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RESU,IIES

S,. d"dua tma /';rmula cerrada apta para programación de computadora

,. l"ctT()nica para los ,.l"m"ntos d" matriz de un hami!Joniano arbitrario de mIO

mas dos CUt'Tpo."que actúa ent" estados traslaci07lalmente im'aria,.t"s d,,1 osci-

lador arffl{)nico. La /órmula resulta ser U'la suma de productos d,,: d().••parénte-

sis d" transformación, dos coeficientes de precedencia /raeciorlal dt' spi'l-isospÍT1.

1m co,,/iCit"ltt' dt' 12-¡)' los t'lt'me,llos de matriz de dos ("uapos. St' hac,. hinca-

pié .solJTot,,1 ht'cho qut' st'Tá útil esta forma dt' calcular el problema d" trt's ,w-
clt'oTlt's t'n la mt'dida qut' lo..•• t'le1!Jentos de matriz de dos cuerpos r"/'T"s"'lte'l ,ma

illtt'racci';,¡ e /t'("tir'Q l't'rdad"ra.

'Work partially supported by Comisión Nocional de Energía Nuclear, México.
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A. c1os~d /ormula, suítab/~ /or comput~r /Jr()grammíng. ís obtaín~d /or thr~~-

,JtJc/~()lImatríx ~/~m~nts o/ a1l arbítrar)' wu-plus-tu'o bod)' hamíltonian op~rator

actíne. h~trl'~~n trallslatíon-í1lf!aríallt thr~~-hody oscíllator stat~s. Th~ /ormula is

a swn o/ /Jroducts o/: tu'o trans/ormatíon brack~ts, two spin-isopín /ractíonal-

par~ntag~ co~ //ící~ nts. m/~ 12-¡ .symbol and th~ two-body matríx ~üm~ nts in r~la-

tít,~ c(jordínat~. lt ís ~mphasiz~d that th~ us~/uln~ss o/ lh~ sch~m~ rl'Í1I d~~nd

on lh~ ~xt~nl lo which lh~ two-body matríx ~/~m~nts r~pr~s~nl a tru~ ~//~ctít.J~

int~racliml.

l. INTRODUCTION

We cons ider the trans lationa I-invariant A-portie le hami Itonian

A p.' (" )' 1\ A
1/ ¿ ,

1 " + '" :l: 1/.--- - p. _ !J., -
i "= I 2m 2Am i==1 1 i < j 'J i < j 'J

1 )'1Iil, ;= -- (p, - p, + !Ji,'
2Am t 1

(lo)

(1 b)

where "jj is on arbitrary nucle':>n-nucleon interaction and the second term on the

r.h.s. of (la) is the center af mass kinetic energy substracted. The .1-pcrticle

SchrOdinger equatian

(3.0 )

will be satisfied far state energies Ea and assaciated translatianol-invariant

eigenfunctians lila' These may be expanded in Sorne complete set of stotes os

~ ., I >_ a
v

11
1/""1
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where ;" ore functions of appropr;otely chosen .-\-1 ;ntrins;c spatial variables,

as well as of .-\ spin and isospin variables. To satisfy the exclus ion principIe

these states 1:1> must in addition be totally antisymmetric under exchange af

SpOtial, spin ond isospin variables of any pair of particles. Now, the spat;af part

of o possible complete set will of course be the eigenfunctions of A porticles

interacting by pa;rs with an oscillator potential of frequency l/)/IA I viz.,

A ,
~ (p._ p.)2 + m,.J
j < i' 1 2;\

A
:-: (r. - r.)'
i <'.1 1 1

(40)

(4b)

which is o monifestly translationol.invariont problem. Defining the dimensionless

Jacobi coordinatesl

x 1
1--'; /i(i+f) (

i )~. .._ r.- tr¡.l
1 =o. 1 1

b
p¡ ==

/'
_1 (~P.-iP ,)
/;(;+1) 1-11 1+

(l~i<A-l)

1 1
¡;~

A~._ r.
1 -: 1 1

b=: . /:l/m.

