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ABSTRACT

1967

Tbe Barn.Oppenbeimer approximalion,is used lo obtain Ihe oscilJatar slren£lb

01 copper icms in sodium cb/oride crysla/s. W'l" oblain Ibe wavt" lunclions 10f' Ibe
copper free ion cor'T('spcmding lo Ihe slales jdlO and jd9 4s' using tbe Slaler.7.ener

ruks. TbencelCllb. by a src01ld arder perlurbalion melbod wt" oblain Ibe wavt"

lunclicms la Ibe copper ion perturbed by a simp/ilied lallice polenlia/. Final/y.

Ibe matrix ekmenls carespcmding lo Ibe dipok momenl are cakulaled. and Ihese

are re/oled lo Ibe osci/lala slrenglh al /ow lemperalUfes.

RBSU,III,N

Se hace un cálculo del lipa Roo¡.Oppenheimer para deleTmitlaT la inlensidad

del oscilador pOTaiones de Cobre en crislales de NaCI. Se oblienen las funciones
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d(' (mda para ('1 ión libr(' dí' r:u a parlir d(' las r('/as d(' Slaln-Z('no correspondiuJ-

I('s a los ('stados 3d1o)" 3d9 4s', A continuación por un cálculo ~rturbatilJo a 5('.

gmJdo trder¡ se obtienen las funciones para el ion de CU pf'rlurbadas por ('1 pot(' n-

cial d(' la red simplificado, Finalm('rlle se calculan los ('wrTU'rJlao;de matriz crrres-

p(JTldi(,Tltt"sal mom('nto dipolar para relacionarlas con la intensidad del oscilador

a bajas lempnoturas.

INTRODUCTION

There exists olreody in the literature some calculotions of the type we give
in this papero Willioms, Knox1ond Dexter1 hove treoted the opticol obsorption of
TI + ions in KCI in detoil, Conway et aP hove considered the opticol obsorption of

Ag ions in NaCl using o simplified model. Unfortunatelly there are many printing

errors in this paper, which makes it very difficult to follow. Using a similar

method to the ones cited obove, we hove studied the obsorption of Cu + ;ons in

NoCI. The ground state of the Cu+ free ion is ossumed to be o 3d1o stote, and the

excited stote 3d'" 4s' state. We ossume with Krumhamsel that the introduction of

o Cu+ ion in NaCI lattice causes o mixing of the obove mentioned stotes with the

stotes of the next level, i.e., the 4p stotes. To calculate the wave functions of

the Cu + free ion we used the Sloter-Zenes rules4 ond for the lottice potentiol we

considered only the first six neorest neighbors. Using this potentiol we colculote

the wove functions perturbed by the lattice potentiol and with these wave tunctions

the dipolar matrix elements con be colculated. These ore directly related to the

ose iI lator strength in the low temperoture limit.

A. DETERMINATION OF THE WAVE FUNCTIONS OF THE FREE CU"'ON

The perturbation theory is based on the use of the hydrogen-like orbitols ln

the zero-order wove functions.

These functions hove the form

R"l (r) (' •
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Fa the present purpose they can be slmplified into the fO"m¡

.• (x-s),,,*.•1 • Y (8 )'V"*1,,,=, ~ " 1",' qJ

Where n* and s are obtaíned by the Sloter .•Zener rules. For the 4s and 4p orbitols

,he va loo abtained lar S is S = 24.45 and lar the 3d arbital S = 21.15.4 ,
The values obtained for n* is n* = 3.7, n* = 3. So that, for Cu wíth Z -29

4 ,

we obtain:

q' (radial)
45 or 4 p

and

In normolizing these functíons we use the definition of ¡'(z);

Thus, with the normalízation condition:

We obtain for the norma lized wave-functíons:

j

[
1'(8.4) ]
(2.46)'.4
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and

[
['(7) ]
(5.24) 7

In the some way we abtoin the wove functions corresponding to the namolized

ongular parts s

s =
, 1

1 1 3 2( ) P P ( 1 s in ecos rn4lJ',=x=4lJ T

,
(_3 l'P2:=: Py = 4n s;n o s in cp, PJ = P% =

,
(~)l sinBcos ecos cp
4lJ

sin2ecos <psin 4'

