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Granular structure and local de Broglie wavelength in fuzzy dark matter halos
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We study the granular structure that emerges in a Fuzzy Dark Matter (FDM) halo formed through kinetic relaxation. After the system
reaches a virialized core-halo structure, we separate the density field into a smooth spherical component and a residual density that contair
the interference pattern characteristic of FDM halos. The power spectrum of this residual field shows a well defined dominant scale, different
from the characteristic scale of the total density and of the smooth core-halo model. We compare this granular scale with a local de Broglie
wave-lenght calculated from the velocity field obtained from the density current of the system. We find that both scales remain of the same
order of magnitude, with the granular scale systematically smaller than the de Broglie wavelength. The radial behavior of the de Broglie
wavelength also reveals a non-uniform internal structure, it decreases from the core and reaches its minimum near the transition between th
solitonic core and the outer halo. These results provide a quantitative connection between density fluctuations, the local velocity field, and
the core-halo morphology of FDM halos.
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1. Introduction dependent interference pattern, giving rise to a granular struc-
ture as seen in structure formation simulations [8-12] as well
Fuzzy Dark Matter (FDM), consisting of ultra-light bosonic as at local scale collapse [13].
particles, provides an alternative to the standard cold dark These granules are a distinctive signature of the wave
matter paradigm in which quantum wave effects becomenature of FDM and are commonly associated with the de
relevant on astrophysical scales. In this framework, darkBroglie wavelength of the system, suggesting a direct link be-
matter is described by a coherent wavefunction obeying theveen the velocity field and the spatial scale of density fluc-
Schibdinger-Poisson system, leading to a phenomenologyuations. However, this association is typically qualitative.
different from that of classical particle dynamics. The waveln particular, the spatial variation of the relevant wavelength
nature of the field introduces a characteristic length scale satithin halos, and its precise relation to the core-halo struc-
by the de Broglie wavelength, suppressing small-scale strucure, can be explored in detail.
ture formation and giving rise to cored density profiles in  Recent work has emphasized the dynamical impact of
gravitationally bound structures. These features have mahese fluctuations, showing that the time-dependent interfer-
tivated the study of FDM as a possible solution to small-ence pattern can induce stochastic and chaotic motion of test
scale tensions iMCDM, with implications ranging from particles within FDM halos [14,15]. This highlights the fact
dwarf galaxy structure to large-scale cosmological observthat the small-scale structure is not merely a visual feature,
ables [1-7]. but has direct consequences for the dynamics of baryonic
One of the most important results from numerical simu-tracers and the evolution of embedded systems. At the same
lations is the emergence of core—halo structures, in which time, a systematic characterization of the spectral properties
central solitonic core is embedded within an extended haloof these fluctuations is still lacking, especially in a form that
The core corresponds to a self-gravitating, coherent configudirectly connects to physical length scales.
ration supported by quantum pressure corresponding to the This gap is particularly relevant in the context of po-
ground state solution of equilibrium configurations, while tential observational signatures. Fluctuations at sub-galactic
the outer halo is characterized by a superposition of exscales may affect stellar streams, induce dynamical heating
cited modes. This outer region exhibits a complex and time{e.g [16]), and leave imprints on the phase-space structure of
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galaxies [15]. Establishing a quantitative connection betweerrom these, the following scale factors are derived:
the fluctuation spectrum and observable effects is therefore

2
important for testing FDM at local scale scenarios. to = MBY0 1 50.96 x 1073 (@> Gyr, 3)
. h 22

In this work we analyze the small-scale structure of FDM ) )
halos through the power spectrum of density fluctuations. _ h ~ 3686 A (km/s)? )
The density field is decomposed into a smooth core-halo 0= mpzo) 7\ maa ’
component and a residual field that isolates the interference 9 4

. . h 6 A M@

pattern. From this residual, we compute the power spectrum  pq = —— 5 ~6.820 x 10° [ —- 5 (5)
both globally and within radial shells, allowing us to extract drGmpag M3y /) kpe
a characteristic scale as a function of radius. Other useful physical quantities are the velocity and mass,