A
~ p

; _ I 1

(5)

it is eosily verified that the A cartes;on coordinate (momentum) vectors are

connected with the:\ Jocobi coordinate (momentum) vectors by an orthogonol

A x;\ matrix. It is then seen that the hamiltonian (40) can be expressed as
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A -1
O 1 • { o, • '}11 = _bw ~ (p.) +(x.)

2 ¡= 1 r 1

VOL. 18

(6)

thet is, in terms only of the first A-l (intrinsic) Jecobi coordinete end momentum

vector s •

It is convenie~t to express 11° in terms of the dimensionless boson

cr eetion .;,. end annihi letion ~. operetors", ,

o 1 o • _

7)." - (x. - 'p.) ;, .J2' , (7)

which obe>' the usual commutetion relations (superindices refer to components,

indices to d¡fferent vectOl's)

[ok OIJ [ok olJ7i¡,TJ¡ = ~¡,~¡ =O¡ (8)

(j, j 1,2, o o., A -1) (k,l= x,y,')

so thet one hes the oscillator hemiltonian (6) becoming

(9)

As shown explicitly by Moshinsky2, e normalized eigenstate of this hamiltonian

is just
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~ 11 ,\ •• (T¡, • T¡,)"i Y/', m' ,(T¡,) lo>
j _ I "j tj I I

'\"/~ (-)"/477/(2" t 2/t 1) '!(2,,)!!
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(1 O)

I O> ~ (b'n)" ,.4/, expf-_1_ ,~ ;; )
\ 2b2 f = I

ond hos ossoc ioted the eigenyo lue

[
A- I ]

~ (2,;,li)I~_(A-l) !>.v.
i 1 I I 2 (11)

One woy of constructing the states I IJ> in exponsion (3b), which obey

the exclusion principIe in 011 fermion yoriables2 and ore eigenstates of total

angular momentum J. is by the Sum ayer prooucts of spotiol with spin-isaspin

functians

~(-),[<tJ(XI'Xl""'X4"') r(lJ T.<..T •...• 0-.T4)]r • 1 I 2 2 " .

"t /1 ' n 2 '2' •••• nA • 1 ~.\ _ I ' ~~• Ir S T .\1T ' f;--
]M]

(12)

Hete. Ir) is the spatial function of opptopriote (not necessarily Jacobi) ;ntrinsic
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var ia bies {xii i ::: 1,2, ... , ,:\ - 1 } a nd w h ieh mus t have a def in ite s ymmetry under

permutation ofthe spatialcartesian particle variables {'i I i::: 1,2, ... , ;\}, and

0150 definite total intrinsic orbital angular momentum.\. The spatial symmetry

can be designoted by the Young partition f of;\ partieles ond the Yomonouchi

symbol T, aeeording to the usual rules ossociated with the permutotlon grouplJ.

Also, r is the spin~isospin function (of the 2:\ variables indicated) and must

correspond to spin-isospin permutation symmetry (r~) conjugate to the spatial

symmetry (Ir) in arder to yield total antisymmetry. The sum in Eq. (12) ¡s over

possible Yamanoueh¡ symbols assoeiated with o given (f), di is the dimension.

al¡ty of the irreducible representation (I)of the permutation group S(A) and (-)'

the so""Colled "signature" of a given r~symbol, to be described below.

For the case of A ::: 3 and 4 particles, Moshinsky has shown2 that the

spatio I function <1) with the aforementioned properties con be constructed as linear

combinations of the Jacobi variable eigenstates (lO) if one defines intrinsic

boson creation operators T)¡ related to the Jocobi ~i by a specific unitory transfor~

mation

Tii
+ +

JDI = I = ,\1 ,\1 (13)

