (non-extremal) throgt(r) = 0 with

In Ref. [82], the author proposed 3D traversable WH met-f'(ry) > 0, and hence(ry) < 0. The energy density turns

ric analogue to the MTW 4D case [7,11]. The line element isnegative near the throat. This is the expected signature of

described by the circular symmetry in the chart(¢) as, the null energy condition violation that keeps the wormhole
open, with the dilaton and NS matter of the actidh gup-

2 dg?, 1) plying the exotic source. Herey denotes the disclination
parameter [84-86], which characterizes the angular deficit
caused by topological defects in the space-time. The param-

where®(r) is a redshift function and(r) is a shape func- eter/ represents the curvature radius, serving as a fundamen-

tion of a traversable WH. The flare-out condition is given bytal length scale in the geometry. The quant@lycorresponds

2 20(r) 342 r
ds* = —e dt® + e

T
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4 F. AHMED, A. BOUZENADA, AND I. SAKALLI

to the NS (Neveu-Schwarz) charge, associated with the anti- The flare-out condition at the throat requité&) < 1.
symmetric tensor field arising in the NS sector of string the-From Eq. 8), we computé’ (r) = Q% ¢*/(4r?), which gives
ory. Finally, b is an integration constant, often related to the 02 ¢t

WH throat or initial geometric conditions. It is worth noting 5 -

that the metric functiorf(r) = (1 — [bo/r] + [Q% ¢*/4 7)) 47
satisfiesf(r) — 1 asr — oo, indicating that the space-time Sincer, > bo/2 > Q2/2, we havedr? > Q2 /%, en-
becomes asymptotically conical. This behavior, rather tharguring V' (ro) < 1, with equality only in the extremal limit

V(ro) =

(11)

asymptotic flatness, arises due to the presence of discling

tions encoded by the parameter
The metric tensoy,,,, and its inversg/*” for the space-
time (2) are given by
).

1
a?r? )’

The throat radius of the WH is obtained by the following
condition:

uv = dlag (_]—7 (7)

b
f(r)

g = diag(—l, £r),

(8)

Q (2. Thus, the flare-out condition is satisfied for all
non-extremal parameter choices.

As seen from the table, the throat radits decreases
monotonically with increasing NS charggfor fixed by, and
collapses to the extremal valug = by /2 whenby = Q (2.

3. Ray optics in BSCWH with disclinations

In this section, we analyze NG motion to determine the be-
havior of photon trajectories in a 3D BSCWH space-time,
described by the line elemeifl)( We show geometrical pa-
rameters including disclination alter these trajectories.

The NG motion can be studied using a well-known

Fr=r0) =0. ©) method called the Lagrangian formalism, where the La-
Using the relation3), we find the throat radius as, grangian density function is given by = (1/2) g,.,, @* &",
with the dot denoting differentiation with respect to an affine
_ [ro A2 > parameter and,,, is the metric tensor for curved geometry.
ro = bo/2 41/l — Q@ 4/2 = bo/2, (10) For the metric given in Eq2), the Lagrangian density

provided the constraint on the parameters satisfied Q /2.
The range of the NS charge@ < (0, by /(?].

TABLE |. Throat radiusrg for various values oby and Q with
¢ = 1. The constrainby > Q ¢?> must be satisfied.

function is given by

=[5

1 (dr\? do\”

+ (r) +a?r? (d)) . (12)
bo Q T0 f(?") dr dr
1.0 0.2 0.989898 From the above function, one can see that there exist two
1.0 0.4 0.958258 Killing vector fields, namely¢ ;) = J; associated with tem-
1.0 0.6 0.900000 poral coordinate ang;) = 94 associated with the orbital
1.0 0.8 0.800000 coordinate. The conserved quantities are the enErgynd
1.0 1.0 0.500000 the angular momer?turh, fixed byE = —g,, gg‘t) ¥ and
15 0.2 1.493303 L = gu () 7. Sincegy = —1andgys = a’r?, we
15 0.4 1.472842 find [87]; dt do

E=— , L=dao?r?-". (13)
15 0.6 1.437386 P P
15 0.8 1.384429 The factora? follows directly fromgg, = a?r?, sinceL is
15 1.0 1.309017 the conserved charge 6f;) = 0y, that isL = g4 ¢. With
2.0 0.2 1.994987 these, the non-radial NG paths focoordinate from Eq.12)
2.0 0.4 1.979796 simplify to:
2.0 0.6 1.953939 1 dr 2 ) 1.2
2.0 0.8 1.916515 — =E° — 53 (14)
flr) \dr a?r

2.0 1.0 1.866025 _ N .
55 0.2 > 495994 The equation of orbit is therefore defined by
2.5 0.4 2.483896 1 dr\? 1 1

35 7 =a? f(r) 22 2 ) (15)
2.5 0.6 2.463466 2 do ? oy
2.5 0.8 2.434272 . . .

where = L/(« E) is the impact parameter for photon parti-

25 1.0 2.395644

cles, so that the corrected definitions leave &8) &nd every
expression derived from it unchanged.

