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RESU,\IES

LO$ propósito$ fundamrntalrs dr este trabajo son los $iguirntrs:

a) Drmostrar qur, a partir dr un principio dr D'A./rmbrrt grtlrralizado, rs

pO$iblr rxprrsar rrl forma lagrangiana las rcuacionrs fundamrntales dr una tro-

ria rstocástica prrsrntada rrcirntrmrnte por uno de los autorrs.

b) A partir dr rstas ecuacionrs de Lagrangr grneralizada$, obtenrr una

r.'(prrsiórl para la fuerza elrctromagnitica que actúa sobre una particula estocás-

tica rn prf'5f"lcia de un campo e/rctromagnético rxtrruo: sumados a la fuuza dr

Consultont, Comisión Nocíonol de Energío Nucleor, México •
• 'Fellow of the Ford Foundotion, Focultod de Ciencias, UNAM, México.
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I.tnf"ulz, aparf"cf"n IJUf"t'os I(:rm;,¡(;,<¡ (j'lf"<;t' rf"¡flnf"1I a ('f"ni 1"11 t'llimi/f" clt{<¡ico.

c) Bajo la al"rJ.,-illuu-i,iu u<;lull dI" la 1!If"((inic a cllán/iul, rrm f"sta 11~f"rza~fJhs.

tituida f"1I las t'CIU1CiOllf",<¡f"s/fJcrí,<;fica<¡, df"ducir la f"cuac¡'iu df" Sc/lr;;diu{!.f"r ('(JfJ

.IIlH 11.\cr

T/lf" pllrprJ,<;f" oj f"i<; t/r¡!f" i." /11rt'f"jr;/(/.

a) Tu S/Jorl' l/laf, 'ilarlin{!. Iro1!/ a {!.f"1/t'rahzf'd lJ'AIf"wbf"r/ {lrirlciplf", il is

po,'>Sih/t' to f'xprf"SS in l.a{!.rQII{!.ia1/ jorm I"t' ba<;ic f'(/uat;,ms 01 a sl(;cbastic fbt'rA')'

rf"cf"lIt!) I"upost'd h) Ollf' 01 u.".

h, ]0 ohtai1l, lI<;ing, t/,f'<¡f" gf"!lt'raliud l.agra1/{!.t' t'qllalirms, fl1I f".,"prt'ssiorl

jor l/lf" f"/f"ctroma¡:1Jf" tic" II;Tíf" acting Il/J a ,<;tr;cJ'.¡<;tic par/irlf" in aIJ f".df"TIJal f"/f"clro-

magllf"lic lif"ld, in I),f" ,um-Tf"lali"islic approxima/ion: hf"sidt's Ihf" 1.0Tt'fllz ¡(HCf".

addil'-onallf"rms arisf", ",/Jich go lu Zf"TO ir¡ Ihf" .\'t'lI'tmJia,¡ /'-mil.

e J To SI'IAI Ihal, Iwdt'r ¡J,f" u,<;lIa I qlulfllum-mf"cbanica! approximalilm, Iht'

suhstilulicJfJ 01 I/Jis f"/f"ctrfJ"JfI{!.I/f"lic IOTCf" ir} 11'1"IU1Jdamf"1l1a/ s/ocbaslic f"qualirms

If"ad,,> 1(; Schr;x/ingf"T's f"lfllalirJlJ tl'itb mi"imal t' It'ctromagnt'lic ('(]Up/ing.

J.INTRODUCTION

In a previous paperl devoted to Sorne developments of the stochostic

theery reeently proposed by ene of us2, the possibility was shown of integroting

the fundamental equotions far a portiele under the cetion of On externol electro.

mognetic f¡eld, thus obtoining SehrOdinger's equotion with minimol electromog.

netic coupling. However, this derivotion wos corried out for the speciol COse in

which Vx H "" O~. Clporly, to obtoin o complete ogreement with the usual quontum

theory, it is necessory to eliminote this restriction. A more thorough onolysis of

We regrel Ihal fhis. res.lriction was. not explicitly s.taled in reL l. but ¡f immediately

appeors. when corrying out the oJgebra.
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this problem allowed us to trace the difficulty in the postulated form of the ex-

ternal force. In fact, in our earlier work1, the express ion

F: de'!-(v+u)xHJ
e

(1 )

was proposed for the Lorentz force, the total velocity e v + u being the sum of

a systematic ond a stochastlc term respectively.

If we introduce eq_ (1) into the system of fundamenta I stochostic ~quations

used in refs. (1) and (2) and demcnd that these equations be explicitly integable.

then the condition 'VxH = O follows immediately. However. equotion (1) is token

directly from classicol electrodynomics, where the motion of the particle is as.

sumed to be purely systematic, i.e., no diffusion processes occur. Now, if the

p:!rticle's motion has a stochastic component, then, at least in principie, addition.

al terms may be required in the express ion for the acting force. The purpose of

this paper ¡s to show that in fC'ct this is the case, eq. ( 1) being consistent with

the fundamenta I s tochas tic equations on Iy when 'Vx H = O.