The elements .\l¡j of the (A -1 )x(A -1) matrix ,\1 for A::: 3 ond 4 are given in

ref. 2, where explicit rules relevant to the eonstruction of 3-ond 4- nucleon

states (1) are olso found. Under the condition (13) the oscillator homiltonian (9)

if form-invoriant, i.e.,

A- 1 A. 1
3(A 1) .,••• c ,; t:
2- - = ,,-_,Tii Si = - 7)' 's'- i", l' ,

(14 )

so that 11° will olso be an eigenoperator in stotes (la) but with 011 "dots" removed,

and with eigenvalue giver. by (11), olso with 011 "dots" removed.
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Using eX¡xlnsion (3b), the energy E associoted with a given normolized
"eigenfunction 'tI'). of the A.¡xlrticle Schrooinger Eq. (30) will be given by the inf;.

n¡te sum

l/, ~ - 1

a J.' a~ < v 111 1 i7 >
v v

(150 )

Since ¡\-particle stotes (12) Ore totally ontisymmetric, motr¡x elements of the

symmetric two.body homiltonion (1) will beJ

<1'IIII¡;>=(A)<U11l Iv>2 12

(A) 12 "2A(A-l) (15b)

so ¡ho! (150) becomes

(15c)

In proctice, of course, the Sum must be truncatea. However, the convergence of

the left.hand member of (15c) to the desired eigenvalues E moy be very slow but,
a

jf the "bore" hamiltonian 11 were adequately replaced by an appropriately defined
12

"effective" homiltonion Ji which included short and long.range two.booy corre.
12

lations, the series with the operator Ji would certainly hove o better chonce of
12

convergence than thot with the -bore" JI • An example of Ji is thot which in-
12 12

volves the Brueckner two.body reaction motrix. In whot follows, however, we

sholl continue to speok in terms of JI ,1eaving questions of convergence aside.
12

The spotiol port of JI ,from (lb) ond (5), depends on/y on the first
12

Jocobi vectors; and p • lf thcn, the states 1 V> ore expressible as linear
1 1

combinations of states whose spatiol part is the eigenstote (la), one COn visual.
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ize thot motrix elements in (15) wiIJ be given in terms of the relotively simple

two-body motrix elements

w here 011 primeci qua ntities S' T' ;\l~ refer to tato I two body s p in o nd is os pin

quantum numbers, ond the stotes used ore defined by

(17)

with R,,/(r) being narmalized ascillotor radial functions in the relotive coordinote

'= _1_ (r - r ). The Jost step in (l6) follows on ossuming o ehorge-indePendent,....12 1 2

pority-conserving ond seo lar two-body homiJtonion octing in two-body stotes which,

to obey the exclusion principIe, must sotisfy /+S'+y' = odd. In Appendix 1 a

closed formulo is derived for the intrinsic kinetic energy eontribution to Eq. (16).

We proceed now to deduce explicit farmuloe for the coefficients required

to colcuJote the motrix eJements in (15) for the three-nucJeon problem from motrix

elements (l6); thcse "geometricol" coefficients con then be evoluoted vio

standard computar codes.

11. THREE-NUCLEON MATRIX ELEMENTS

To conform more cJosely with standard natation, we sholl relohel the oscil.

lator quantum numbers in eigenstates (la) for A = 3 particles by

21~
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(,; i ,; i) -. ("ISL)
1 1 2 2
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(18)

so thot (111) refer to oscillator states in the first Jacobi vector; ana (.\'1.) to
I

those in the second vector; • We first focus on the spotial states cfl in Eq. (12)
1

for .'\ = 3 which hove a definite spotial symmetry (ir) and instrinsic orbital angulor

momentum /\\1. The normalized explicit form of (1) which can be deduced from

that given by Moshinsky ond coworkers i is

<ll (x ,x )
1 2

'\/¡'12/2,',Ul,/r

.', "'.)'';(1'.)[ ('.]
= [2(1+6",,6{{)] ~(-) 1+(-)

1212 n/ .•••.L

.~.1J1 .•••.1..\11l11J 1 ,\"><x; 11/1.\'1.,.\.\1>,
1 1 2 2 1 2

(19)

where 1\.is such thot 2u + 1 - 21/ - I ='" \ (mod 3), q is en index defined in the
1 1 2 2

toble below;

,
A q Ir (- )

O [3] (111) + 1
O

1 [111] (321) + 1

O [21 ] (211 ) + 1
1,2

1 [21 ] (121 ) - 1
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and where <nINLAI ni rl 1 A>
1 1 2 2

<x X jnINI.,AM> are just1 ,

VOL. 18

is a standard Moshinsky brocket8 ond the states

<x x InINL,AM >1 ,

~
[<,( 1"/><,( INL»

1 2 ,\i
(20)

(21 )

with normalized radial functions Rn[ (.:) as deHned in Ref. 2.

