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ABSTRACT

A
Using Schur's lemma, the representations )  are shown to be irreducible.
An alternate derivation of Weyl*s character formula is obtained by summing the
m
diagonal representatives of )« Finally, the normalized differential volume ele-

ment dV for the Murnaghan parameterization of SU(3) is included.

RESUMEN

Ap
Usando el lema de Schur, se muestra que las representaciones )  son

srreducibles. Una derivacidn alternativa de ia formula de caracteres de Weyl se

A
obtiene sumando los representativos diagonales de ) . Finalmente se incluye
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el elemento diferencial de volumen normalizado dV para la parametrizacion de

Murnaghan del SU, .

1. INTRODUCTION

This paper discusses several properties of the representations of the group
SU(3). The proof of the irreducibility of the representations 10)\#(:4) is similar in
torm to one given by Wigner! for the group SU(2) . Given the parameterization of
an SU(3) matrix U and the SU(3) base vector |Au; a>, the necessary represen-
tation coefficients for the proof are determined in section 3. The diagonal repre-
sentative, in terms of the two class parameters 8,4 3, s is given in section 4 ; upon

summotion, the expression is exactly Weyl's character formula for SU(3) 2.

2. PARAMETERIZATION

The parameterization of a general SU(3) transformation U has been aiven

by Murnaghan? :

Uf—' 9(81182153){]23 (¢2 'Ua)uu (01’02)U13 (‘751'01)

2.1y
where D(8l 01 8,48,) is the diagonal matrix
e'sl 0 0 1
£
DE)=D{,,5,,8)= | 0 ez 0 | (2
0 0 eis3
N

and U,, , Uy, » Uy, ore sU(2) transformations in the (23), (12), (13), planes, re-

spectively. E.g.,
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cos 6, - sin6, e 02 0
U12(01 ' 02) = sin 91 ewZ cos 61 0
0 0 1

L .

The ranges of the parameters are

-1/2¢8,,8,,0,,0,,0,, 8 </2 =Tge, <1
(2.3)

Given the above parameterization, Eqs. (2.1), (2.3), the normalized diffe

ntial volume element (Jacobian of the transformation) may be calculated:

.1
av = (161°) sin2¢ sin2¢, sin26 cos26, | dx
(2.40)

where dx = d6, dp dp, do, do, do dB, 45, (2.4b)

Ay
3. THE REPRESENTATION 8 " (u)

The base vectors |\ u; a >, where [A ] are the partition numbers, and
anm(y,?, to), appear in many places in the literature* . |f the variables a; of

the base vector undergo @ unitary transformation T,:
’ .
a; = Z U, ;9,
the unitary representations are defined:

An
Tilap;a'> = z J@a”a‘(u)l,\p;a"> (3.1)
a.l'
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“'
Aun .
Da.a'(")’ (l/\#;a>,Tu |/\y;a'>)

since the base vectors are orthonormal, Let the general SU(3) matrix U be written

= 8, || , where the explicit functional depe ndence in terms of the eight parame-

AL
ters is given by Eq. (2.1) . The special representation coefficient 0

is then
A - ep —
D, (8) = Nu; @) [N 2] (D)7 (a,,) "7 ()"
(3.2)
" Z (' (k=-9)! p! N
x) TR (= AT

where

amE(ymlnl benin ? ’0= -’min) (prq,1=0) (3.3)
and

)P‘("h)(a ')r-h (;;x)k (- —;2 )#"I'k

The row labels y, ¢, t  are related to the numbers p, ¢, r

y==(2A ) p‘fq).t=—#*'(P 9, t = t=r

(3.4)

where 0<pgAr, O0gKggpu » r=0,1,...,2¢
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For the particular transformation U = D(8), the representation coefficient

is also diagonal,

* '8 v it 5. hue
D ‘L’(D(S) = (el 1)#"’? '(e‘ 2)q+'(e, 3) tH (P““b‘ '

an aa

(3.5)

4. IRREDUCIBILITY

The proof of the irreducibility of the representations 19)\“ may be done in
analogy to the proof given by Wigner!for the group SU(2) %; it is necessary to prove
that the only matrix M which commutes with 0 p'(u), for all U, is a multiple of the
unit matrix.®

