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AIJSTRACT

Thl' gl'nl'raI5U(J) ma/ru: is lac/oriud in/o Ihe produc/ ollive malrices, 01

which /hrH bf."lonl? /0 Ihe saml' 5U(2) subgroup and /he o/her /wo arl' the ma/ri:c 'o/
thf." transposilirm (2.3). U".,;ng Ihe prl'lliOt~s/)' dl'tnmitl('d ma/ru: e/emenls o/ /he
Ira'lsposilion (2.3). /hl' rl'prl'sl'nta/ion c{)("I/iciol/s 0/5U(3) are ob/a;nl'das linear

combina/ion o/ producls o/ Ibrl'l' r('pr(,H'lta/ion c()("//icien/s 0/5U(2). From tbis

e:cpression il is l'eri/if."d /bat Ih(' 5UO) Gl'//arld basis states are a particular case

o/ the rl'pr(?,sf'rltation cQ('//iC;(,'l/S.
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RESUMEN

La matriz g~nnal d~ 5'U(3) st' /acturiza 1"71 un producto dt' cinco matrices.

de las cuales tres ~rtt'r}ec~ll a url mismo subgrupo 5U(2) )' las otras dos son la

matriz de la transposición (2.]). Usando los ~l~m~rltos de matríz dt' ('sta trans~

p.osición. obtcnidos cn rm trabajo anterior, se dt'drJCc1Jlos cot'/icioltt's d~ reprc~

s~ntación d~ 5U(J) como combinaciól1 lineal de productos de tre.'; coc/icit'nt('s de

rt'prí!sentación dí! 5U(2). A partir dí! esta expresiól1 Sf.' comprueba que los t'sta~

dos de Celland de SUr]) sot} un caso particular de los coeficientes de represe1Jta~

ción.

l. INTRODUCTION

In a former paper1 by M. Moshinsky and the present author, we gave a deri.

vation of the representation coefficients of SU(3). In reference 1 we adopted o

method of factorization of SU(3) matrices proposed by Murnoghon2• In this paper

we adopt a different factorization method, essentiolly anologous to the familior

Factorization of SO(3) rototions inte three successive rotations3 by the Euler

angles a,p, y. By this method we obtain for the representotion coefficients of

SU(3) an expression simpler thon the one quoted in reference l. In Section 11we

describe the new method oF foctorizotion and obtain the explicit express ion fer

the representotion coefficients.

In Section III we verify that, as should be expected, the basis states of on

Irreducible Representation (1 R) of SU(3). i.e. in this case the Gelfand states4 ,

are ebtoined when we restric; the row indices ond porometers of the general repre.

sentation coefficient te some specific values. An anologous property ta this is

possessed by the SU(2) representotion coeffrcients. In foct, the general SU(2)

tTiJtrix is usuolly written as

" 11

"21

"12 )

"22
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ond the representatian coefficient corres pond lng to this tronsformation on the

.oosisstates of the I R [¡) of SU(2), which is given below in equation (14),

reduces when m' = j to

,

r;;:::-;-:-¡ o*j+"'(_b)j-m ~
y (2j) ! ~=='=='==_ =_ y (2j) !

/(j+m)!(j- m)!

u*j+m,/j-m
11 21

/(j+m)I(j- m)!

lf we now interpret u ond'4 os boson creatían operotors ond make them opera te
11 21

on the vocuum state lo>, we hove

the ket on the right hand s ¡de being the familiar SU(2) bosis states. The corre-

spondhg SU(3) result will be derived in Section 11I.

11. SU(3) RE PRESE~!TAT!ON COEFF ICIENTS

The genero I element of the SU(3) group can be written os

u= 14
22

11
23

(1)

U
32 ""

with the matrix elements uis sub¡ect fa the additional restrictions

(C1, C,) = 1, (C,' C,) = (C1, C,) = O, De. 1I = 1

(C,' C,) = (e" C,) = 1, (C,. C,) = O
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In formulas (2) es (5 -= 1,2,3) is a vector with components ItJ¡s' tJ2S' tJJsl, and

the scalar po-oduct has the usual definition (C,., es) = urr u
IS

+ ti;,. u
2S

+ u
J
,. uJ.~

In particular, we hove

Viewed this as a system of homogeneous equations in u;l (i -= 1,2,3), it has the

non-trivial solution5

where

,
U

11

"L\jj = u¡,. ujs - uj, ui,~

u
"