Rev. Mex. Fis72 050802



A CHARGED BLACK STRING WORMHOLE WITH DISCLINATIONS: RAY AND WAVE OPTICS 5

3.1. Absence of photon sphere and critical impact pa-

rameter TABLE II. Critical impact paramete. = 7o and the flare-out

o , derivatived’ (ro) = Q¢*/(4r3) for various parameter values with
A distinctive feature of the BSCWH geometi®) (s the triv-  , _ | (ro) = Q°£/(4r%) P

ial redshift function®(r) = 0, which impliesg;; = —1.
In standard BH spacetimes, the photon sphere (unstable cir- b Q Be =10 b (ro)
cular photon orbit) arises from the competition between the 1 g 0.2 0.989898 0.010205
grawtatlonal re'dshlft (enpoded g@t).and the centrlfugal bar- 10 04 0.958258 0.043559
rier. The effective potential governing photon orbits takes the
general formV5iP(r) = —gu,(r)/r?, whose local maximum 1.0 0.6 0.900000 0111111
defines the photon sphere radiys. 1.0 0.8 0.800000 0.250000
In the present BSCWH geometry, however, the NG con- 1.0 1.0 0.500000 1.000000
dition (14) can be recast as 15 0.4 1.472842 0.018437
_ L2 15 0.6 1.437386 0.043562
M= fr) (B = = (16)
asr 1.5 0.8 1.384429 0.083478
Defining the orbital effective potential(r) = 1/r2, the turn- 15 1.0 1.309017 0.145898
ing point condition® = 0 (with f(r) > 0) yields 2.0 0.4 1.979796 0.010205
1 1 2.0 0.6 1.953939 0.023573
B2 = =0 (47 2.0 0.8 1.916515 0.043559
2.0 1.0 1.866025 0.071798

SinceV(r) = 1/r? is a monotonically decreasing function
with no local maximum for finite, the BSCWH geometry
admitsno photon sphete This is a direct consequence of  Differentiating both sides of Eq18) w. r. t. ¢ and after
g1+ = —1; in the absence of gravitational redshift, there is nosimplification results

competing radial force to create an unstable circular orbit.

Consequently, the photon dynamics are governed solely d’u g (1 s 54) _ a’by
by the impact parametgt relative to the throat radiug: dg? 42 2p2
e If 3 > ro: the photon reaches the turning point at 3a%by 5 a?2Q%0t 91
rep = B > 1o, scatters, and returns to infinity. The + 2 v 2 w (21)
deflection angle is finite and depends on the spacetime
parameters. In the limit @ = 0 corresponding to the absence of NS
.. charge, the above equation reduces as
e If 8 = ry: the photon grazes the WH throat, defining
thecritical impact parameter &u ) a®by 3 , b2 -
bo ﬁ,g_ngx d¢2+au+262—2a o u. (22)
ﬁc:T0:E+4 9 . (18)

) o Figures 1-2 and 3—-4 present the parametric plots of pho-
o If 5 < ro: the tuming point lies aty, = 5 < o, {on trajectories:() = 1/u(,) based on Eq1) for various
which falls inside the throat region wheyr) < 0. 465 of the disclination parameterand the NS charg®.
The photon reaches the throat and traverses the WH ;g e 5 compares the photon trajectories with and without
the other asymptotic region. the influence ofx and Q, highlighting the impact of these
The critical impact parametet, thus plays the role anal- parameters on the photon’s path. We set the initial boundary
ogous to the shadow radius in BH spacetimes, delineatingonditionu(0) = 0.001 andw’(0) = 0.01.
scattered from captured (traversing) photon trajectories. Ta- Moreover, for radial NG, where the angular momentum
ble 1l presents values g@f. for representative parameter com- vanishesL. = 0, the geodesic paths férandr coordinates

binations. from Eqgs. [L3)-(14) reduces as,
Transforming to a new variable via= 1/ in the above

Eq. (15) yI8|dSZ ﬂ —E, ﬁ _ iEm. (23)

du\? o2 L . dr dr

— ) == - . 19

<d¢> 32 Flu) = a%u” f(u) (19) From the above equation, we find the radial motion of photon
where f (u) explicitly can be written as particles in temporal coordinate as,
2 p4
flw)=1—=bogu+ Q¢ u?. (20) %:i, fir). (24)

Rev. Mex. Fis72 050802



6 F. AHMED, A. BOUZENADA, AND i. SAKALLI

0
(i)a=0.1 (i) a = 0.2 (i) @ = 0.3

FIGURE 1. Parametric plot of the Photon trajectory for different values of the disclination parametérile keepings = 1.5, 9 =1 =
£ = bo. The horizontal and vertical axes are the Cartesian coordidétes r cos ¢ andY = rsin ¢ (in units of by) built from the orbit
r(¢) = 1/u(¢) of Eq. 21); the central black disk marks the throatrat ro.