1

{~)2 sin2ecos cp sin cp
4lJ

1(4tl' eas e

d,,

d
"

,
= (2-)' (3eas'e- 1)

16lJ

1

= (.12)' sin eeas esih q>
4!J

B. THE LATTICE POTENTIAL

We consider now the potentiol experienced by o 3d electron af the Cu. ion

due to the six neatest neighbor (el ioos) which are ossumed to oct as poiot

charges.
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We take the refereñce frame in such a way that the Cu+ ion is at the origin

ond its displacement frem this equilibrium position is denoted by;;' - the cr ions
are in the pos ¡fiaos;; • - -; , -;; , - ;; , ;; . -;; where ;; . ;; , -; are the basic

112233123
lattice vectcrs ond the displocements of these ions are denoted respectively by

-;; .-;;" ;; ,;; ,;; and;; • lf the pasition of the electron is denoted by -;,then
1 - 2 -2 l .3

the change in potentiol (,\V ) due to the displocement from equilibrium of the
I

C('ion at;; ond the Cu+ ion is given by,
1

- . t

la - 71,

Denatiog ;;; - ;; by d and expanding the first term, we hove
I

-,
a,

;.;¡
t _,__

a'
I

a'
I

d' ) t

a'
I

3 (;;; . 7)(a
1

' d)
a',

t

-'a , ;.J
t 3 (a, • d)

t 3 I t 3
2a
,

2a' 2 a
,

I , 1

(a' 7)(7. d)- 3 _1 - 3
a.'

The expansion of the second term gives:

(a' d)(7. d)
I

a'
I

d' ]_) t ...

a'
I

I

la - 71,
, • a

1

a',
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Since Id 1« 1 011 terms but the first moy be neglected, thus
•

t\v = _ e[~. d + 3
1 J '2

a,

;;-. d 1;[2
_,__ - +3

a5 2 aJ
1 ,

(a • -;-) (;;- • d)
1 ,

a'
1

We note that the first three terms do not involve electron-phonon, interaction

since they contain d but not -;. So if we multiply this result by the chorge of the
+ •

Cu ion and odd to it the contribution of the six neorest neighbors (CI ions) we

hove,

e{3 (;;- . -;-)(;;-1 - (;;; + ;.,) , • (; + u. 1)
~V , 1 +

a' a'1

(;;- .-;)a. (;+ ;.2) ,.(; .; )
+ 3 2 2 2 , .2 +

a' a'

, • (u + u ) ]' .,
a'

Now following Peierls 6 notation for the lottice displocement we use

Un ¿ q(f,s) expUI .;;-~) VU,s)
/, '

Where 7 is O vector within the basic ce 11 of the reciproc01 lattice.

206



For eoch given 7 there are 3 different modes, corresponding to different solutions

of the equation¡

w2"V. I G.I . (/) v.,
l .l 1, l l

1

In general there are a number of solutions V.I (j, 5) corresponding to fre
1

frequencies w(f, 5) with S= 1,2,3, ••• , 3r and with the volues of q sotisfying the

equotion

2
¡¡I," (w(j,s)} ql,' = O

Now let us toke the first two terms of ilV
1
'

3 (;;; ;);. (;; + ;.,), ,
aS

q(j, s) V,(j, sl I ¡
= }; 3 "---- exp (il';;) (exp(if a)' exp( - il al]
1,$ a3 o 1 1

(xV' yV • zV ) exp(il';; {exp(if al +x x 1: 2 1

a'
exp(- if

l
al}

Here we hove token into cccount that,;' = a l' a , where a is a vector from the" o PI o
crystol origin of the unit ce 11in considerotion, and;; are vectors with origin ot

n

the end of;o and describes the equilibrium positions of the C(ions, ond olso,

thot 7 = / h + / b + / b where b, h ond b define the reciprocol lottice.
112233 123

The oddition of the exponentiols gives o term 2cos (j a) ond th••...•ther,
four terms of ~\Vgives o similar contribution. Sowe finally hav'
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with ¡~ ¡I k=l,2,3
To simplify the lotter express ion we define;

