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RESUMEN

Rf'cit?'n/pmf'Il/f' ha habido grarJ in/f!'rés f!'1l los grupos dl' 'lO~i,warianciapara

s;s/("mas díuámicos. /undamf"rltalmí'lltf!' con la in/(>7zció'l df!' gf!'llnalizar estas idf!'as

al campo df!' las partículas ('1('m('11/0/(,5. En és/f!' trabajo vamos a arlolizor la cons-

trucción de grupos d(' no.jm'Qrjancia f!'1l /(A"ma d;,('ela hacipTldo uso de las t1ariahks

dinámicas básicas de t'arios sis/f'mas físicos como,.1 rotor rigido)' pI ow:iladfA'

ar mrill ic (J.

I.a técnica gf!'llnal crmsis,'(' ("1 construi, opf!'rad(X"f',<¡qUf!' dt!/JE'ndan S% df!

las t'oriablf's dinámicas dr! prohlf"ma)' que satisfaga,] ('/ á/gf'bra de Lit?' dI! algúrl

grupo. Est(' grupo así conslruido d~b(' I('nu las sigui('nlC's caraclerísticas:

conlrTl('r corno subgrupo d~l grupo d(' sim('lrías del sislema y sus o{Jeradcx('s de

Casimir s('r tal('s qu(' todas las C'ig(,Tljrmciones d('l hamiltol1ia,1O jísico per/,ul('z-

can a IlTIa misma repres('nlacióTI d(' I grupo mayor, Es/o 1105 /Jf'rmilirá conslruir

todo.~ lo.~ posibl('s f"s/ados df"/.~í.~t('ma COll S% COlloc('r los C's/ados d(' máximo

PC'.H) m~dian/(' WJa I¡cnica gem'ral.
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'rhnt> has b(,f!n rt>ct>TllI) Q gr('Qt d('al o/ iut('r('st il1 'lO'l.im'arial1c(' group.<;

o/ d)'flomical systt>ms mainl)' with the purPOSf! o/ g('nnalizing th(' itif"as to Ihf" /i('1d

o/ ('lt>mollar)' partiC/('s. We u'ant lo discuss here tht> dirf"ct construction o/ ,¡cm-

im'orianct> groups. u.••ing tht> d)'namical variabl('s o/ s('t'eral ph)'.<;ical s)'stems likr

thr rigid rotatlK and th(' harmonic oscil/ator.

'['ht>gl"neral technique cOflsisls ifl buildiug up opnalors lhal dl"{X"fldofl/)' ou

lhe d)'flamical t!ariables o/lhl" problem afld lhat salis/y som~ group's Li(' algt>bra.

Such Q group musl ha ve lhp /ol/owing charactnislic.<;: it mu,<;tconlaifl as a sub-

group. lh(' .••ymmdr)' group o/ lhl" syslem and ils Casimir opnalor." be- such thal all

tht> I/amilloflian •.••('ig(,fl/Ullctions belollg lo a singl(' reprrse-ntatiofl o/lhr larg('r

group. '['his will al/otl' us lo conslrucl all possible stal('s o/ lhe- sysle-m b)' tht>

m("r(' knou'l('dgt> u/ Ihl" ma"imwn r¡,'eight slales by lht> ust> o/ a g(,fleral l('ch,úqu('.

INTRODUCTION

In the present work we will try to show the most relevont aspects of nOna

invarionce dynamicol groups 1 thot moy provide uS with O new techniqve in the

treotment of dynomicol systems. To illustrote this let Us stOrt with Some very

simple exomples.

First let us toke the one-dimensionol hormonic oscillota".whose I-lcmiltonion

is:

11 = .!- (p' + x')
2

with solutions

+ "~Io>
/;;T
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As is well known2 the invariance group of this Hamiltonian is the unitary

group in one-dimension SU(l). But iet us take the following viewpoint¡ we shall

use the dynomicol variables of the pr.oblem either coordinate and momentum (x, p)

or a IternativeIy the creotion and onnihilationoperators (a+:= _1_ (x- ip) ¡
12

0= _1_ (x + ip)) to build new operators thot generate the Lie olgebra of a group

/2
thot contoins SU(l) as o subgroup. Such operators are

J

¡ = a a, 2 (2)