0 | 0
(iv) a = 0.4 (e = 08 (vi)a = 0.6

FIGURE 2. Parametric plot of the Photon trajectory for different values of the disclination parameishile keepingd = 1.5, Q =1 =
£ = by. The horizontal and vertical axes are the Cartesian coordidétes r cos ¢ andY = rsin ¢ (in units of by) built from the orbit
r(¢) = 1/u(¢) of Eq. 21); the central black disk marks the throatrat ro.

0
(i)@=10.2 (i) @=104 (iii)) @ = 0.6

FIGURE 3. Parametric plot of the Photon trajectory for different values of NS ch@gshile keepingd = 1.5, a = 0.5, £ = 1 = bo. The
axes are the Cartesian coordina®és= r cos ¢ andY = rsin ¢ (in units ofb) obtained from the orbit(¢) = 1/u(¢); the central black
disk marks the throat at = rg.

Rev. Mex. Fis72 050802



A CHARGED BLACK STRING WORMHOLE WITH DISCLINATIONS: RAY AND WAVE OPTICS 7

(iv) @ =08 v)y9=1.0

FIGURE 4. Parametric plot of the Photon trajectory for different values of NS ch@gshile keepingd = 1.5, « = 0.5, £ = 1 = bo. The
axes are the Cartesian coordinalés= r cos ¢ andY = rsin ¢ (in units ofbo) obtained from the orbit(¢) = 1/u(¢); the central black
disk marks the throat at= ry.

(i) a = 0.9, 9 =0

0
(1) @—1, 8—=09 (V) @x=0.9, @=0.9

FIGURE 5. Parametric plot of the Photon trajectorye) = 1/u(¢) for different values of NS charg® without and with disclination
parametery, while keeping3 = 1.5, £ = 1 = by. The axes are the Cartesian coordinates- r cos ¢ andY = r sin ¢ (in units ofby); the
central black disk marks the throatrat= rq.

Rev. Mex. Fis72 050802
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1.2

1.0

0.8

tr)

0.6

0.4

0.2

1 2 3 5

r
FIGURE 6. Variation of the temporal coordinatér) as a function
of r for the radial NG motion. Here, we sét= 1,0 = 1,by =
1,C = 0. The horizontal axis is the radial coordinateand the
vertical axis is the coordinate tintér), both in units ofbo.

4

Therefore, the temporal coordinaie) as

t(r) = + / dr_ _ 4 dr . (25
VI T 1oy g
Simplification of the above integral results
1 2 p4
t(r) :2\/T2_b07“+ R
bo bo \/ ) Q24
—5111 T*5+ 2 —bor+ 1 +C, (26)

whereC is an integrating constant.

Figure 6 illustrates the evolution of the temporal coordi-
natet(r) along a radial photon trajectory, plotted as a func-
tion of the axial coordinate. This behavior is obtained by

DA, AND I. SAKALLI

Recall thatuy = 1/rg, wherer is defined in Eq.[10).
Noting that for the special cagg = Q¢?, we haver, =
bo/2, which impliesug = 2/by. Under this condition, the
lower limit of the integral in Eq.29) coincides with the point
where the integrand becomes singular. As a result, the inte-
gral diverges at the lower limit. We therefore conclude that
the deflection angle can be determined only wheg Q (2.

The integral 29) after a few mathematical steps, we find
(see notes at the end)

1
Ag = N [F(7/2, k) — F(¢o, k)]
VO S
1
Y T [K (k) = F(do, k)], (30)
VO S
where we have defined the following:
I e ] e R 1%
A EE)
. (=72 + E5) (o — &)
¢o = arcsin (\/(_ﬁ2 CCE LY (-6))
Ug = 2
T b+ /RO
bo + /b2 — Q2 {1
51,2 = 1 N2 g4 )
I¥eRi
2
5= \/<—52 _ 9164) + 03 91, (31)

integrating the geodesic equation for radial null trajectories

(L = 0). In this plot, the curvature radius is set#o= 1,
the NS charg& = 1, the throat radiug, = 1, and the in-
tegration constant’ = 0. The curve exhibits a monotonic
increase int(r), with the steepness of the curve reflecting
how the space-time geometry causes a delay in coordina
time as the photon approaches the WH throat. Notably, th