Next we consider the three.nucleon norma lized spin.isospin functions r
of definite spin"isospin symmetry (r;--) oppeoring in Eq. (12). These con be

decomposed in terms of a function I y2 l' ';-',S' .\fS T' ,\l~> in nuc leons 1 ond 2,

ond o function lyO''T> in the third nucleon, vio spin.isospin fractionol porentage

coefficients os defined and evo luoted, e. g., by Jahn 9:

(22)

where the symbol ystands lar (1/2,112).

Cambining (19) and (22) inla Eq. (12), and wriling

~
.~ <IS'mM' lim. >lnIS'im., l' ';-",T',\IT' >1"', SIl
1

218
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2 (1 • " ., " I )
1 2 1 2

¿ (di)
n/S' (1" ,\1'1'

.\1.7

r'1/2 11;.;Irllr. ¿ <\sIIIlSI}'IJ ></l.m.III.I.\\P .

.\I.\IS m.\I.~

,\1 .•. m
1. J

• <: IS' m.\l~ I ¡m .....<.f¡" 1/2.\1,',( .•.I S.\l." ' •
• J . J

'InIS'¡mi,T'.\I.~.'> 181..\11- -.IY1T7 > ,

(24)

where the "s ignoture" (-)' i S plus fer Yo manouch i symbols r = (111) I (321), (211)

ond minus. far r = (121), (d. Reí. 1). The SumS aver r and t' Ore redundant as

there is olready a Sum over s' and T' •

Writing

Inls' ¡mi' T' ,\1'1' > I SI,,\11. ) I yo 7 >

219



DE LLANO

= I: <1.l/2.\I[.ul qln ><¡qm¡IliI¡'.lIj>
QIn

¡'\Ij

VOL. 18

(240)

it is easy to see, from the fact that }*.\lj = j.\lj' and from Ref. 3, page 122, that
!he stote (24) con 0150 be expressed os (putling [a]" 2(1 t 1)

1 v>
• .!-:: '"' .~, n .•.qr .•.'!-::(/ .•.q)

[2(1 +0"" 0//)] 'L...J (di) 'H (-) ,
1 2 I 2 nlS'T'M.~

.\' 1. T

• [1 + H l •• ] <"ISI.,\ 1" / " / ,\ ><y'?, S'T'; 1'1}y' trI" >
1 I 2 2

(24b)

The convenience of this expansion is apparent on realizing that the nuclear

charge form factor operator for the three-nucleon system can be expressed2 solely

in terms of the 2nd Jocobi vector i and the isospin po-ojection operotor 'i ossoci-, 2'
oted with the 3,d oortiele: the operator thus acts only on thot portion of (24b)

which is chorocterized by (SL,'YT), the evoluotion of the corresponding motrix

elements being trivial, os shown in Ref. 2.

A list of positive parity stotes corresponding to 2/1 + 1 + 2/1 + 1 '= yt = O
1 1 2 2

and 2quante is given in Toble l. The integerA.in the second column is such

thot2•72/1 + 1 - 2n - 1 ;::: A.(mod. 3). For detoils regarding the construction of
1 1 2 2

such tobles, for ony number h of quonto, t!le reoder is referred to Refs. 2 ond 7.

The osterisk on the lost column merely indicoted stotes with {rtT = 1/2+ 1/2
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(ground stote of He'~). As for o general interoction only J~T would be Agood"

quontum numbers one observes, e.g., that a O-quanto calculation of the ground

stote of He) would thus invol\'e o 1xl motrix; o 2"'quanto ca Iculotion a 9 x 9 rrDtrix,

etc. A calculotion in this "n-quanta scheme" is equivolent to doing, in shell.

model longUJge, o non-spurious, particle-hole colculotion of arbitrory complexity.