These form a Lie olgebro, in fact they ore the generC"tors of a group 0(2,1)

os Lipkin4 has shown. We shall cal! this o dynamical group on occount of the

foct that we build it from the dynamical variables and a non~invoriance group

because not 011 of its generators commute with H. In spite of this we con derive

useful information of the system from this group. We construct the Cas imir oper~

ator of 0(2,1) and we see from (2) that it is equol to o constont:

- 3/16 (3)

This implies that 011 the eigenfunctions of the problem ore eigenfunctions

of ¡2 with some eigenvalue, that ¡s, all the Hamiltonian's solutions belong to the

some irreducible representation of 0(2,1). We can then build ali the possible

states the problem from the maximum weight state by applying to it the weight

lowering operotor L. In our example the two states lo> and a+¡ O> ore highest

weight states because:

o., ',0'10>
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(4b)

Yet tl1ey OOlong to tl1e same eigenvalue of the Casimir operetor of 0(2,1) o
+This is similer to whet hoppens when we go from 0(2):J O (2), the

Cos im ir operator of 0(2) is L~ but L
T
itse If is inveriant befare 0+(2) ond not s o

in the 10rger group so by using L; as the Casimir operetor of 0+(2) we get NO

highest weight stotes with the SOrne eigenvelue m2 of L~.

But the relevant point is thot 011 the even eigenfunctions can be obteined

by opplying powers of 1_ to the state lo> and all the odd stotes ore obtoined by

opplying 1~ lo a+IO>.
We can 0150 construct the motrix elements of the dynomicol g'oup generatas

once we know the representotion eigenfunctions, in foct we hove

1 __ o

- _' In (n + 1) S.2 V n,n.2

(5)

- ~ (2n + 1 ) S •4 n , n

This serves to illustrote our main interest in non.invoriance dynomicol

groups as on extension of the symmetry group of a physical systemo The eigen.

solutions belong to mony irreducible representotions of the symmetry group (uslJJlly

on infinite number of them) o We construct the lorger (non.invorionce) group in

such o woy os to hove 011 the solutions os eigenfunctions of a single loRo of this

groupo
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We note that this implies that the dynamicol group is not campaet ond that

011 its Casimir operotors must be constants.

Let uS onolyse onother simple exomple, the poi"t rototor in aplane, that

is a particle constrained to move in o circle. Now the symmetry group is 0+ (2)

and we WQnt to extend it to a larger non.inveriance group. As we hove on Iy tw'o

dynamicol variables, the rototioo angle r,p and its conjugate momentum we want our

generators to de pend on Iy on them.

We proceed as follows: ene natural woy of extending 0+ (2) would be to

toke the x and y components of the angular momenturn vector in three dimens ioos:

(Lx and Ly); eliminate their dependence on the second angle e and see if they,

together with the generator of 0+(2) 1.7; will form o Lie olgebro. These operotors:

; cos q) o .a;¡, í s in (6)

do form o Lie olgebro. However the first two do not hove o defined hermiticity.

Thot is, while their commutotion rules correspond to the complex extension of on

() + (3) Lie o Igebro, they ore not the generotors of On () + (3) group. In foct if we

wont to get On extension of the symmetry group we must build with these another

three operotors thot ore hermition, by symmetrization. These turn out to be

p = 1 (¡ + tI) _ 1 cos . P = 1 (1 + + 1 ) _ l. Lx - 2i.Y ~y - 2 epi Y - 2; 'x •.'t -"2 Sin ep; % =
o
oq>

(7)
And they are the generotors of on Euclideon group in two dimensions E(2):

o; í Py; (8)

The Cos imir operator of 1:(2) is:

p~ t p~= 8/4
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and ogoin 011 the problem's s olut ions be long fa the so me loRo of the lorger group

so thOf storting from ony stote we con obtoin 011 the rest by iUSf opplyíng the

E(2) generotorso In this cose we 0150 hove the motrix elements of the weight

roising (1.+:= Px -t i Py) weíght lowering (1._:= Px - i py) ond weíght operotors

(1'0 = l.,)

< m'll.o 1m> m 8 ,
m, m

< m' 11. + 1m> - m 13m" m + 1 (10)

