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RESUMEN

Se hace un estudio de las representaciones escalera del grupo 0(4,2) me-
diante métodos algebrdicos, utilizando la cadena 0(4,2)D 0(4,1)D 0(4); se cal-

culan explicitamente los elementos de matriz de los generadores infinitesimales.

ABSTRACT

A study of the ladder representations of the O(4,2) group is done, using
algebraic methods, for the chain O(4,2) O O(4,1) O 0O(4), and the matrix elements

of the infinitesimal generators between ladder-states are explicitly calculated,
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INTRODUCTION

Recently considerable attention has been devoted to the 0(4,2) group in
connection with the Majorana-type equations, as a theoretical scheme for de-
scribing, in an unified way, particles and resonances of fixed unitary-spin
structure! . Further, this group has been shown to be the dynamical group for a
charged particle in a Coulomb field?, |n most of the cases of physical interest,
one has to do with a special class of representations, the so-called ladder repre-
sentations, which are multiplicity-free, unitary and irreducible representations
(UIR). Although these representations have been treated before in the literature?,
it seems to be interesting for the applications to have them derived and exhibited
explicitly, as far as the matrix elements of the group generarors between ladder
states are concerned. This has been done in this work, using algebraic methods,
in the case of the decomposition chain 0(4,2) > 0(4,1) O O(4). The ladder repre-
sentations decompose, with respect to the 0(4) subgroup, into an infinite
sequence of O(4) multiplets, characterized by (7,4 ), these two labels de-
scribing its spin content (the j, label gives the minimum spin of the 0(4) multi-
plet). The case J,= 0is the one realized in the H atom? and the ladders with
I,# Oare of interest in hadron physics*.

Section 1 is devoted to definitions and notations. In Section 2, the
matrix elements of the group generat ors are deduced. Finally, in Section 3, a
discussion is devoted to representation relations S which characterize the ladder

representations.

1. ALGEBRAIC PRELIMINARIES

The non—compact 0(4,2) Lie algebra is defined by

[Sap+Scpl=- “{8acSsp * 2ppSac = 84D SBC ~ 8rcSap)

(1.1)
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where the capital Latin indices assume the valves 0,1,2,3,4,5 and the signature
of the metric tensor g, is (+ === =1).
Since S, g = =Sz, the number of independent generators is fifteen.

They may be written as:

M; = ;_E!.I.k Sik (hojrk =1,2,3)

N; =S,

A, =S

B =S,

I o= e (@=0,1,2,3,4) (1.2)

From (1.1) and (1.2) one sees that the M, are angular momentum oper-
ators. The N; is the Lenz vector. A; are the Lorentz boosters. B is the so-

called tilt operator and finally, since

(5550 Tl = = iRyl = 25 Fa) (1.3)
the [, is a vector operator w.r.t. the O(4,1) group generated by the 5, .
Incidentally, one notes that the M, and N, generate a O(4) sub-algebra
and that the M; and A; generate a O(3,1) Lorentz sub-algebra of O(4,2).
Since 0(4,2) has rank 3 its irreducible representations are characterized
by 3 labels associated to three Casimir invariants. Unitary representations satis-

fy the hermiticity condition Sap = S;B in the representation space. In the chain

0(4,2) © 0(4,1) © O(4) > 0O(3), (1.4)

the so-called canonical chain, a basis for an irreducible representation can be
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written as

70 T () jm > (1.5)

where Tand 7' denote, collectively, the indices associated with the O(4, 2) and its
0(4,1) subgroup, and the labels (g0 n) and (j, m) are the O(4) and O(3) ones.
As is known and as will become clear in the following, there exist particu-
lar classes of UIR of the O(4,2) group = the ladder representations = which are
multiplicity-free under (1.4), that is, they are irreducible w.r.t O(4,1) and decom-
pose w.r.t O(4) in such a way that each IR of O(4) appears once and only once.
So, for the ladder representations, the 7' indices are determined by the 7 alone
and for brevity of notation, the basis associated with the ladder representation may

simply be denoted by

Gy ) im >

2. MATRIX-ELEMENTS OF THE 0(4,2) GENERATORS

The application of the O(4,2) compact generators to the basic states
‘!(jo”) jm > is well=known from the theory of the UIR of the O(4) group® and its

derivation will be omitted. We simply, for completeness, give the results:

}
]

g jm 1) [ My | (G,m) jm > = [+ m 1) (= m) ]

M_‘(jon) 2 = [(j*m+])(j+?ﬂ)]’2

<(j,m) jm=1)