This procedure defines a position-dependent wavelengtlwhose scale factors are:
which we interpret as a local de Broglie scale. Our central re- Y
sult is that this scale is not uniform across the halo. Instead, vy = ~ 19.20 () km/s, (6)
. L . . . mpZo ma2
it exhibits a non-monotonic radial dependence, with a well-

i ini inci i iti h? A
deflne(_j minimum that coincides with the transition between My = S ~ 6.820 X 106 L) Mo, (@)
the solitonic core and the outer halo. drGmpxo m35,

This analysis also provides a perspective on the internah ¢ will proof useful for the physical description of the halo
structure of FDM halos. It shows the radial dependence Oauring the analysis below.

the de Broglie wavelength from the core to the outskirts of

the configuration. We establish a direct connection between 2 The workhorse core-halo structure

spectral properties, velocity fields, and the core-halo mor-

phology, which may open the possibility of linking small- We are interested in the analysis of a galactic type of struc-

scale fluctuations to observable signatures in galactic sysure made of FDM, and there are various methods to produce

tems. a core-halo structure of FDM. One is based on the multi-

The paper is organized as follows. In Sec. 2 we describgnerger of ground state solutions of the SP system of equa-

the spectral analysis of a structure and in Sec. 3 we descril®ns described in Ref. [17], that relaxes towards a virialized

the local de Broglie wavelength. Finally, in Sec. 4 we drawconfiguration as shown in Refs. [13,18-20]. A second method

some conclusions. involves the construction of nearly stationary multi-mode so-
lutions to the SP system that in solid-angle average provide
radial density profiles that serve to model realistic LSB galax-

2. Analysis of one structure ies as illustrated in Ref. [21]. A third method, the one we
_ use for the analysis in this paper, is based on the collapse of
2.1. The system of equations FDM through kinetic relaxation [22-28], that was later used

to study the collapse of FDM together with a black hole [29]

The FDM dynamics is modeled as a coherent bosonic field 4 with an ideal gas [28], where it was shown that the cool-
described by a macroscopic wavefunctibywhich plays the 4 of the FDM structure via kinetic relaxation is universal.

role of an order parameter. The system evolves under its own ™ tpe \inetic relaxation eventually leads to the collapse
gravitational potential’, generated by the density distribu- ¢ o erdensities that in turn promote bosonic gas conden-

tion of the bosonic gas itself, so that the dynamicslols  g4tjon. The systematic study of this collapse process is un-
governed by the coupled Scftfinger-Poisson (SP) equations gerstood from local simulations defined in Refs. [22,24],

where various distributions in the momentum domain are

2
zha—\y =— f V20 + mpVU, Q) proposed. In our analysis, we use a Gaussian distribution
ot 2mp U(§) = Ae~?’/2¢'S in the momentum space, witi a ran-
V2V = 4nG (p - p), (2) dom phase inthe rand@, 2r] at each point of the momentum
space, withA a normalization factor.
where the mass density is given by= mp|¥|?, andp The randomness of this method offers a rich variety of

denotes the spatial average over the computational domaipossibilities to produce structures. Nevertheless, for our
We solve and analyze this system on a uniformly discretizedgtudy, instead of using a bundle of simulations, we use a sin-
three dimensional domain described in Cartesian coordinategle representative workhorse simulation that has become a
and use adimensional code units defined by the transformatandard setup for studies of the kinetic relaxation process.
tionst = tot, @ = xo@,V = VoV, ¥ = UoW andp = pop,  This is one of the simulations designed in Ref. [24], specifi-
which leaves the SP system in dimensionless code units thaglly on a box of sidd. = 18, with resolutionAz = L/128

only depend on the length scale parametgifor a given bo-  and total FDM mass in the numerical domaifi = 1005.3

son massng. A useful choice of scaling parameters is basedas in Ref. [24], all in code units as defined above. Moreover,
on the boson massp = maoy x 10722eV/c? and a charac- the simulation lasts 250 dimensionless code units, sufficient
teristic length scale, = kpc/\, where) is a free parameter.  for the bosonic gas to collapse and relax.
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As an example in physical units, using a boson mass In order to monitor the virialization, we compute the ki-
mp = 10723eV, and initial average FDM density ~ netic and potential energy observables inside a sphere of ra-
A% 1.18 x 108M /kpc?, the integrated FDM mass in the nu- dius r;, wherer; denotes the transition radius between the
merical domain isM = X 6.86 x 10''M, the numerical solitonic core and the outer halo:

resolution and domain size for this boson mass Afe ~ 1

140Apc andL = 18 kpc/)\, respectively. Each time unit K, =—— / V20 @3z, (8)
translates int&.1/\? Myr, and the evolution time of 250 time 2 Jr<r,

units translates int®.27/\2 Gyr. Finally, the distribution in 1 9 13

the momentum space uses a widthoof= 1, so that at one Wi = 9 /R<” VI¥" d7s. ©)

sigma radiug = 1, the associated velocity is 192 \kms™! o _ o -
for this value ofm, which, for the purposes of dark matter, For a virialized configuration, ideally these quantities com-

lies within a cold regime. bine to satisfy the relatioeK; + W; = 0. We therefore
define
The solution of the SP system is carried out using our 12K, + W
code CAFE-FDM described in Ref. [30], with the follow- AR (10)

ing combination of numerical methods. The evolution uses
the Method of Lines with a fourth order Runge-Kutta inte- as the relative deviation from the ideal virial condition, nor-
grator, spatial discrete Fourier transform discretization of themalized by the magnitude of the potential energy inside a
right hand side of Sdtdinger equation, and periodic bound- sphere of radius;. The central structure is considered viri-
ary conditions on¥; the Poisson equation is solved using aalized wheny; falls below a chosen tolerance threshglg,,
Fast-Fourier-Transform based method over each intermediatehich is set here t@;,, = 0.02. The Fig. 1a) shows the evo-
step of the Runge-Kutta integrator. The evolution time-stegution of n; and identifies the first time at which < 71,,.
uses the Courant-type conditidt/Az? < 1/67, asrecom-  This defines the transition timg, ~ 0.153 Gyr/\2. For
mended in Ref. [24], that guarantees stability. later times,n; remains close to the threshold and oscillates
around it. This diagnostic quantity shows thgtmarks the
The evolution of these initial data using the SP systenbeginning of a relaxed core-halo stage and provides a suit-
(1)-(2) leads to virialized configurations that approach a viri-able reference time for the subsequent analysis. The Fig. 1b)
alized core-halo structure [24,29]. The central region formsshows the density distribution on they plane at timet,,
a solitonic core whose density profile, when averaged irwhere a condensed central core is already present. The core
space and time, closely matches the ground-state solution &f not a smooth, spherically symmetric distribution, but a re-
the SP system obtained under isolated boundary conditiorgion where the density is high in angular average, whereas
[17]. Surrounding this core, the outer halo is typically ap-the surroundings composing the halo are lower density, how-
proximated with a Navarro-Frenk-White (NFW) profile, from ever dominated by smaller granules, with higher kinetic en-
structure formation simulations [8,9], as well as in local col-ergy and actually -although not seen in a snapshot- evolve in
lapse [13,31]. time moving around.

Nt > Tehr 3
O M < Nehr
==== nghr = 0.02

== ter

10! k4
10°

10—t

y [kpe/Al
log 1o (p [MoA!/kpc?])

a) b) z [kpe/A]

FIGURE 1. Virialization diagnostic and density structure at the transition time. a) Evolution of the virial deviation paramnetd2 K, +
W:|/|W| calculated inside the transition radius The horizontal dashed line marks the adopted threshald= 0.02, and the vertical
dash-dotted line indicates the first crossing titne~ 0.153 Gyr/)2. b) Density on thecy plane att,.
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2.3. Centering the core for analysis a snapshot of the already virialized workhorse structure with

] ] ] _ this core-halo distribution.
The result of the workhorse simulation defined above, is the |y the angular average, the solitonic core is modeled us-

space-time dependent complex wave functigrirom which ing the radius dependent profile [8]
the density is obtained as= |¥|?. A first step in the core-
halo fitting is the identification of the halo center. Rather than O\ 2 —8

using a simple maximum or center-of-mass over the full nu- peore(r) = pe |1+ 0.091 <> ] ; (13)
merical domain, we construct a density-weighted centroid. In fe

p_ractice, th_is is implemented by sele_cting grid points above #hat mimics the ground state stationary solution of the SP sys-
given density threshold and calculating tem [17]. This density model was proposed in Ref. 8, as the
Y px)x 11 result of structure formation simulations. In this formua,
Xe (1) is the central density of the core whereass the core radius,