Here, K (k) and F(¢g, k) denote the complete and incom-

plete elliptic integrals of the first kind, respectively [88,89].
We observe from the above analysis that the deflection

angle of photon particles is influenced by geometrical param-

wters(by, Q, ¢) and the disclinations parameter

e

presence of the charge parameter and the WH geometry bog)y. \weak-field deflection angle

influence the shape of this function through the metric com
ponentf(r), thereby affecting the effective gravitational time
delay experienced by radially in-falling photons.

In the weak-field regime, corresponding to a large impact pa-
rameters > by, we can derive a closed-form approximation

To obtain an expression of the deflection angle of photorfor the deflection angle by expanding the orbit equation per-

particles, we can write Eq18) with the help of Eq.20) as,
du « 204

2/
d(b:ﬁ\/<1_b0u+

The deflection angle is given by

(5¢>:§A¢—7r,

u2> (1—-p2u2). (27)

(28)

where
du

ZE ) (1 02)

(29)

Aqs:/m \/(1—bou+

turbatively. The total angular sweep of a photon traveling
from infinity to the turning point, = 5 and back is

9 /8

du
¢total = -
«

VI (/5% —u?)

Expandingl/+/ f (u) for smallu (i.e., larger),

3y

(32)

0

b
zlJr?Ou

s @
8 8

0 ) u? + O(u?), (33)
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A CHARGED BLACK STRING WORMHOLE WITH DISCLINATIONS: RAY AND WAVE OPTICS 9

TABLE Ill. Weak-field deflection anglé¢weax (in radians) for
bo = 1,4 = 1, and selected values of Q, andg.

a Q &) dPweak

0.7 0.0 5.0 1.665771
0.7 0.5 5.0 1.662966
0.7 1.0 5.0 1.654551
0.8 0.0 5.0 1.064851
0.8 0.5 5.0 1.062396
0.8 1.0 5.0 1.055033
0.9 0.0 5.0 0.597468
0.9 0.5 5.0 0.595286
0.9 1.0 5.0 0.588741
1.0 0.0 5.0 0.223562
1.0 0.5 5.0 0.221598
1.0 1.0 5.0 0.215708
1.0 0.0 10.0 0.105890
1.0 0.5 10.0 0.105400
1.0 1.0 10.0 0.103927
1.0 0.0 20.0 0.051473
1.0 0.5 20.0 0.051350
1.0 1.0 20.0 0.050982

and employing the standard integrals
/8 du
0 132 — u2 o
/8 u du 1
o 1/B2—u2 f
1/8 2
u” du _ L?, (34)
o V1/B2—u? 4P
we obtain

™, b

T (302 — Q%4
pa= T o OBt

a7 +0(B7%). (35)

The weak-field deflection angle is therefore

m(l—a) b

7 (36 — Q% ¢%)
16 o 32

6¢weak =

+0(573). (36)

Schwarzschild resultA//b in four dimensions. It is
enhanced by the factdr/« due to the conical geome-

try.

3. The third term introducegost-leading correctionsin-
volving both the WH parametéx, and the NS charge
Q. Notably, the NS charge reduces the deflection an-
gle, counteracting the gravitational bending.

In Table 1ll, we present the weak-field deflection angle
ddweax fOr representative parameter values, demonstrating
the interplay between disclination, gravitational, and charge
contributions.

As evident from the table, the disclination parameter
dominates the deflection for moderate impact parameters,
while the NS charge provides a secondary correction that sys-
tematically reducego.

4. Wave optics in BSCWH with disclinations

In this section, we examine the dynamics of wave propaga-
tion within the effective geometry of a WH, focusing specif-
ically on the corresponding electromagnetic wave modes. In
free space, Maxwell's equations govern the behavior of elec-
tromagnetic fields. For a monochromatic wave with time de-
pendence of the form=**!, Maxwell's equations reduce to
the Helmholtz equationv/2v + k21 = 0, wherek = w/cis

the wave number. This equation describes the spatial distri-
bution of electromagnetic waves under time-harmonic condi-
tions in a source-free region. The solutions to the Helmholtz
equation correspond to the permitted electromagnetic modes
in the frequency domain.