A
Since Da:, (D(®)) is diagonal, by Eq. (3.5), M must be a diagonal matrix

also. Thus,

D)\#

A
MO ) =8 )M

becomes
A An
Ma.a. pa.o.' (ll) = &a.a.’ Malal

or, in particular,

Ap
aa D
%%y

M

W =0 W M, (4.1)

%m
A
If Ea.ah is not identically equal to zero, then

M, =M, , foralla

aa
m m

and M is then a multiple of the unit matrix.
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The explicit functional dependence of the o is

-1(814-5 -c

) .
a_ = e 2 1(sin ¢, cos ¢, sing, ef?+ sing, cosd,)

- (8 4 8, -0,)

|\
]

e cos 6, sing,

_ “id

1
cosf coso e

1]

(o =8
- a sing, ei(or2 i)

—_ 4+ 7 -
12 1 ¢=0tog-g

1

1
is a product of positive terms. Further, since

It is clear that for 0, 0,, 0, = 0 and 0< 6, qSl', @, <M/2, f [see Eq.(3.3)]

—_ . i(o,= 0 )
-cosf sing e ' !

-i(Sl* 8)

(N
|

= (=sing sing sing, e'® + cosp cosg)) e

Aep

the factor ('a_w)q (a,,) is not identically equal to zero, Hence, the represen-

Al
tations 0 (u) are irreducible.

5. CHARACTER FORMULA

Weyl? has shown that every primitive characteristic of SU(3) must have

the form

.1

A A
XH6,.8) = £746,,8,)[£7(6,,5,)] (5.1)
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An
where & ! (3, +8,) is the determinant

1 1 1
A , . .
ib_ 3§ ib_§ ih_§
¢ (81,52) = e 21 22 o 23 (5.2)
exbl 81 eibl .82 elbl 83

and hy=ptl, b= Mtp+2. If§, is chosen 8, = = (5, *8,) then Eq.(3.5)
becomes

A 5 /2 -t ;s Y/2 41,
D%, 060 = (7 0 T

aa

and the character is

2 is, Y2ty s ¥/24 1
ML) = 2 (e (e %) (5.3)
Yo £, ‘0

where the limits of the sum are given by Eq.(3.4) . The finite sums over y, ¢, t

may be explicitly corried out since they are geometric progressions.

s
A (5, + 5172 ci(s-5) ‘o
g T (e )
y, t t==1

(5.4)

The second sum is

. 3 . -1 . ¢ . ¢t
Z(e-;(sl-sz))o j (]_e-;(sl.sz)) (ez(sl-sz) _e.,(al-sz) )
‘0
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This may be put into Eq.(5.4) ,

2p +q tS P+ 29

i (5 - o 7\-17\ i
(1-00 ) [Z(e” S

Z(oxchcngo) ]
and the remaining sums carried out over p, q:
iz N ugs Atu i (28, + 5.3 i(5 + 25
[Fe™ e T (- ) )(l-e'(l”z)“) 6, * )]

i(8, +28,) 00 ]
[e ! £ 5,.9)

The result may be shown to be exactly Weyl's formula, Eqs.(5.1), (5.2) .

(8 8,), as given by Eq.(5.3), is the exact form of the finite series obtained
whon the denommafor of Eq.(5.1), f (81 , 6 }, is divided into the numerator,
f (’o‘1 v 8,), and the summation represents an alternate derivation of Weyl's re-

sSu “o

ACKNOWLEDGEMENTS

The author would like to thank Professor Moshinsky for his hospitality at
the Latin American School of Physics where this work was completed and the

National Science Foundation for support.

262



2.

3.

4.

5.
6.

REFERENCES

E.P. Wigner, Group Theory (Academic Press, Inc., New York, 1959), p.155.
H. Weyl, The Theory of Groups and Quantum Mechanics (Dover Publications,
Inc., New York, 1931), pp.377.

F.D. Murnaghan, The Unitary and Rotation Groups (Spartan Books, Washington,
D.C., 1962) . Murnaghan has also given the procedure for constructing a
general unitary matrix of n dimensions as a product of SU(2) transtormations
inthe Ln(n=1) planes.

See, e.g., M. Moshinsky, Rev.Mod. Phys. 34, 813 (1962), or, M. Resnikoff,
JeMath, Phys, (to be published) .

Moshinsky has sketched this method of proof in his paper (reference 4).
This proof uses the properties of the whole group. Proofs employing the

infinitesimal properties of the group are given in reference 4.
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