X)) : , e\ |
This method provides a useful estimate of the core center. Aﬁhe radius at which the den5|_ty 'S hglf the peak dens_|t_y. on
tl}e other hand, the outer region defined after a transition ra-

radigs dependent quantities are then calculated with respe&lus” that is, forr > r, the distribution can be described
to this center. in solid-angle average by the NFW profile

pnpw(r) = —L2 (14)
To separate large-scale structure from fluctuations, we con- - (1 + %)

struct a spherically averaged density profile. This is done by _
binning the density field in radial shells, where a solid angleAdding these two components, the resulting angularly av-

2.4. Spherical averaging and density model

average is calculated as eraged density can be described by profilgodge(r) =
1 Peore()O (11 — 1) + pnew () O (r — 14 ), where® is the Heav-
Pmodel(T) = (p)o = — [ pd, (12) iside step function and; denotes the transition radius be-
A Jo tween the core and the halo.

at a given time during the evolution, taken over all grid points  In this way,pm.de1 (1) Captures the global core-halo struc-
within a shell centered at radiusmeasured from the cen- ture, including the solitonic inner region and the extended
ter location Eq. [11), whereQ) := [0, 7] x [0,2x] denotes halo. The profile is then interpolated back onto the full
the solid angle over which the averaging is performed. Thegrid to construct a three-dimensional density,qe(x) =
resulting angularly averaged density profile defines a radiabmoade1(7(x)). This technical step is important since it de-
density and a gravitational potentidl’) through the Poisson fines a smooth background that can be removed if desired in
equation ) that depends only on order to study the fluctuations.

Once the structure has collapsed and virialized, this av- In Fig. 2a) we show the radial density profile along
eraged density profile is characterized by a central solitonigvhere the transition radius between the core and the NFW
core surrounded by an outer region that decays like an NFWpgrofile is indicated, as well as the rading., at which we
like halo (seee.g [31]). Inthe Fig. 1b) we show a slice of perform an accurate fitting, trying to avoid the effect of the

8 9.5
- R RE X
p(r) | e
== pae(r) E
----- Pmax = 6.854 [kpc/A] ] 4
] —
——= 74 = 0.660 [kpc/A] 9.0 =
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= <
= ~<
E = =
] > =
~3 =
3 =
s 2
1 -4 8.0 ~
a5 —— 3
== —6
| RTINS NSNS SO SN U SN S U T ST N T S [ T T U A O O e
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_8 75
r [kpe/A]
) b -8 —6 -4 -2 0 2 4 6 8
a ) x [kpe/A]

FIGURE 2. a) Density profile along at timet., with the values of the fitting parameters = 3.529 kpc/A, r: = 0.660 kpc/A, p. =
1.31 x 10"*MgA* /kpc® andps = 1.03 x 10°MgA* /kpc®. b) Model densitypmodel () mapped back to the Cartesian domain.
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periodic boundary, which can be noticed from this radius on. wsf T G T =
At the same figure we show the smooth versign,qc (1) 3
embedded back into the 3D domain. The quality of the fit is 0°F
evaluated over the fitting regidn< r < ryax.

The valuer.. is estimated from the smoothed radial @
profile by identifying the point where the outer profile be- < 10°F
gins to flatten, which indicates that the boundary effects start
to become relevant. The parameters of the model are ther
obtained through a least squares fit over the interval of con-

fidence, leaving three free parameters, the core radius

NFW scaler, and transition radius;, at timet;, the best w2 L L o
fit values arer, = 3.529 kpc/\, r; = 0.660 kpc/A, p. = 107! . 100 10!
1.31 x 10"2Mu\* /kpc® andp, = 1.03 x 10°MgA* /kpc?. K| [A/kpc]

The fitted core-halo profile,,.qc1 USeS a least squares algo-
rithm, and reproduces the density profile with a normalized
RMS deviation of~ 5%, which improves when a smaller
Tmax 1S USed.