In the context of curved spacetime or effective geometries
such as that of a WH as described by the line elem2nt (
the Helmholtz wave equation can be expressed as [63,67,73-
78,80,81]:

(ALg + k)W =0, (37)

where A g represents the Laplace-Beltrami (LB) operator.
The termk, corresponds to the propagation constant associ-
ated with the wave frequendy, = w/c = w, while A
shows the effects of curvature on wave propagation. Specifi-

cally, for a generic metrids® = —dt? + g;; d=* dz7, the LB
operator takes the following form:
1 g
ALB\II:% 0; (Vg g o;u), (38)

whereg = det(g;;) is the determinant of the spatial metric

This expression admits a transparent physical interpretationt€NS0rgi;, and the indices, j correspond to the coordinates

1. The first termn(1 — «)/« represents théopologi-

in the geometry, which in this case arand¢. For the metric
(2), the determinant of the spatial metric tenggyr is given

cal deflectiondue to the disclination-induced angular by

deficit. Fora < 1, this yields a positive deflection, fo-
cusing light toward the defect core, in complete anal-

ogy with cosmic string lensing [84].

2. The second terrty /(a 3) is theleading gravitational

deflection the (2 + 1)-dimensional analogue of the

a2 7‘2
g = def(g;;) = W (39)
In our case, we find
f 0 0 1 92
BV = r(r) I (7” f(r) 6‘7’) + o212 9g2’ (40)
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10 F. AHMED, A. BOUZENADA, AND |. SAKALLI

To proceed, we now express the Helmholtz equation in a
form suitable for the specific geometry of the WH. According
to the space-time2)}, let us consider the wave function

U = exp(im¢)p(r), (41) o8

wherem is the magnetic quantum number aidr) is the 04
radial function.

Substituting Eqg. 140) into Eq. B87) and using the wave -
function ansatz41), we arrive at the following equation:

uU(r)

0.0
f(r) ﬁ r/f(r) aﬂ 2 4 6 8 10
r  Or or r
) m2 FIGURE 7. Graphical representation of the effective potential
+ (w W) Y(r)=0 (42)  Uex(r) as a function of- for different values of the disclination

parameter.. Here,wesef =1,Q =1,bp = 1,m = 1.

Now, let _l:ﬁ_tl’){ r':o deterrglrl;e tEe eﬁe((:jth_(Ia_ pgtem!a' acting  Thg effective potentia46) plays a central role in under-
on waves within the curved background. 10 do this, we re_'standing how wave propagation is influenced by the geom-
move the first-order derivative term appeared in the above dif:

f ial X For th ; he followi etry of the WH. It depends on the radial coordinatethe
fg:;n;&r?quatlon. or that, we perform the following trans'magnetic guantum numbet, and several geometric param-

x(r) eters, including the throat siZg, the chargeQ, the curva-
Y(r) = A2 () (43)  ture scale/, and the disclination parametar Notably, the

WH spacetime induces a repulsive effective potential which
acts as a barrier to incoming waves. The strength of this re-
pulsive interaction decreases gradually as the radial distance

Substituting this transformatio®8) into the Eq. 142) and
after simplification results in the Sdhdinger-like equation:

X' (F) + (w2 = U @) x(r) = 0, (44) r.increas.es. As. expected from thg geometry, the potential
diverges in the limitr — rg, reflecting the strongly repul-
where sive nature near the WH throat fet = 0 or m # 0, and
. , 9 asymptotically vanishes as— oo, indicating that spacetime
Ulr) = 1) 3 (f (T)> becomes effectively locally flat at large distances.
4f(r) 16 \ f(r) Figure 7 illustrated the radial variation of the effective
£(r) m?/a? —1/4 potentialU (r) for different values of the disclination param-
+ I /() 2 . (45)  etera = {0.7,0.8,0.9,1.0}. In this plot, the curvature ra-

dius is set to = 1, the NS charg&® = 1, the throat radius
Substituting functiory () and after simplification results b, = 1, and the angular quantum number= 1. As a de-
the following expression for the effective potential governingcreases from unity (implying a stronger angular deficit), the

the wave optics as, effective potential increases, which physically corresponds
to stronger scattering or trapping behavior for scalar waves.
A(r) ) . o ) .
U(r)= D’ This provides us precise information about topological de-
(r) fects in modulating wave dynamics in the WH space-time.
A(r) = 2m? (4T2+Q2g4)2 + (—8r1—8Q%r2 0  + Q7)o Let us now derive the expression for the Rlr,w). In
a spatially varying medium, the Helmholtz equation can be
+ 26517 (16m” + o®) — 2b0r{8m2 (4% + Q*¢*) written asV2p + kZ(r)p = 0, where ke (r) is the ef-
fective wave number that accounts for the influence of the
=+ (—87~2 + Q2g4) Oﬁ}’ medium on wave propagation. The R(r) relates to this
effective wave number b¥er(r) = (w/c)n(r). Substitut-
D(r) = 2r? (—4b0r L 4r? 4 Q244)2 2. (46)  ing this relation into the Helmholtz equation yiel§&p +

