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ABSTRAer

1968

Th€" Gr;;n€"is€"nparame/ers 01 cubic metals copper. sílvl'r. goM. aluminium.

sodium and po/assium are dl'lennin€"d Irom lhe measured elas/ie constants and Iheir

pressurl' deriva/ir1es, USillg de l.atmay and Sharma-joshi's models 0le!l'clron ..ion

intf?raclion. The ealculation makes USl' olllous/on's six.lerm approximati O1J. The

r€"sulls o/lh€" calcula/ions ar(' compared with available experimenlal informa/ion.

11 is /outld Ihal Sharma-joshi's model yields a be/ter agreemenl Ulith ('xperimen/.

RESUMEN

A partir de las determinaciones expf'rimf?nlall's df? las consta11I€"s f'láslieas

)' sus dl'rit'adas rl!speclo a la prf?siún y ml'dian/(' ('1 uso de' los mod('/os dI! inln ..

acció,¡ ('/eclr()n.ion prOPUf'sIOS por de Latmay y Sharma-joshi; SI! de/nminan f'11
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est£' trabajo 105 parámC'tros d£' Griin('isl."n para cohrE', plata, oro, aluminio, sodio y

potasio, 1.05 cálculos SE' haC<'Tlcon una aprm,:imacián dE' Houslon a seis términos

)' s(' comparan carl la información e'xpnimE'nlal disponible'. Se' encue'nlro que' ('1

modf'lo dI" Sharma.Joshi ('slá ('n mejor concordancia con los valore's eX/Jeriml"lltale's.

I. INTRODUCTION

In the theory of the thermol expansion of erystels, en importent port is

ployed by the Grüneisen pare meter y defined by the reletion

(1)

where KT is the isothermol bulk modulus, a the volume thermol eXlxmsion eoef.

fieient, V the erystol volume and Cv the speeifie heat at eonstant volume of the

materia l. This quantity provides o meosure of the anhormonicity in a erystal and

is reloted to the voriotion of lattice frequeneies with volume. Grüneisen's theory

aSSumes y to be a constant, independent of lottiee frequeney and temperature.

This pieture has now been shown to be inodequote.

In reeent yeors the expansion eoefficients of erystols hove been the subjeet

of o considerable theoretieol ond experimental literature. The verious experiments

on thermol eXp::Insion at low temperatures provide strong evidence that the pororreter

y varies with temperoture. The theoreticol work of Barron4 ond Blockmon5 on

thermal exponsions using ideolized models for the lottiee dynamics shows thot

drastie variations in the value of y with temperoture oceur in the temperoture region

T::: 0.28. Sheord 6 has re loted the volume dependence of the norma [.mode frequen-

eies with the presSure dependence of the elastie eonstants for on enisotropie

elastie eontinuum. From the suitobly weighted average of Y.q over the phonon.p
speetrum, he has abtained the values of y for the two extreme coses of high enough

(T> 8) and very low temperotures (1'«8), respectively. Though the onisotropic

continuum model is On oversimplification, Sheord's results for noble metols show a

reosonoble ogreement with the experimental dato. The som~ model has 0150 been
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used by Collins 7 to compute the temperoture dependence of y for o number of mO"

teriols of cubic structure. Horton8 investigated the temperature dependence of y
by incorporating the observed temperature variation of the elastic constants into o

central neorest ond next neorest model. The oqreement between theory and experi"

ment is quite sotisfoctory.

Shormo ond Joshi9•10 hove propounded a model for studying the lottice vi .•

brotions in metols toking congnizonce of electrons os a com~essible gas. In this

model the effect of the gas of valence electrons on ¡onie vibrotions is token into

aeeount by ottributing to it o bulk modulus. The model is found ta give a plausible

explonotion of temperoture voriation of heat eapaeities ond Debye .•Waller foetors

of a number of eubic alkali and noble metalsll• De Launay12 has olso propased a

simple phenamenologieol medel in whieh eonduetian eleetrons are assumed ta be .•

hove Ii ke on ardinary gas suppcrting no sheor stress. This model has been sue .•

cessfully used fa the ealculation of the frequeney speetra ond the temperatlXe

dependenee of the speeifie heats af o number of eubic metals by Doyol and his

eoworkers
13
• In both madels the eontribution of ions to the elements of the

dynomicol motrix is exoetly the SOme. The eleetronie eontribution is, however,
different.

In this paPer we hove utilized the models of de Launay ond Sharma .•Joshi

for the calculotion of the temperature variation of y for some eubie metals from

the experimental volues af the preSSure derivatives of elastie eonstonts. The

results for eopper, si/ver, gold, aluminium, sodium ond potassium are presented

000 eompJred with the available experimental informotion.

IJ. THEORY

The general method of eomputing the volume eXpJnsion eoeffieient a is ta
use the thermodynamie relotion

(2 )
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where F is the Helmholtz free energy. In the quasi~harmonic approximation the

temperature.dependent port of the free energy is given byl4

(3)

where wq,p is the angular frequency of nama I mooe of wave vector q and polari~

zation p, kn the Boltzmann constant,and the summation is token over all the narral

vibrations of the crystal. From Eqs. (2) and (3), it follows that

where E(x) is the Einstein specific-heat function

E(xl = x','/(,' _1)' •

and

(4)

(5)

(6)

Equation (4) gives the Grüneisen relotion (1) ,when r is the mean of Yq,p defined

by

q7p Iq,p E (lJú)q,p/kIl 'J')
Y = ------- - -- --- (7)

The quantity I sodefined is a parameter which will yary with the temperature.