In Fig. 1 ore illustroted the possible particle-hole configurotions included in a

4-quonto colculotion.

To calculale the motrix elements in Eq. (15) we take note of (16), oswell

os independence of (15) with respect to projection ,\lj' so thot using Eqs. (24)

ond (240) one has

-1

[jJ ¿<"II/Iv>.
,11¡

,1(,\-1) [(1' , ) 1" J4 + °n n el I (+ e;; ñ eT T) d¡d¡
I :2 1:2 1 :2 1:2

• ~ n+;;+q)+qJ+'¿(I.¡./+q+q) I+q í+;¡
L..(-) [1+(-) J[1+(-) J.

nI;;"]"

j ••••' L

.<nINJ..\ln In I ,\><iií, •••.L\lij ¡;¡ T"!r..>.
I I :2 :2 1 1 2 :2
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l~ A S s'

1. J 1;2
,\ S s'

. <,¡¡s'illl lñls'j> ,
12

S+S+j'H.+j+
[¡]/[A] [;\] [S] [f](-)

VDL. 18

8-, ,s ,s

(25)

where [a):o; (2a+ 1) ond, as discussed in Appendix 2, the 12-¡ symbol used here

is

I
~I 1. ,\ J S

A S
1/2 \' I f

"5'

{,\; [x] :\
J \} {' 1. '\}{\' 1/2 \} {' 'S'}
x ~ ~.\ 1 S.\:S' s', T

(26)

S+S+J+L+j+~
( -)

[j] [¡] /[\][A][s í (f]

• <15'm,\ls' lim. ><í.~'m,ii'\lim.:-
1 . ]

in which {" h e} ore the standard 6-¡ symbols os defined, e.g., in Reí. 10.
d , ¡

The 12-j symbol defined here differs ftcm the opparently more common one which

involves Q phose factor multipJying eoch summand in (26), the coupling sequence

of the 12 porameters olso being slightly different. A computor eode to evaluate
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12-; symbols us¡ng express ion (26) turns out to be relatively easy to writel2•

In deduc¡ng Eq. (25) one notes that s ince 1/
12

conserves parity then

(-)!::::: (-)' which implies that /'::::: T' and ultimately that jand ¡must hove the

same symmetry with respect to pcrticles 1 and 2. Eq. (25) was also deduced

starting direetly fram Eq. (24b).

Far the case n = O we may use; a) the identity (Ref. 3. page 132)

in (26) to evaluate the 12a; symbol, b) the spinaisospin cfp tables of Ref. 9,

reproduced in Table 11 here, and c) the results of Appendix 1,to reduce Eq. (25)

to the simple result

3 J I I J I I I I</1 [Ile,} + <11::::: O, S V 11:::::O, S >+ <11::::: O, S tJ 11::::: O, So>]h - o 2 1 12 1 o 12

(28)

This coincides with the result obtained by calculating the expectation of 11 bea

tween 3-nucleon Slater determinants corresponding to the configuration (05)J,

and substract¡ng the centeraof.mass kinetic energy evaluated by the virial thea-em

for the harmonic oscillator.

11I. CONCLUSION

A closed formula for the matrix elements of an arbitrary oneaplusatwo.body

hamiltonian between thr~e.nucleon harmonic oscillator states, both hamiltonian

and states being translational invariant, has been given as a sum of products of

the following recoupling coefficients: two transformation brockets, two spin"

isospin froclianal parentage coefficients ond one 12.; symbal. Once me 1W\.r""""'1
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motril( elements ore given, the formulo con be computor-coded with relotive eose

for evo luotion. The hope, of course, is thot one moy be oble to represent the

three-nucleon problem by o (¡n ¡te number of terms in the el(ponsion (3b), i.e., by

those corresponding to the lowest eigenvolues of Eq. (11). This will be feosible

if short-ronged corre[otions os well os the effect of other porticles (e.g.,

-heoling" ot lorge sep:uotions) con be odequotely built into the two-bocJy motril(

elements as seems to be the case, e.g., with those deduced by E I[iott ond co-

workers6 bosed on o method requiring only knowledge of the nucleon-nucleon

phose shifts os functions of scottering energy.
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To evoluote the kinetic energy contribution to the two.body motrix element