(w/c)*n2(r)e = 0, which represents the general form of
For the zero magnetic quantum number,= 0, the ef-  the wave equation in a medium with a spatially varying RI.
fective potential reduces as, Recognizing that the teri? — U (r) modifies the system’s
wave number, and comparing it with the wave equation in the

U(r) = g((g, RI medium, we identifytZ(r) = k% — Uesr(r). Using the re-
lation k = w/c = w, we obtainn?(r) = 1 — [Uex(r)/w?].
B(r) = (—8r4 —80%r?p* + Q4£8) o Therefore, the behavior of the effective potentigk(r) di-
rectly influences the spatial profile of the RI, which is given
+20r?a® = 2bora® (=8r% + Q%) (A7) py Y patialP J
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1.00 1.00

0.95
0.99

0.90

n(r)

0.85]

0.80 0.97|

0.75]

0 2 4 6 8 10 0 2 4 6 8 10
Hw=1 r (i) a=0.9 r

FIGURE 8. Graphical representation of the effective refractive indéx) as a function of- for different values of the disclination parameter

« (left panel) and frequency (right panel). Here, we sét= 1,0 = 1,bp = 1,m = 1.

4.1. Total reflection and scattering interpretation

A(r) The divergence of the effective potentldl(r) asr — rg

(48)  carries profound physical consequences for wave scattering.
Near the throatf(r) — 0, and the dominant contribution
to U(r) arises from the terms proportional 1gf(r)? in the
denominator of Eq.46). This divergence creates anfinite
potential barrierat the WH throat, which enforces total re-
flection of allincoming scalar wave modes, regardless of their
_ (49) frequencyw or angular quantum numbet.
w2 D(r) More precisely, defining the reflection coefficigRtand

transmission coefficienf for the Schédinger-like prob-

Figure 8 shows the behavior of the effective/Rt) asa  1em (44), the infinite barrier height implies
function of the axial coordinate, for different values of the R =1, T2 =0, (50)
disclination parametet: and the wave frequency. In the
left panel, the frequency is fixed at= 1, while in the right ~ for all modes. This result stands in sharp contrast to BH
panel, the disclination parameter is fixednat= 0.9. Other ~ Spacetimes, where the event horizon acts as a perfectly ab-
parameters are held constant across both panels: the cunggrbing boundary|{’|* > 0), giving rise to finite greybody
ture radius? = 1, the NS chargeQ = 1, the throat radius factors. The BSCWH geometry thus provides a concrete
by = 1, and the angular quantum number= 1. In the left ~example of a gravitational configuration that scatters waves
panel, it is observed that asapproaches unity, the Rl profile €elastically, with the throat functioning as a perfect mirror.
n(r) < 1 increases with-. In the right panel, the RI in- While no net absorption occurs, the scattered waves ac-
creases with rising wave frequency= {1.5,2.0,2.5,3.0},  quire frequency-dependent phase shiftsw) that encode
for fixed « = 0.9 againn(r) < 1. This illustrates a dis- the full structure of the effective potential. These phase shifts
persive effect in the WH geometry: higher-frequency wavesan in principle be extracted from the asymptotic behavior of
experience stronger refractive behavior and are more signifthe scattered wave:
cantly mflugnced by the curvature and topological defects of () T2 A 4 Bemier,
the space-time.
A R.I n <1 implies that the phase veloci_ty of light or with B — 200m(w) (51)
waves in the medium exceeds the speed of light in vacuum, A
c. This property is characteristic of metamaterials-artificially The phase shifts carry information about the WH throat ge-
engineered materials designed to exhibit unusual optical beemetry, the NS charge, and the disclination parameter, and
haviors such as negative refraction, where light bends irould serve as observational discriminators between WH and
the opposite direction compared to conventional materialsBH spacetimes in the context of analogue gravity experi-
Metamaterials withn < 1 enable remarkable phenomena ments.
like superlensing, allowing imaging beyond the diffraction  The peak valué/,,,, of the effective potential, attained at
limit to achieve exceptionally high resolution. Importantly, a radiusr,,., slightly above the throat, determines the char-
although a RI below unity corresponds to superluminal phasacteristic frequency scale at which the transition from low-
velocities, this does not violate causality or special relativity,energy (strongly reflected) to high-energy (weakly perturbed)
since the group velocity—which governs the actual transmisscattering occurs. In Table IV, we presént., for various
sion of information-remains limited by parameter combinations.