(3)

(4)

In this way we can conclude that a SU(3) matrix can be written as

23'
"'23 u ul' 13

23'
U 1.\ 31 U u (5)22 23

23'
¡\2 U U22 J3

and the conditions (20) are automatically satisfied. Let us now, instead of the

two vectors e , e obeying the restrictions (2b). introouce s ix new paramaters, ,
al' "t' a2, b2, aJo b3 obeying other restrictions, by means of the definitions
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,,'
a , 1.\"

" ~ " = a ", = -
1 b

, " b,,
a IÍ" 1'+1" l'

a
b " b b - "- -b- = , , = -b-
1 , 13 23, ,

(60)

Using the conditions (2b) it is readily verified that the new parameters obey the

restrictions

b, 1" 1'+ lb l', ,
(6b)

From the explicit form of the matrix (5) and the orthogonolity (e , e ) = O, we, ,
obtoin the ¡nverse relations

" b "' + " " b " " b,
12 1 , 1 , , " 1

" a* a* - b* a b " - b" b (7)
22 1 , 1 , , " 1 ,

" - b b "" "'" , , ,

It is cleor that definitions ({)a) ore volid only when b2 f O. When this is not the

case, i.e. when u
13

= un:: ti
31

:: u
32
:: O, the formulas (7) are still volid if we

toke b = b = O ond a = 1 ," ,
In terms of the parometers a , ..• , b the general motrix of SU(3) now

1 ,

reods
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( a a a - b h' :t:lb+b a' a h

1
I , , , , 1 2 ~ 1 , I 2

U = -""<1 ~ -a"h" - b~ tl b+tZ*(J* ,. b ~ h (8)
I 1 2 3 I J I 2 J 1 J I ,

\ - h a -b b a' I, , , , 2

oy simple :nJtrix muitipl¡cation-Ne COn verify that ti = l' U' U , .•••.here, , ,

, ,
Furthermore, the motrix U

2
COn be decomposed as U

2

(9)

(2,3) U, (2,3), with

(2,3)

o
O :) (10)

:0 this way we arrive ot our final express ion

(I = 1', ' (2,3) • lJ, • (23) , 1', (11)

ond we see that the three matrices II • [1 , U belong to the sorne SU(2) subgroup.
I , ,

We sholl nextconsidt;ro set of basis stotes belonging tOOn IR of SU(3).

We .:hoose this set to be the Gelfand bosis 5 tot"""54 ,ond denote them by

1,
I

p
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In (12) [b b O] ;s ,he label 01 'he I R of U(3), ond [p q], [,] ore 'he lobels
1 1 •

?f the I R of the canonicel subgroups U(2) ond U(l L respectively. We would

'ike to remork that normolly the Gelfond stotes ore defined as bases of 1 R of the

unitory group U(n) classified by the canonicel chain of subgroups

I)("):J U(,,-1):J U(,,- 2) ... However, as ,he I R [b b •.• bkJ 01 U(k) ;s
1 2

;somorphic to on I R of SU(k) 0 U(l), we con speok of the stotes (12) as c1assi-

(ied by 'he cho;n SU(3) :J SU(2) :J U(1). Also, os ,he transformollons we .ho 11

consider does not take us off en 1 R of SU{3), in the following we shall suppress

the indexes [h h J in the natation for the states.
1 2

Now, in reference 1 we hove evolucted the motrix elements of the tronspo-

sition (2,3) with respect to the states (12). The result is

q\ I p' q)¡ (2,3) I " 3,,' S\ .¡. h2. p. q, p' + q'.,' ,¡(p - q t 1) (p' - q' + 1)

[
b.b-P-q

x W 1 22 '

h.~r-p-q'
1

2

r+h-q-q'
2

2

p+p'-r-h
1

2 '

p'+ q'-r

2

(13)

where W(abed¡ef) is a Raeah eoefficient. Moreover, the tronsformations

U" U , U are SU(2) elements ond the stotes (12) be long to o basis for On 1 R
1 ,

of SU(2); henee the motrix elements of these tronsformations with respeet to the

states (12) ore the familiar SU(2) representotion eoefficientsJ

q p' 7')'
"

~(P- q)
f) (a ,b )

,.~,;(p+q).,.'_%(p+q) s s

(p_ q) 1

( p- q)(P,- 7)
r-q r-q

(14)
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Using the results in (13) end (14), we obtein for the representotion coefficient

corres ponding to the general tronsformetion U of SU(3) given by (11), the ex.