It is worth mentioning that, even after virialization, the
structure continues to evolve, never reaches a stationary state
and the granules in the halo never smooth out. This implies
that granule positions and sizes evolve in time, therefore thefl
fitted profilepoqe @lSO changes in time, and structures must
be analyzed at various time slices to capture an average be
havior of the structure in time as well.

-

Pmodel » "I‘D

sl
100

2.5. Residual density and spectral analisys 7| [\ /kpc]

We define the residual field as the difference between the full
density and the spherical density model

Pres (X) = P(X) - pmodel(x)a (15) —~
e
which isolates the fluctuations associated with interference g T
patterns developed during the evolution. Né
Using a Fast Fourier Transfori, to p, pmodel 8Nd pres, < T

we calculate the power spectrum defined as

: (16) R

11 1 R E |
100 10t

|| [\/kpe]

-

Q

wherea represents the three densitieSpodel;, Pres,» anda@
is the average ok in the numerical domain. We then calcu-

late the dimensionless isotropic spectrum of these densitieSicyre 3. Dimensionless power spectrute®(k) computed for

in spherical shells in Fourier space P, Pmodel @Nd pres. Each line corresponds to a different snapshot
3 during the evolution in a lapse time when the configuration is al-
A2(k) _ k : P(k)). (17) ready virialized. Notice that th_e evolut@on actua!ly produces a time

2m dependent spectrum more noticeablg,ii, associated to the gran-

The resulting spectra are shown in Fig. 3 for the total den-UIar structure.

sity p, the model density,,,,q4.1 and the granuleg,.s for 30
snapshots taken after the structure is virialized, betwgen of the granular fluctuations, we show in Fig. 4 a linear scale
and the final time. First notice that the dynamics of the FDMplot of the mean of the spectra. For the dengityas well
changes with time for all three densities, including the modeks for the model density.,oqc1, there are similar peaks at
density. However that the granular envelope has a more varjx| ~ 0.7, whereas for the granules this dominant peak ap-
able spectrum since it is more dynamic due to the dominanpears aﬂE\ ~ 0.95, which indicates preferred scales in the
kinetic energy contribution in that region. three fluctuation fields. This confirms the expected result that
In order to clearly distinguish a difference between thesmall fluctuations prefer a highﬁ%'|, and our analysis quan-
peak frequencies of the whole structure with respect to that tifies the difference between the two peaks.
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FIGURE 4. Time average across the snapshots, of the dimen-
sionless power spectra? (k) of the densitie®, pmoder aNd pres.
Unlike the traditional log-scale spectrum, this one allows one to
clearly observe the peak separation between peak frequencies.

3. Estimating the de Broglie wavelength FIGURE 5. Slice of the velocity field on they—plane formps =

1072 eV at timet,,, that illustrates how anisotropic the velocity
The granular structure already implies that the velocity fieldfield is.

across the structure has different directions and magnitudes.
This suggests that, since is velocity dependent, then its

value depends on the region of the core-halo being consid- 02 ' ' ' ' ' 2
ered. In order to estimatg;g, we evaluate the density cur- F 1
rent = 10} -
S E E
N . D i ]
Ik = Z(\Ij 8k\I/—\I/8k\P )7 5 1005_ il
=, 3 E
wherek = x,y, z, then estimate the magnitude of the veloc- = . ]
. . . . . S —1 b -
ity at each grid point of the numerical domain as e T E
. - - - N : ter = 0.15288 [Gyr/A\?] ]
ood G VEPEGEFEE e o) — S umiion)
) ) E N N N 1 N N , 1 N N N 1 | N N y N —

p p 0 2 4 6 8

which finally is used to estimate a position dependent de r[kpe/Al
Broglie wavelength - ' ' tir = 0.15288 [Gyr/\?] ]
9 102 — e = 1.274 [Gyr/A2] 4
™ E 3
Aap(r) = ———. (29) _ F ]
mpoy, (1) =

T 10F 3
Here o, (r) denotes the velocity dispersion computed over £ 1
spherical shells at fixed radius = o0k =
2 E E
) 9 1/2 < [ ]
oy(r) = (<v >Q - (v}Q) , (20) 1071 3
where(-) represents the angular average. In order to have - L, ]

an idea of how the velocity fieldl8) looks like in the snap- 0 z 2 g 8

shot we have been working with, in Fig. 5 we show the case r [kpe/A]

for m.B = 10"%eV. . . . FIGURE 6. Radial profile of the velocity dispersian,(r) and the