- 2.' ~ q¡ expUI.;¡) v.(f, s)
3 ' s o Ia I,s

Thus

,o..v = :l: x.A .. . .
•

C. WAVE FUNCTIONS PERTURBEO BY THE LATTICE POTENTIAL

The ground state af the Cu+ion is the configuration 3d10, and when ex.

eited the configurotion is 3d94s' we suppose thot the lottice potentiol con mix the

s 000 d orbito 15with the 4p states, so thot the perturbed functions q:l d ond cp
J "

will be 01 the lorm:

'i' -[y + ~4s - . 4$ ..
'd

A¡ (Pi IXi Id) Y4Pi
B3d - E .•p

A. (p.lx.ls)y
J J 1 "Pi

E -E
45. "P

]

]

where the letter d represents cny af the five d functions glven previous Iy.
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The Born-Oppenheimer approximation is used when we suppose that the

wove function of the e lectron in the initio I lottice configurotion, as described by X,
con be expressed as the following product;

Where ea. (X) represents the lottice configurotion befare the transition. In the some

monner, the final stote of the electron is described by the function:

Where 8.a(X) represents the finol configurotion of the lauite.

D. EXPRESSION FOR THE OSCILLATOR STRENGTH IN THE LOW TEMPERA-

TURE lIMIT.

The oscillotor strength laba./3 is obtoined from the following express ion:

Where m. refers to the effective moss of the electron; a, a ore referred to

the initiol states of the electron ond the lottice respectivelly, ond b, f3 the final

states of the electron ond IOUice respectively. S;ba..a(E) refers to the obsorption

line shope which can be opproximoted by: .

S(/' -E -El'b.a "a a. ~

aad 'ab"" = Id,I ('f',,0p(X) 1,1 'f"d0a(X» dX
•
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Averaging over the initial states, and taking a summation over the final states 13,
the final express ion far laba/3 takes the form:

That is

¡ah'

Taking into aeeount that the energy due to the ehonge in the lattiee, con-

figuration is smoll with respeet to the eleetronic transition energy, ¡ab can be

written 05

then the problem reduces to the solving of:

2

¿ I 'ah {31 '{3 a

0: (Xl -;

Here d ogain represent any of the five possible d stotes.
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Taking into occount that3

We obtoin

A; (Pi Ix; Id) ()(.p.l, IX.,)
•

B3d - B4p

•

To simplify the colculotions let uS define Y¡ ond TJj in the follOW'ing form:

in this cose we hove

Y;=:E
i

1]; = :E
i

(Pi Ix; Id) (X.pi, IY,,)
•

EJd - E4p

(Pi Ix; Is )(Y,) , IY'P.)•
/! -/!
4S 4p

Now B¡ can be defined in the following woy

2 ' --n¡ $ - -'- ex p (i I . tio) Vi (Jr s) [2 cos l.ti - cos l.ti - cos l. a ]
tlJ J 1
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Also it is known6 that ql cOn be stoted in the following form,,s

Where the Q's represent the elastie woves travelling in ppposite direction.

Now if the \8/3) state is expended in terms af the lea.> set af normal ca.

ordinates, ¡.e.,

We have: •

~ .1 (0 •• 108>Y¡B¡ (8.IQI,s + Q:/,S l0.' >
j3,j,/,S,a.

• 2

+ (tl ••108> '7¡B¡ (0.1 QI,s + Q_ I,s 10•. >1

Now, Q(f,s) and Q''* (t, - s) in the quantum representation ore the annihilotioll ond

creation operotors respectively, ond obey the following relotions

,
(0IQI 10+1>=( fJ )'~a , s a. •••. a.

2M' w¡, s

the other motrix elements being zero.6
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Thus,

Where we hove mode use of the foct that

¿(El,+,IEl/3>' = ¿(El >,1 El/3)' = 1
/3 /3 "

and 0150, N U,s) = N (j, - s) in thermal equiJibrium. It can be shown6 that at
" "

T = 0° k, Na. = O.