For the zero magnetic quantum number,= 0, the RI re-
duces as,
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12 F. AHMED, A. BOUZENADA, AND |. SAKALLI

cies, consistent with the dispersive analogue-gravity interpre-
TABLE |V. Peak effective potentidlmax and corresponding radius ~ tation.
rmax Or bp = 1, £ = 1, and selected values af Q, andm.

o 0 m Fas Usnas 5. Conclusions
0.7 0.5 0 0.9830 112.5269 This study examined the optical properties-both ray-like and
0.7 0.5 1 0.9830 114.6389 wave-like of a three-dimensional static charged BSCWH
0.7 0.5 2 0.9830 120.9748 space-time incorporating topological disclinations. The ob-
1.0 05 0 0.9830 112.5269 jective was to understand how non-trivial geometric and
10 0.5 1 0.9830 1135618 topological features influenced the photo_n trajeptories a_n_d
10 05 ) 0.9830 116.6664 scalar waves. The WH geometry was dgflned via a specific
i : : : shape functiorb(r), and the space-time incorporated a NS
0.7 1.0 0 0.5500 247.1074 chargeQ from string theory, along with a disclination pa-
0.7 1.0 1 0.5500 253.8539 rametera that accounted for angular deficits due to topolog-
0.7 1.0 2 0.5500 274.0934 ical defects. These components led to a hon-asymptotically
0.9 10 0 0.5500 247 1074 flat space-time _exhibiting ri_ch and complex optical behav-
ior. The analysis of ray optics began with the study of NG
0.9 1.0 L 0.5500 251.1887 motion. It was shown that both the disclination parameter
0.9 1.0 2 0.5500 263.4323 « and the NS charg@ including the WH parameter, sig-
1.0 1.0 0 0.5500 247.1074 nificantly affected photon trajectories. The derived orbital
1.0 1.0 1 0.5500 250.4132 equations and impact parameter relations, along with analyt-
1.0 1.0 2 0.5500 260.3306 ical expressions for the radial and angular g\_/olution qf light
paths, show that photons experienced modified bending and
shifting of trajectories, depending on the WH paraméter
TABLE V. Effective RIn(r) at selected radii foby = 1, £ = 1, the curvature scalg and the disclination parameter
Q=1m=1 A key finding in the ray-optics sector is the identification

o " n(r=2) n(r=3) n(r=5 n(r=10) of the critical impact pgrametéi‘c = 7o, whi_ch delineates
scattered from traversing photon trajectories. We demon-
07 15 0889810 0.953983 0.983869  0.996008 gyataq that the trivial redshift functionb( = 0) inherent
07 2.0 0.939609 0.974383 0.990959 0.997756 to the BSCWH geometry precludes the existence of a pho-
0.7 3.0 0.973622 0.988697 0.995992 0.999003 ton sphere, in contrast to standard BH spacetimes. This ab-
08 15 0919188 0966283 0988181 0997074 Senceis adirect consequence of the metric structure and pro-
08 20 0955385 0981177 0.993369 0.998355 vides a potential .observational signgture for distinguishing
BSCWH geometries from BH spacetimes. Furthermore, we
08 30 0980422 0.991678 0.997058 0.999269 yerjyed the closed-form weak-field deflection angle (&),
09 15 0938799 0.974627 0.991127 0.997805 which transparently separates the topological contribution
09 2.0 0966052 0.985808 0.995018 0.998766 (1 — )/« from the gravitational bendinty /() and the
09 3.0 0985056 0.993718 0.997789 0.999452 NS charge correction. This analytical result complements the
10 15 0952579 0980552 0993228  0.998327 exa_ct elllptlc mteg_ral expression and facilitates direct com-
parison with cosmic string lensing phenomenology [84].
10 20 0973610 0989107 0.996196  0.999059 The study then extended to wave optics by formulat-
10 30 0988358 0.995174 0.998311 0.999582 ing the scalar Helmholtz equation in the curved space back-
ground and transforming it into a Sduinger-like equation.

As seen from the table, the potential peak increase¥his transformation allowed the identification of an effective
sharply withQ (since larger charge shrinks the throat, con-potential U/ (r), which depended on the disclination param-
centrating curvature) and with (reflecting the centrifugal eter, NS charge, and WH geometry. The resulting potential
barrier). Notably, forn = 0 the peak valué/,,., isindepen-  profiles showed that a decreasewindicating stronger topo-

dentof «, since thex? factors cancel identically in Ed47); logical defects-led to more localized and pronounced poten-
the disclination affects only the.-dependent angular barrier tials. This suggested that disclinations enhanced wave lo-
contribution. calization and interference effects for scalar waves. Cru-