< m' I 1.-1 m> mSm', m-¡

The process we followed obove is nof uniqueo We could hove tried to

extend the invoriance group in the following monner, let uS try to bu¡ld operators

d ..
xi -- - " J =

dX j
1,2 (11)

that is the usual generotors of o unimodulor unitory group SU(2) but eliminating

their dependence on r:= ¡x2 + )'2 which Is not a dynamicol variobleo We get the

operotors:

- sin ep cos

(12)

They form a Líe a Igebro but ogo in they ore not hermitíon, so we construct

three hermition operotors from them (note thot only 3 Cij are independent) and they

70



'969

form a Lie algebra of o non-invorionce group

REV. MEX. FIS1CA

jo = - cos 2rp ;x -sin2cp;

In the simple two"¿imensionol cose this group is again E(2) but in genero 1

this second procedure gives o different dynomicol group that is known os o double-

jump in contrast with the single-¡ump group obtained in the direct foshion rrentioned

earlier.

These exomples illustrate whot we expect from this technique of building

from the dynamicol variables the generotors of o non-invarionce dynomicol group,

that whiJe not leaving the Homiltonian ¡"varia"t nevertheless permits us to salve

the problem just from the knowledge of the fX]rticular representotion of the lorger

group we ore working with, and from the determinotion of one of the eigenstotes we

can construct 011 the other stotes directly os we hove explicitly shown in the above

examples.

We will summorize he re our results of the corresponding threeoodimensional

cases of these problems.

The threeoodimensional point rotator has as its symmetry group 0+(3), the

matian is described us ing two rototion angles tJ ond cp their conjugate momenta

giving four dynamical variables. We use them to build the generotors af a non-

invariance group. These are:

~ (y ~ - z ~)
I dZ dy

x P=l:.y
I

ZPz = (1)

The first three are the generators of 0+ (3) ond together with p , p ond p
X)' ~

they generate Lie a Igebro of on 1:'(3) group. We can o Iso check that the (os imir
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generators of dynamical groups are constants, for example we hove in this cose

the Cas imir operotor

P' t p' t p'x y 1:
(2)

This dynomical group will be referred as the single-¡ump group.

Let uS now obta in the double-¡ump group. We bui Id the operators

<J
.~i~

]

(3)

Thot depend only on e, <fl; Pe ond Pep ond form o Lie olgebro, we use them

to build hermition operotors ond get the generotors of on eight paro meter non-com-

poct group. This group is not isomorphic to the single-jump group, but is COn be

identHied. Let uS suppose o five dimensionol spoce ond toke the E(5) group thot

has 15 generotors, ten of them ossQCioted to rototions 0+(5) ond five to frons-

lotions T(5). But let us take on 0+(3) subgroup, the one that octs on the sp::Jce

of the representation f)(2) (0+(3)) this is o five~imensional space but character-

ized by only three-parometers. So we can identify our double-jump group os a

subgroup 01 1!(5).

Now let us onolize the three~imensional hormonic oscillator whose symme-

try group is the unitory group U(3) ond has the following dynomicol variables:

_l_(x._ ip.)
12' ,

1__ (x. t ip,)
12'

i = 1,2,3 (4)

Using them we can construct the 21 operctors

(5)
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which form o Lie algebra cf a dynamica l' group af the problem. The first set af

nine operatcrs are actua Ily the generators af U(3) and the other two sets af s ix

operators are irreducible tensors 'with respect to U(3). af these 21 operators af

the Icrger group nine are weight raising operators , three give the weight and the

other nine are lowering operators. The irreducible representotions af the non-

invariance groupare characterized by three numbers (.\.1' A2, '\3) ond we see

from the form af the three we ight operators:

1 +_ (2a. a. +1)
2 "

Thal Ihese representalions musl be Ihe (1/2,1/2,1/2) I.R. and Ihe

(3/2,1/2,1/2) I.R. and Ihol allstales wilh an even number 01 quonla belong to

the first one and the odd states to the other one.

The dynamical group is probably a non-campaet version af 0(7) or Sp(6),

but again we are able to construct 011 the problemls eigenstates from the

knowledge of the representation of the dynomical group and the determination of

just one of the eigenstotes.
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