1]
3

<Ggn) jm [ M, | (i ) jm > (2.1)
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. . ; ; : ; % (i, m)
o) i'm N[ Gyn) jm > = (=)= m=1)] 60 By
s o % (fcr”)s

Lj=m)(jtm+1)] A, i'd
P i 1I/? (‘fo'”)S
-‘L(.’+m+])(]+’”+2)J CJ:+1 j"j+1
( )-a [ |( ) 5 _[ ,+m)(‘+m_])]"§(‘(f0f'3)8’
Ior) 1 m [N_ | (jyn) jm> = (j J “§ 7 i1
F LG mem+1)]) 7 a0 s,
h ,1' 717
T g+ s gy 1 E o lee™ o
Fl(j=mt 1) (j=m 2y Cj+1 e
where M, - M tiM,, N, = N tiN and
Aorm) _ dgn b [5G
L f(]41) ! ] 4!'2_]

FISICA

The matrix elements of the remaining 0(4,2) generators (1.2) are derived

by a judicious choice of commutators (1.1).

In fact, one has from (1.1)

(B, M,]=0

1

[[N,,B],N,]=-B (2.2)

which allows, by standard algebraic procedures®, to derive the matrix elements
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of B, from (2.1) alone:

Ugn") ' m" |8 Gym) jm> = Z([r=7)r+j+1)] "8,

n,n+1

Fl= == 1780 )88, (23)

n i Tmm

The matrix-elements of the Lorentz-boosters are then easily determined

from (2.3) and (2.1) by means of

(B, N;] = i (2.4)

One gets, for the non-vanishing ones,

Wgen t 1) j=Nym|A [ (j,n) jm>

i [("2*1'3)(1"-mz)(n-f)(ﬂ‘f”&?
2 djta]

jgen 1) jm |4 | (jyn) jm> = 27 20 m [(n=f) (1)

<(f0pn+])j+|,m!AJ }(jo,,) jm> =

3 [wm’-;‘;l:(f+1)2-m27c~+f F)(nt m]
L 40+ 1)%=1
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gn=1 =1, m| A |(Gn) jm>

0
i [(fz-fj)(f"’-mz)(nw)(nw-n]2
2 4% =1
gen=1)jm | A | (jyn) jm>
NI WS (IS RSV 2.5)
2/ 1

yan=1)j+1,m| A | (Gyn) jm> =

o [[(f+1)2-fj][(f+1)2—m’1(n-f-2)(n-f-1)]’2
I 4 +1)%=1

For A, = AliiA2, one gets (A_ = AI):

igem=1)j=1,m+ 1A, | (i n) jm> =

g [(iz'i:){f-m)(i-m- n(n+f)(n+f-n]/2
2j 4j2-1
igen=1)j, m+ VA (G, ,n) jm> (2.6)
i 4

3 g W=t m e Dot == 1))

239



FERREIRA voL. 18

(gen=1)j+L,m+1]A |G n) jm>

o [[wn‘*-;’g](ﬁmﬂ)(ﬂm+2)(n-;‘-n(n-;'—z)]’
2(j+1) 40 +1)%-1

gent ) j=1, m+1[A [ n)jm>

y [(fZ—fjw-mw-m-n(n-f)(n-ﬂn]’?

2 4j%-1

iyt V) jym+1]A,] (G n) jm> (2.6)

3

Jo [(=mGtm D=y rit )]

RS

Wpen+ 1) j+1,m+1[A,|(Gn) jm> =

; l:[(j+])2-»j02] (]'+m+])(j+m+2)(n+j+]}(n+,'+2):| :
4G+ 1=

2(+1)

The remaining task is the determination of the I; generators. For this, we note

that [ is an O(4) =scalar since
[T, M,]= [T N;1=0 . (2.7)

Therefore, the matrix element of [0, is of the form
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& (jor;') i'm' |(;I (j(ln) jm> = /’.n(n) Bnn' Bﬁi Smm' (2.8)

The function f; (n) can be most easily determined from the commutator
0

(B[, 8] D 2.9)

0

from which, making use of (2.3) and (2.8), the following relations can be derived:

2f,fn(”] - [jo

(ri-])-/fo(rr+])= 0

(=Nt it et 1) = f (@) +(ntf)(n=j= D (n-l)-fjo(n))zﬂ,-o(ﬂ)
0 0

0

(2.10)

These relations admit the solution
(r)= tn 2.11)