In Table V, we present numerical values of the effectivecially, the divergence of/ (r) at the WH throatf — rq) was
RI at selected radial positions, quantifying the dispersive beshown to enforce total reflection of all scalar wave modes
havior. (|R|? = 1), providing a clear wave-optics discriminator be-
The table confirms that(r) — 1 asr — oo for all  tween WH and BH spacetimes: whereas BH horizons ab-
parameter combinations, and that the deviation from unitysorb incoming radiation (yielding finite greybody factors),
is most pronounced near the throat and for low frequenthe BSCWH throat acts as a perfect mirror, producing only
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frequency-dependent phase shifts (Table 1V). In additionNotes: Evaluation of the integral
we derived a frequency- and position-dependent effective RI
n(r) from the effective wave numbet(r). The Rl was We start with the integral
found to depend not only on the radial coordinatéut also 0o du
on the wave frequency, the angular quantum number, Agp = / .
the curvature radiug the NS charge, and the WH param- uo \/(1 — bou + LE42) (1 - f2u?)
eterby. This indicated a dispersive optical medium, wherein
higher-frequency waves experienced stronger refractive ef- Define the quadratic polynomials
fects, analogous to GL and optical phenomena in analogue
. . . . Q24

gravity systems. Graphical analysis (see Figs. 7 to 8) and nu- P(u) =1 — byu 4+ ——u?
merical tabulation (Tables V and V) illustrated the behavior 4
of the effective potential and RI under variationsirandw,  gnd
further confirming the influence of curvature and topological Qu) =1 — 22
structure on wave propagation. _

In summary, this investigation demonstrated the deep The integral becomes
connection between spacetime geometry and the behavior of oo du
light in both classical and quantum regimes. It showed that A¢p = / —_—.
topological features such as disclinations were not merely w v/ P(u)Q(u)
mathematical abstractions, but had measurable effects on 9
wave and photon dynamics. These findings provided new uy = ,
insights into WH physics in lower-dimensional space-times bo + /05 — Q¢
and suggested potential applications in the design of ana- The polynomialP(w) is quadratic iru. Its roots are
logue gravity systems and metamaterials, where engineered
geometries could emulate such curved-space phenomena. bo £ /b5 — Q¢4
In particular, then < 1 RI profiles derived here share §12 = %ngzx
the characteristic features of metamaterial platforms stud-
ied in Refs. [69,70], while the disclination-induced lensing ~ We rewrite
connects naturally to phonon transport in topological defect
channels [68]. P(u)

A natural direction for future work would be to extend
the present analysis by considering more general classes To bring the integral into a standard elliptic form, perform
of charged and rotating BSCWH geometries with topolog-the substitution
ical defects, where the inclusion of angular momentum and w= 1 sinf,
higher-order curvaturdX) corrections could reveal richer op- g
tical behaviors. Also, test the influence of additional string-  Computingdu,
inspired fields, such as dilaton or Kalb-Ramond (KR) mod-
els, on photon trajectories and wave scattering, thereby con- du = L cos 0d6.
necting the optical properties of WHs with string theory
frameworks. In this context, testing different types of pertur-
bations, including electromagnetic and gravitational modes,
could provide a broader illustration of how curvature (topo- .y 20
logical defect parameters) and disclinations affect wave prop- VPu)Qu) = \/P (b ) (1 — ﬁQb 5 )
agation. Also, one could test the influence of the effective RI p p
in GL models, especially its implications for distinguishing .
WH geometries from BH spacetimes. In this context, possi- =P (Sm9> cos .
ble applications in analogue gravity platforms, such as meta-
materials or optical lattices, may offer experimental realiza-
tions of the results, enabling the study of WH-inspired optics
in controlled laboratory environments. Additionally, extend- 1 cos0do 1 do
ing the wave-optics analysis to include quasinormal mode /B— = 7/7.
(QNM) calculations [17], electromagnetic perturbations, and cos.| P (M) Bl Ip (M)
the extraction of scattering phase shifts from the effective K K
potential would provide a complete characterization of the Substitute
BSCWH spectral fingerprint. The connection to holographic ’
optics [90] and the recent developments in ray geodesics on sin 0 by . 2t
curved surfaces [79] also merit further investigation. P ( 3 ) =1-—sinf+

g 4

)

Q2£4
T

(u—&)(u—&2).

The integrand denominator becomes

Thus the integral is

sin? 6.
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14 F. AHMED, A. BOUZENADA, AND |. SAKALLI

Denote whereK (k) = F(r/2, k) is the complete elliptic integral of
b 02 the first kind, andF'(¢y, k) is the incomplete elliptic integral
A=1, B= fﬁo, =17 of the first kind.
So,
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