In order to obtain the correct fOl"mfor the force acting on the stochastic

particle subject to the action of an externa I electromagnetic field, we proceed

_ in analogy to classical mechanics - to derive the Lograngian equations for our

stochastic problem, using D'Alembert's principIe as a starting point-. If in these

equotions we introduce the Lagrangian of a particle in an electromagnetic field,

then we are able to derive the explicit form fOl"the externa I force acting on the

particle. This result a pproximated to second order (which is the Ol"der of approxi-

mation corresponding to usual quantum mechanics1•2) shows that we must add to

eq. (1) o term proportionol to the diffusion coefficient and which consequently is

zero in classical mechonics. The integrotion of the basic equotions con now be

performed reodily ond thus SchrOdinger's equotion is obtoined without ony further

restriction.

We ore very grolefut lo O. Novoro for his voluoble suggestions concerning this point•
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11. THE LAGRANGE EQUATIONS OF THE STCCHASTIC: THEORY

For consistency, we sholl use the nototion appeoring in previous papers.

In particular, the external force per unit mass, as derived in ref. (2), may be

written in the form:

where

'o = /Je-(l t A) as,

Í\ •••..•.•• ...••..•

c= ¡yx= v+U¡ c=Tc:.::: f)K=-V+U¡

(2)

(3 )

(4)

ond

(5)

(6)

'1' is the time-inversion operator, the action of which is expressed by a tilde over

the function, ond A is a parameter which OSSumes the volue + 1 in the quont'Jm-

mechanicol case2•

Let us consider o virtual displacement SXi i eq. (2) can be written as

[¡ - [Jc. t (l t A) "s .] k = Ooi J J I
(7)

(o summotion is understood over repeoted indices). We now tronsform to gener-

olized coordinates q., such thot
I

(8)
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ond since there is no voriation of time involved,

dX.o,. = _' Sq.
'Cl 1q¡

Therefore,

1 Cl, .
(íJ ,) ..,'- oq

I oq. ]
I

A stroightforward calculotion shows thot

[
e eh. ] el. Cl". ( ClXi).J (.'Xi) ~ = (0'1';) __ o + (íJ'i) íJ__ ,

dq. dq. Clq.
1 1 1

REV. MEX. FISICA

(9)

(10)

(11 )

further terms of this expression being 011 equol to lero. Since from (3) and (4) it

also follows thot

equotion (11) becomes

and
dC,. ch-,.
Cl!¡ ¡- CJq i

[
;)e. ].iJ ( [iJ.,,) _.' _
;)q ¡

(12)

With the oid of this result, eq. (lO) COn be written os

[ (;le) l.,e'](.Oei) S.•. = liJ e. _' - __ -'-- oq ..
, , ;). 2 Clq. 1

. q j ]
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Upon substitution of eqs. (9) and (13) intoeq. (7), there results

VOL. 18

[
1 . 0,', _ IQ dT + ~ + (1 + A) a . dX1] &¡."' a;¡: ..,. dq. s, dq. 1

1 {)q j 1 1

o. (14)

where T = ~ c2• Since the only way for ( 14) to hold in general is for the sepo.
2

rote coefficients of Sqj to vanish, we obtain the following set of dynomical

equotions:

dT dTd'iIQ----I.-=
O' oq. 0' oq.q j ] ]

~h;,
(1 + i\¡ as' ~

• rJq.
I

(15)

Let 'o be o conservotive force:

Defining the Lagrongion os is customory,

i: = T- V.

equations (15) become

(16)

(17)

1)di: _ dr = (1
"' • ;'1qr)q. i

1

t 1\) (/
Sj

(18)

These ore the Logral;'ge equations of our stochastic theory. Upon comporison

with the clossical Lagronge equations, in which d/dl appeOrs instead of the total
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derivotive operotor f>, one se es thot the genero lized force for the stochostic

problem is given by

Q = (1 + "l a~i . (19)

It can be reodily shown thot opplicotion of the time-inversion operotor to

eq. (2) yields after a procedure analogous to the foregoing,

(20 )

lo return ta the original coordinate system, we moke

equations (18) and (20) then become

¡¡ dL _ dL = (1 t ,,) a.
li

'
Je¡ 0X¡

~
{¡; {,.c _ (¡oC (1 '
IV +,,)a.li'

rJc. do\", i

(21 a)

(21 b)

since a.~'1 is invariant under time inversion
2
• For o canserv'ltive force, ttlerefore,

~
JO ('1 i; ~)L!l __
'c ~, 'e,
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which meOns

i)c = lQc.

VOL. 18

(22)

Expans ion of this equotion into systematic and stochostic components

leods to

(23)

which is one of the two basic equotions of our theory, for o conservative problem*,

the other one being equation (2). Thus the set of fundamental equotions can be

considered os consisting of eq. (2) ond either its -¡'.transformed or eq. (23).