The determination of the matrix elements of l': and l“’. 1s then derived

from the commutators

{B,T;] = :'Iﬁ4 (2.12)

and

[4;, T, = = 4T} (2.13)

with the results
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<(]'0r1') j'm"“_‘t or B :{]071) jm> = Ti(n= n')<(j0n') j'm' ‘ Ay or 3 ‘(jon) jm >
Ugn") i'm! | [ Gom) jm> =% & (=) <(pn') 'm" [ B[ (jgn) jm> @:14)

The relations (2.14) complete the determination ot the matrix elements
of the O(4,2) generators.
From the representation theory of the O(4) group, one knows that
f,$jsn=1 (2.15)
and consequently, n is an integer (half-integer) for j, integer (half-integer).
One recovers, in this way, that the ladder representations, w.r.t the
0(4) subgroup, into an infinite sequence of O(4) unitary multiplets, characterized

by n = Jot Vgt 2,5 %3000, exhibiting the form of an H atom spectrum, the

actual H-atom case corresponding to I;= 0.

3. REPRESENTATION RELATIONS FOR THE LADDERS

Before entering into the subject of this section, we recall that the ladder

representations are characterized by a second-order Casimir invariant
Q(0(4,2)) = I" + M +N* =2 (A + B?) (3.1)
One can also consider the Casimir operator of the O(4.1) subgroup
Q(0(4)1)) = M* +N*- (A"« B7) (3.2)
The values of the Casimir operators (3.1) and (3.2) have been first de-
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rived by Qlzewski in his treatment of the SU(2.2) group, the covering group of

0(4,2). From the matrix elements of Section 2, one gets
Gym) jm |A* 4 B2 [ (om) jm> = 1= 7 3.3)
from which, using the well-kﬁown value of M* + N? = jé +n* =1, one gets
0(0(4,2)) = -301- %)

o(0(4,1) = -2(1-j;) (3.4)

from which one sees that the ladders of 0(4,2) are also UIR of the 0(4,1)

subgroup.
As an alternative, the ladders may be characterized by certain represen-
tation relations, involving anticommutators of the group generators, as discussed

by A. Bohm” for the H-atom ladders. In the case i,# 0, these relations are

{S.u;'s.ﬂc}: =21 'J'g) (3.5)

A AD
where s — ¢ Spc + Multiplying (3.5) by gCB and summing in the B and ¢

indices, one easily gets
Q(0U2) = L s, 55" = -30-72) (3.6)

in agreement with (3.4).

On the other hand, it follows from (3.5) that
Ty el + {83, 87 ) = = 28, 01= ) (3.7)
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Multiplying (3.7) by grb and summing with respect to b and ¢, one derives

ab

(50, 8*") = = 100- 2) =21, T - 40(0(4,1)) (3.8)

Now, (3.6) can be rewritten as

a
5,557 = 200004, 1)+ 2T = = 6(1= j2) (3.9)
From (3.8) and (3.9) one immediately recovers the value of 0(0(4,1)) given by
(3.4) and the relation

Lri--a-7 (3.10)

Finally, it may be noted that from (3.10) and the second (3.4) relation
it follows that ]ﬁ: —n’, in agreement with the result (2.11) of the previous

Section.

ACKNOWLEDGEMENTS

The author is grateful to Professors Abdus Salam and Paolo Budini and
to the |AEA for the hospitality kindly extended to him at the ICTP, Trieste,
where this work was performed. He is indebted to Dr.S.R. Komy for useful dis-
cussions in the first stage of this work. Thanks are also due to Professor A. Q.

Barut for stimulating discussions.

244



1969 REV. MEX. FISICA

REFERENCES
See the review article by Y. Nambu in Proceedings of the 1947 International
Conference on Particle and Fields (Interscience, New York, 1967).
A. Q. Barut and H. Kleinert: Phys,Rev, 156, 1541 (1967); ibid 157, 1180
(1967).
J. Olzewski: Acta Phys. Pol., 30, 105(1966). D.Tz. Stoyanov and |. Todorov,
ICTP, Trieste, preprint |IC/67/68.
A.O. Barut; “Application of the dynamical group theory to the structure of the
hadrons”, University of Colorado, Boulder, 1968 (preprint).
A. Bohm: “The algebraic method and infinite component wave-equations”
(preprint), to appear in the Proceedings of the Summer Institute, University of
Colorado, Boulder (1947).
l.M. Gel’fand, R.A. Minlos and Z.Ya. Shapiro: "Representations of the ro-
tation and Lorentz group and their applications” Pergamon Press, London,

1963 .

245