(16), we hove I,am Eq. (1b) tha,

11" _ 1 (p _ p )' t "- 2A m I 2 12

,
_~_(P)' t"

b
2 1 12

A..m

with PI the first Jocobi momentum vector os defined in (5). Now, it is evident

,hat

< 11 /m I ~ (p ) 2 I n/m>2 1
(211t/tl) 8 -811-8 _2 nn m m

- <n/m I.!- (.,. )21 ñlm > •
2 1

But the lost motrix element con be evaluoted by standard radial-integral tech.

niques -4. The final result is just

<lI1S' i I ~ (p )' I ¡¡TI' i >
Amb2 I

8 - ~")
11-

A [
3 ---8_ (211 + I + _) + 8- 1 111 (11 + I t 1/2)nn 2 n,n.
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Our purpose here is to sketch how the identity of express ions (26) and

(27) can be established. We begin w ith ,he sum

which a ppears in writing down the left.hand member of (25). Next, use the

iden'ity (Rel. 3. page 109)

ond 0150 use the 3.; symbol symmetry properties to express the aboye sum os a

Sum (with respect to 011 m's) oyer products

( ,\ S J) (S :\ J) (1 .\ 1. ) (~ TI.)
- 11 - lIs .IIJ .¡¡s,\f - .IIJ m - 11 .111. ¡¡ - m -111.

112) (5' s' 1/2) ( I
a ,\fs -.~ -a -m

s'
-.\l~

Now carry out the sum oyer the thircJ proiection quantum number of eoch poir of

3.;'5 (storting with the first two, etc.) ond in eoch of these four coses opply the

relation.
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L: (:~ :: :) (:~,
m 1 2 J 1
J

I . )2 I J
m' _m
2 J

VOL. 18

'\' 1+; "" ,m' (ilL,,(-)J J I 1 ni

1 m' I
J J

given in Ref. 3, page 131, where the factor (21 + 1) has been omitted! One moy
J

then employ the orthogonality relation (Ref. 3, JXlge 110)

m m
1 2

- 1[x] 8. 8 ,
xx mm

for oppropriate pairs of 3-í's and, after removing 011 remoining Kronecker deltas

by the corres ponding sums, there results a sum over one index only of prooucts

01 fou, 6-i symbols. Q.E.D.

228





DE LLANO

:::i'
liJ....
V)

>-
V)

z
O
liJ
...J

~
Z
I

liJ A
liJ ¡..,

'"I '"1 .•.•.•.... ~
= liJ 1'.

I ~
liJ

.... C',
...J '"ce O
<i U- ¡..,....

e '"~ 1-"""z
o.- o',

V) v
O
!Q
I

Z
o.-
V)

liJ
...J
U....
'"<i
o.-
I

liJ
Z
O

J:;;~I~ -,

rJ~ le' Ié'M - <- <-~ S - -

~ ~
N S - -~

~ SI
N ~!- -~

::-1S IN IN t~ iN'. > "-~IS " , <- "- - - -I

~ S I~ IN- <--- S - -~ I

I......¡{ O 5 o -- O -

~ ~- - ~ ~
1-""" - - N N~ ~ ~ ~

230

VOL, 18



1969 REV. MEX. FISICA

1\)

••I-•••
I •••
O
00-

-'"I
O

-••I
O
•••

o O.. ::..-'"-e:~
2: :1<
11 ;
O

,

) /,
~

"1\) l

)

e

2;
)

:

"
.". ; ,,

~k .~,~

•
•
•

Fig. l. Correspondence of "'l-quanta-scheme" with shell model
";Xltlicle-hoJe" configurations (without spurious effects)
for n 0,2 ond 4 quonte (i.e., positive pority stetes only).
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