pression

1)[\ h,] (a
pq"p'q',' l'

h h, 1

~ ~ l(p-q+1)(p'-q'+I) (T-u+l)
a-=o.,=h ,

[h +h -p-q p- h + T h-q-u h+h-u-T q-h +T p-:,+U]x • 1 , 1 1 1 , ,
2 ' 2 2

,
2 2

[h +h-p'-q' p'-h +T h - q'- a h+h-a-T q' - h + T P'-;,'U]x W 1 , 1 1 1 , ,
2 ' 2 2 • 2 2

,

(15)

11I, DERIVATION OF GELFAND STATES FROM THE

RE PRESENTATION COEFFICIENTS

Let uS consider the particular cese of the representation coefficient (15)

when ,'= p' = b. ' q' = b'}.. In this case both Recah coefficients in (15) are of

a simple type thot does not involve summations, and furthermote the second one

is different from zero only when CT = O. The lest two SU(2) representetion coef.
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ficients in (15) olso reduce to a s ingle term, and we obtoin, using (14)

[hh] P h+h.p-q
f) 1 1 la, ••..• b,) = (_) Nb,' ,

;X:¡', h h h '
1 1 1

k + 7" p-,.k * p.h.h + 7"-k
(-) a a"v 1 1

;;., k!(p-b-b + T-k)'
1 ,

x

*h .•.h-p.q+,+k-7" *p+q-h-h +7" '7"-h h.7"
(h + h _ q _ T)! ble b I 2 a I 2 a 2 b 1
12 11 2 3 3

(h - 7)!(h + b - p-q+" k-Ti!(p-'- k)l(h -q)!
1 1 2 2

(16)

with

N=
(h +1)! h '(h - h )'(p- b )!(b -q)!('-q)!(p-,)!
1 2 I 2 2 2

(h - q '1)! (h - p) , (p , 1)' q!
1 1

(p - q + 1)

(17)

NO'N, in the product of foctorials thatoppears in (16) we shall reploce some

factors through the use of the identity

(h +h-q-T)!
1 ,

(h _ T) '(h + h _ P_ q +, + k - T) , (p - ,- k) ! (h - q) !
I I 2 2

1
s! (h - T - s) ! (h + h - p- q +d k - T - .,) '(p - h - d T - k +s)!

I 1 2 1

ond moreover, insteod of Twe shall introduce os. new dummy index

n = p- h - r + s - k + T. With these changes (16) becomes
1
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x

[hh] h+r h+h~p~q ,,>+np-,..k*,-h+n-,'i
iJ l' (a ." '. b ) = H I Nb l' ¿ H a a '

pq, h h h 1.3 2 n k... 1 1
, -1 '2 1

(18)

A careful exominotion of this formula reveols that the summotions ayer s ond k

come from the exponsion of two binomials, nomely

[hh] h.H
/i) l' (a. 1" '. b ) = HIN

pq' h h h 1 .3
, 1 2 1

+ * p-r-n * h-p * * h-q-n n
x (a b + b a a ) (b a ) 1 a q (b b)' (a b )

13123 23 12 12
(19)

Then, if we return to the elements /Ji .•• of the original motrix U by meOns of the

equivalences in (8), we hove

[b ¡, ]
/i) l' (U)

pqr,h h h
I , 1

h - q tl

H 2 N ~H
n

,-h +n p-r-" h-p 12 q 12 h2-q-n 12 n
U' U ul (6)(6) (6)

11 21 31 12 31 23

u!(r-h +n)!(p-r-n)!(h -q-lI}!, ,
(20)

In 'miting fcrmula (20) we hove used the foet that the property expressed by

equations (3) is valid for the elements of ony calumn (or row) of u, l.e. in o
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unitary unimodular matrix the elements of cny column (or row) ore equal to the

• conjugate of the corresponding cofactors in the matrix. Owing to this property we
12

could write in (20) the coroctors 6. .. defined according to (4), instead of the ele .•
'1

ments 1I~3.

If we interpret now the Ui~ as basen creatian operators, the right hand side

of (20) when octing on the VOcuUm stote I O > is proportional4 to the Gelfand state

h1phr'qO) , ond taking eare of the appropriote normalizatian we arrive at

the final result

(h t 1 )! h !
I ,

(h - h t 1)
I ,

(21 )
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