Figure 6 shows the radial dependence of the velocity diszssociated de Broglie wavelengths (1) from t., to ¢ . Gray lines
persiono, (r) and the corresponding de Broglie wavelength correspond to intermediate snapshots, while colored lines highlight
Ags(r) from the transition time, to the final time of the ¢, andt;.

simulationts. Since\gg is inversely proportional te,, re-
gions with smaller velocity dispersion correspond to larger deorders of magnitude larger than in the outer halo, indicating
Broglie wavelengths. Inside the solitonic cokgg is various  that the core is dominated by long wavelength modes.

Rev. Mex. Fis72060703
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The radial profile of\qg(r) exhibits a nontrivial behav- 4. Discussion and conclusions
ior, it decreases from the center, reaches a minimum at an
intermediate radius, and increases again in the outer halyVe have presented a quantitative analysis of the small-scale
Explicitly, \q is maximum at the center of the configura- Structure of FDM halos, focusing on both the spectral prop-
tion, within the core, as expected, since it is the region wheré&rties of density fluctuations and the local velocity field.
the FDM is colder than the halo, since the kinetic energy and From the decomposition of the density into a smooth
thus the velocity are smaller there than in the halo. At largecore-halo component and a residual field, we showed that the
radii, where the granules carry high kinetic energy, the velnterference pattern can be isolated and characterized through
locity is expected to be higher and thereforg; should be its power spectrum. The residual spectrum shows a well-
smaller. This result allows one tuantify the difference in defined peak that is clearly separated from the peak of the
wavelength between the core and the halo. For the case fwtal and model densities, which identifies the characteristic
mp = 1023 eV and the initial conditions used in the mo- Scale of granules.
mentum space for our workhorse structure, we find that the Independently, we estimated a local de Broglie wave-
minimum \gg at the interface is of.338 kpc/A, whereas an Igngth from thg veIoulty fleld. derived from th_e wavefunc-
average\yp from the transition region to the outskirts of the tion. The resulting radial profiles reveal thats is strongly

halo and averaged also in time(is;z) = 1.033 kpc/A. position-dependent and evolves in time, but consistently

) ] shows a non-monotonic behavior within the core and halo.
The dominant peak of the granular spectrum provides g, particular, we find that the wavelength reaches a minimum

ran

characteristic length scaler/kp.., which can be directly 4t an intermediate radius, close to the transition between the
compared with the de Broglie wavelength. During the re-gqjitonic core and the outer halo.

laxed stage, we find\qg) = 1.033kpc/A, while the mean These results add to the picture of the internal structure
granular size scale 8.753kpc/A. Their ratio has a mean of EpM halos, where the core-halo boundary plays a central
value of~ 0.714. This shows that the characteristic scale €X-dynamical role. The identification of a preferred scale for
tracted from the granular spectrum is _systematically smallefiyctuations, together with its radial dependence, opens the
than, but comparable to, the de Broglie wavelength. Therepossipility of connecting the granular structure to observable
fore, the spectral peak scale and the de Broglie wavelengtgstects in real galaxies, such as dynamical heating or pertur-
are connected at the same order of magnitude, supporting thgitions of stellar tracers.

interpretation that the observed granules are associated with £,ture work should extend this analysis to different halo
de Broglie scale interference. masses, environments, and initial conditions, as well as ex-

What is unexpected, is that there is a minimum precisel;P'Ofe the impact of these fluctuations on baryonic matter.
at the transition region between the core and the halo. The
straightforward interpretation is that there the velocity shouldacknowledgments
be higher than in the center and in the outer kinetic envelope.
This is intriguing, although we find a precedent for the needThis research is supported by SECIHTI Grant No. CFB-
of a high velocity at the transition sphere in the construc-2025-1-759, Laboratorio Nacional deb@puto de Alto De-
tion of core-halo FDM configurations within the Madelung semp@&o Grant No. 2026-8, and CIC-UMSNH Grant
frame [32]. No. 4.9.
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