So we hove finally:

E. CALCULATION OF MATRIX ELEMENTS

For the radial part of the matrix elements, we have

and

_ J ---rS•4 ~ - 2.46 r rJ dr
C'pl,I,',)- o ¡r(B.4)/2.46"'] = 3.41
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hove

Fot the angular port, let us take the function dJCy i.e.,

,
(2.)' s;niJ cosc,?S;"iJdiJ d'f' =4n

(~) ¡{ 16I~/60 }
64n' O

Where we hove colculoted simultoneously the three components. Also we

,
(dxy 1'i 1Py) = (._iL) ,

64n'

{~ }
,

(Pxhls) 3 ' rT }= (-)
16n'

{ O },
(Pyl'ils) = (_3_) ¡ 11

1611' O

, { O }(p,I',I,) 3 ' O= (-)
1611' O
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F. FINAL EXPRE5510N FOR THE OSCILLATOR 5TRENGTH

In expanding the express ion

.•.There ore many ferms that cancel out due to the foct that the malTix elements ore

zero.
Also we hove considered enly ene atom for unit cell, we hove enly ene dis.

plocement vector ;(f, s), thus, by the symmetry of the crystol with respect to the

three axis chaseo, we hove,

2

1 Bi 1

where the sub-indexes refers to the components of B 01009 the different axis.

Also from the normalizatían condition for the ~ we have61; 12
= 1 in the

case of ene a form per un it ce 11.
Thus, we abtoio

. 2
~ IY¡B¡+7)¡B¡1

1,s, j

Now, form the symmetry !..1;712

3
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and

4,' 1 1_1'
-- "a' 3

,
[2cos f a -cas! a -cosl a)

1 , J

If now we use the Debye approximation6 the Sumrnotion over s is the change

to a factor 3, w¡ = el ond the summation over j is changed into en integro 1, so.'
that raking into account the symmetry; we hove

and

thence

JJJ

JJJ

cos Ti J__ d ,=
171

cos ti cos Ti

JJJ

cos ',' cos 'k d3 T

171

n
61JJ
-n

d3, (2 cos x - cos)' .•.cos z)

a'e 171

1,
where a

2 = 11/ with lle the volume of unity cell.

The terms V /(2IT)3 oppear beco use of the Debye opproximotion, and e is

the propclgation velocity ond is given by the equation6 e = ~ 3 IT.-
K V V4IIVc

Finolly, for Q trapped electron, the effective mass is m* = m where m is

the mass of the free electron, so we hove

2m
3h'
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This volue fiven for 1. b is only for the function d , the other four da =y

functions ore miss ing; but in evaluating the motrix elements corresponding to these

missing functions, it is found that the result is the Sorne. Thus the fino I ex-

press ion for I~b is given by

Fab 5fab

The numericol values obtoined from these finol expressions ore:

Av = 2a

11

JJJ
-11

(2cosx- COS)'- cosz) dJr

171
41.10

a= 2.81 A

.If = 17

The propagatían velocity is given in terms af Debye temperatlA'"e eV' which
is toking fa be 300oK. AII the volues are given in utomic unih 4 giving o volue

for I~b" 10.4 which is typicol af this type af calculatían7 the only motter leh is

to compare thi:s value with that obtoined eXDerimentally.
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CONCLUSIONS

Complete colculations on reolistic models af a lattice with On imperfection

are extremeJy ¡nvolved, and so rar they hove not been carried out except in a formal

mCInner. During the lost SO yeors Phy::.icists hove mode colculations on unreolistic

models hoping fa gaio some insight into the oroperties af phonons und phonon-

electron interoctions. In calculations af the oscillotor strength for absorption it is

necessory fa obtoin en express ion fer the local field, thot ¡s, the actual field ot the

imperfection. At present no reliable theory exists. With respect to the applica-

bility af the Born-Qppenheimer opproximation, Lax 8 hos 5ufficiently iustified it.

It must be noted that even ¡f severoi works hove been published9, where the local

lottice modes ore token into occount, these hove been corried out in one dimension-

al 10Uices onlylO. Finolly, about the volidity of the multipole expan~ion of the

electromagnetic field, which has been used implicitly in the colculotion of 1,we
can soy that it is olways volid for wove functions whose extension is smoll com.

pared to the wove length of the rodiotion thot can be obsorbedll• This is the cose

for on electron tropped in o crystol.
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