Hence, eqs. (18) and (20) represent the complete set of equations of motion in

Lograngian form.

III. THE ELECTROMAGNETlC CASE

Let us now introduce an arbitrary externa! electromagnetic field, described

by the potentiols A ond cf;. Substitution of the classical Lagrangion for this

problerr,t:

.c = .!- e2 + _'_ e
2 me

o
(24 )

in eq. (2la) yields, cfter sorne basic operctions,

°ln the general case. we must write f - instead of zero in eq. (23). f - being that part ofO _ O
the external force which changes sign under T. See ref (1) •

t In order to avoid canfusion between the total velocity e and .he velocity af light,a naught
has been added to the laUer.
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,C¡ t f'

me o

I)Ai--'-« .17) ,l¡- ~(cxH). = - ~ai<!>+(1 +AjaSi
me me r m

o -

(25)

Recolling eq. (2), we obroin fcr the external fcrce (~r unit mass)

_ -'-(~e + Ils)A + _'_ [(u + v) 'I7J A + _'_(u + v) x H - ~17<jJ
mc me me m

o o o

(26)

This fcrce can be written as a sum of o 'r~in'JOriont 000 a T.reversible term, which are

res~ctively:

,.
o

- ~ íJ
c
A + _'_ (v '17) A + _'_ v y H - ~ 17<jJ

me mc me mo o o

(27)

, = - _'_ JOs A + ~ (u • V) A +
o me me

o o

T o second order in the moments these ex press ions reduce to

(28)

.'._uxH-
me n

ond tre total force is simply:

~V2A
me o
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Thus we see thot on add itiona I term - (t'IJ ¡'me o) V 2 A =

- (dJ/mco)(\l\l • A - \lx H) must be added ta the external force given by eq. ( 1),

in order to obtain consistency with the general equotions of motion. Since we can

work in the Coulomb gouge v . A = O (or Lorentz gauge if deP/31 = a), this term

may be s imply written as (t'1J ¡'me o) V x H, w ith IJ = ¡¡¡'2m for the quantum-mechoni-

col cose2• It is 0150 possible to obtain directly this last form for the extra term,

by adding to the Lagrangion (eq. 24) the physieally irrelevant term (dJ/mco) v . A,

in order to eliminote the unwonted term \7 • A belonging to íJ2 A in eq. (29). Since

both procedures ore equivolent in physicol eontent, we can write the externalforce

in the fallowing final form:

,
o

(30 )

or to seeond order:

(31 )

Th " ,(,¡ h" h h"" d "ose terms In o w le reverse t elf slgn un er time inversion, i.e.,
• (2 ¡

fo ' of course disoppeor in the Newtonian limit (i.e., when u = O ond 1>= O),

leoding to the weJI-known Lorentz force.

When eq. (31) is substituted in the bosic set of equotions ond these ore

integroted following o procedure ano logous to thot of the oforementioned papers l. 2,

we obtoin the SehrOdinger equotion for a JXlrtiele in on externol electromagnetie

field, nomely,

ih "iJ'¡' = _2- (- W'l -!- A)' Y' + 'oP'¡',
(J' 2m e o
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without any restriction on the field. Clearly, we can follow the same procedure

to integrate the fundamental equations to all orders, using eq. (30) for the ex~

terna I force and a method entirely similar to that presented in ref. (1). With the

definitions used there, namely,

R + is ,

we obtoin tooll orders in the derivotives contained in f)Q:

(33)

[
IJ'V' A-~ A']2mc o

(34)

where we hove restricted ourselves to the usual quontum~mechonical cose, by

moking /)0 = lJ = /). ' 0_ = O ond f,.= 1. Eq. (34) represents the first integral

of the fundamental stochostic equotions ond moy be given the usual SchrOdinger

form by meons of the change of variable íJ'l' = íJ /11 tf;:

2/IJ "..¡, = 2IJ'(- i'V - __ '_ A)' t/; t "P t/;- 2IJ'p L" ''Vlnt/; •
01 2/)"1' m \.'o

(35)

The last term of the right-hond side includes the derivatives in 1J{! of order > 2.

Comparing w ith the previous results 1, we see thot the extra terms of ( leod to o
o

simplificotion of the final results.

l\'. CONCLUSIONS

In summory, the main results of thís note are:

al It is possible to reformulote the bosic stochostic equotíons of our thecry
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in "Lagrangian" form, with the operator 10 playing the role of 2+/2Jr in classical

theory i

b) The Lorentz force does not account for all the electromagnetic force

acting on the stochastic particle under the action of the external field, as can be

seen ¡,om eqs. (30) ond (31);

e) Substitution of this force in the stochastic equation leads, in the usual

apJX'oximation, to SchrOdinger's equation with minimal electromagnetic coupling

without any restriction. In other words, the new terms added to the Lorentz force,

to second approximation, are being taken into account automatically when writing

down Schroo inger's equation.
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