Replacing the summations oyer q by integration ayer the allowed yalues af q

within the first Brillauin zane, Eq. (7) becames
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y= (8)

where n is the salid ongle in wave-vector space.

111. NUMERICAL COMPUTATIONS

The ca 1culation of y ot different temperotures has been corried out by using

o modification of Houston's method. The integratian over q wa$ performed numeri-

colly ond the integrotion over n was corried out by using the modified Houston's

sphericol six-term integrotion Procedure as elaboroted by Betts et 01.15 Horton

ond Schiffl6 hove discussed the opplicobility of Houston's method in the calcu.

lation of specific heot, ond Callins 7 ond Goneson and Srinivoson17 hove shown

that this method moy give relioble temperoture dependence of y. The six di-

,ections used inlhe presentcoiculoliono,e: [100], [110], (111), [210], [211]
ond [221).

In arder to use Houston's method, the secular equations 9.HI for the determi-

nation of the angular frequencies of lattiee waves in fce and bec metals were solved

in eoch of the six direetionso The limiting volues of q olong the six direetions for

both types of structure are given in Toble lo The quantities 'Yq,p were expressed

in terms of the three elastic eonstants Cll' C
12
ond C

14
and their pressure deriva~

tiveso The values of these quontities were token from experimento In the

ea1culation we used the measured temperature variations of the elastie eonstOnts

ond the lottice para meter. The elostie eonstOnts in the high-temperoture region

were extropoloted from the existing experimental volueso For the pressure deriva.

tive we hove used their room-temperature values beeause experimental data for

them below room temperoture hove not yet been reportedo
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IV. RE5UL T5 AND DI5CU5510N5

Figs. 1-6 show the ealculated values of 'Y os o function of reduced tempero-

ture (TIGo) fromde LOLnoy's and Sharmo.Joshi's models fOl' copper, silver, gold,

aluminium, sodium and potassium for which data on pressure derivatives of the

elestic constants ore ovailable. For comparison we hove olso shown the volue of

y derived from the experimental measurements of the thermal expansiono The

scurces of the elastie constants and thermal expansion date together with the ex-

perimental values of the pressure derivatives cf elastie constants are summarized

in Toble 11. The lattice-parameter values at various temperatures were token from

Pearson1ll• Becouse of the considerable variatían in the values of pressure_deriva-

tives of elastic constants for noble metals as reported by Daniels and Smith19
, and

Hiki and Granato,20 our calculated curves for new and old elastic data do not

coincide.

A survey of Figs. 1-6 reveals that the calculations based on Sharma and

Joshi's model yield a better agreement with the experimental values of'Y for eopper

and silver. A possible source of diserep:::Jncy ot low temperotures seems to be the

use of room ..temperoture values of the pressure derivatives of elastic constants. In

view of insufficient experimental data for sodium, potassium and gold, it is diffieult

to drow any definite conclusion for these metals. In the case of aluminium,though

the shape of th~oretical and experimental curves is similar, it is disconcerting to

find how widely the calculations deviate from the experimental measurements. The

discrepancies observed in this case are not so surprising and can be attributed to

the approximate description of the electron ..lattiee interaction and to the assumption

of short-range interatomic interoction in both the mooels. Recent experimental in-

vestigations of phonon dispersion relations in aluminium21 show that the interatomic

fcrces in this metal ore of a fairly long ...•.ange ond noncentral nature.
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TABLE 1

w,oximum values of WOve vector q fa body"'Centred ond face-eentred

cubic crysta Is

Direction Maximum

body.centred
volues

foce-eentred

[100)

[110J

[l11J

[210]

[211]

[221]

" "- -a a

1 " 3 '!--
21212 a a

fi " fi '!--2- -
2a a

15 '!- /5 '!--3- a -2- a

16 " 316 '!-""3 -a ti a

3 " 9 '!-4 -
10a a
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Table 11

Elastk and thermal-expansion data for cubic metals.

Pressure derivetives af the elastic

canstants

Metal «n/al' acl2/al' de (;)1' E las tic constonts Therma I expons ion••

Copper al 6.363 5.200 2.350 Overton and Geflney '1 mi
Rubin et al.

b) 5.940 5.190 2.630

Si Iver a) 7.032 5.754 2.310 Neighbours cnd Alers " Conuccini end
b) 5.117 3.607 3.040 01

Gniewek

Gold a) 7.014 6.138 1.790 Neighbours end Alers
,1

Corrucc ini and
b} 5.717 4.957 1.520 01

Gniewek

Aluminium e) 7.350 4.110 2.310 Sutton '1
Cortuccini end

Kemm and Alers '1 01
Gniewek

d) 3.901 1.630
iI

Corruccini endSed ium 3.449 Quimby end S iege I

Diederkh ond Trivisonno '1 01
Gniewek

••) 4.305 1.620 Marql)lltdt end Trivisenno " Monfcrt cnd Swenson
01Potcssium 3.8m
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Fig. 1. 'Y os a function of reduceo temperature (7/8

0
) fer copper (Ao = 331 °K).

The salid curve is obtoined from Sharma and Joshj's model ond the

dashed curve shows the colculation using de Launay's model. The curve

with o circle shows the experimental behaviour.
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citele shows the experimentol behaviour.
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The salid curves are based on Sharma and Joshi's model and the doshed

curves show colculations using de Launay's model • Circle is the experi-

mental point.
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(8
0

= 407°K). The salid curve is obtained from Sharma ond Joshi's

model and the broken curve represents calculation from de Launay's

model. The curve with a circle shows the experimentol behaviour.
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