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,'m~,ll~ /Xltnll~ la n~c~sidad d~ *r~norma/í%aT" una inl~Tacción N-N libr~ cuando

s~ lTahaj~ rn un probl~ma S~CUlaT coruspondi~nl~ a un ~spacio dr conliguracion~s

T~slringid().

ABSTRAeT

Thr di//rT~'lc~S bdU'~~n *IT~r. and .~llrclivi%~d" nuclron."ucl~ofl inl~T.

aclions arr sludi~d lhrough lh~ir ~11~cls on lh~ binding rn~Tgi~s 0/311 •• Ur, 160,

as W~// as lh~ ~n~rg)' sp~clrum of6LtO, by ass.im;'lg lh~.simp/~sl osci//alor sh~1/

mod.1 configura/ion fer .ach: (05)'. (05)'. (05)' (Op)l2 and (05)' (Op)'. ".

SI¥Clif)~/Y. Sofl •.con'd, r~a/islic N-N pol~nlia/s arr usrd, as W~// as ~f1~clif)~

i'l/oac/irm malru: ~lrmf'n/s o/ various kinds. Thf' nf'~d lo .r~normaliz •• a /T~~

N-N in/f'Taclion Whf'fl~V~T onf' dof's a rf'slricl~d configura/ion spaa s~cu/ar probkm

is e/f'ady mani/f's/f'd.

l. INTRODUCTION

Since the pionnering work of Brueckner and others dating from 1954 or so,

much attention has been given to the problem of deducing, from a given interaction

between two isolated nucleons, an (effective) interaction appropriate for treotment

in a Iimited"configuration"space secular problem (e.g., a shell model calculation).

The advent of soft--eored -realistic" N-N interactiens, fitting the empirical data

associated with two-nucleon systems, has permitted obtoining (i"ite values for the

relevant shell-model matrix elements ond, consequently, enabling one to carry

trough shell model calculations with these potentials. Thus, it becomes possible

te compare the results, on nuclear stTucture properties, produced by the *free"

versus that of an Meffective" interaction which has been deduced from the former

by one method or another¡ hence, one may evaluote the relative necessity of de-

riving such effective interactions.
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11. FREE AND EFFECTIVE N-N INTERACTIONS

The most general form of the nucleon-nucleon interoction potentiol con-

sistent with the usual invorionce symmetries ossocieted with non-relativistic

strong-interoctions con be writtenl os the well-knOW'n Sum of centra.l, tensor,spin-

orbit ond quadretic spin-orbit parts. In the lost decode2 e greot deol of effort has

been put into obtaining .reolistic. potentiols; that is: on interoction potential

function of the obove mentioned form with radial functions parameterizecJ to fit

both N-N scettering experiments for 0;(, E1ab ;S350 MeY :Jncl the ground stete

properties of the bound n-p (deuteron) system. Among the best-knOW'n "reo lis tic"

potentials are the Hamoda-Johnston and Vale forms whose radial forms were es-

sumed,"o priori", to be independent of p2 and /2, en effect supposedly simuleted

by the introduction of on infinitely repulsive (hard) core for r:¿ 0.5 F. The

former potential has 28, the latter 52, non-zero odjustoble parameters. (Recently,

one-boson-exchcnge meson-theoretic N-N potentials with as few as ::: 50djuste-

ble parometers ond which fit scottering dato remarkobly well hove been derived3).

Our interest here will focus only on two .realistic" potentials whos"e radial forms

are o superposition of ottractive ond repulsive geussien functions, with finite

.soft" cores, which turo out to be extreme 1) lvenient to hondle when deoling

w ith hermonic osci lictor orbito 15.
The Tamagakj'(G3RS-l) polential has 56 poramelers and has radial

functions of goussion form (see Figs. 1 to 4):

(A= c,/,/S,W,//), (1 )

with V~i ' 1']).; the strengths ond ranges od¡usted to fit the N-N phose shift deta

01 Arndl & MacGregor (1966). No menlion is mode 01 any attempl lo lit Ihe bound.

stote deuteron properties (o colculation which is in progress 15). On the whole,

it eppeors that the fit to the scottering dote is at leost os good os that oc-

complished by the Hamada-Johnston potentiol.

The Eikemeier & Hockenbroich5 (or Tübingen) potentiol consists olso of
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goussions end ineludes o soft core but is even simpler in thot it is' purely centrol

ond to dete has been reported only for the even- ¡ stotes (d. Fig. 5). It has o

lota I 01 12 poromelers which were odjusled lo Ihe yole (1962) phose shifts, Ihe

low-energy effective-ronge theory doto compiled in 1957 by Hulthén &. Sugoworo,

one! olso the deuteron binding energy.

Regording the,so~alled -effective" interoctions we odopt also only two.

The one given by Vo/kov. (number 5 in his nololion) (el. Fig. 6). wilh 5 porame-

ters odjusted to fit binding energies ond rms rodii of bo,h -4Heond 160, assuming

o sphericol Sleter determinont os o model stote.

flliott and co-workers 7 hove recentl} deduced nuclear matrix elements

direclly from N-N phose shift dala ollhe yale group (1968). The molrix elemenls

turned out to be strikingly similar numerieally to those obtained bv Grillot Ro

McManus a who actually solved the Bethe-Goldstone equotion in relati' coordinate.

It has been orgued9 thaf the Elliott method for construc:ting nuclear rootrix elements

from phose shift dato contoins the essential ingredients of o Brueckner-Bethe-

Goldstone (reoction matrix) effective interaetion, nomely: short .•ronged eorrelatioos

treoted exoctly (non-perturbotively) ond -healing" of the perturbed to unperturbed

funetion ot long ranges. The Elliott matrix elements shall thus be token in what

follows as those of on effective interaction. For comporison, matrix e lements

which eJo r10t 9 involve "heoling" hove 0150 been used in the 160 binding energy

colculation; these were deduc:edl6 directly from phase shift doto employing o teeh-

nique due to Koltun17•

III. THE SHELL MODEL PROBLEM

Using both the free ond effective interoctions described obove we wish to

calculote energies within e shell model fromework, that is: restricting the mony-
body function to the most natural model subset of single-porticle configurations.

o) Doub/y.C/osed Shell. 1I is assumed Ihal Ihe ground slale (model) wave

function of a doubly-cl'. ;:d shell nucleus (like -4He, 160, -4°Ca, ... ) to be the

single Sloter determinant 4>0 composed of the lowest-Iying single-particle harmonic
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,oscillotor abHals. The hamiltonian ofthe A..porticle system is token as

H=
2

A p.
¡-'--

i:=: 1 2m

A
T

int
+ ¿ v ..

i <; l1

A
¡ p.

1;;- 1 J

A
+ ¡ v ..
i < j tI

(2)

which is both galilea" ond tronslationtd ¡"varia"t, ond in which Vi; will be e.ither

a free or en effective N-N interaction. The expectotion value of (2) is then
10

<'!lOIHI<I>o> = ~ ¡(2n +1 +~)IfW-~jjW2 'ct a. a. 2 4

+~ ¡ {<a,l3Jv la,I3>-<a,I3Jv l,l3a>}. (3)
2 0.,/3 12 12

in which the sumS are only over occupiecl stetes.

The expectation value of the potential energy for a doubly .•magic nucleus

described by a single Sleter determinant becomes

L (2L+l) l<nINC,Lln 1 ni ,L> 1
2

,,(21+1) 1222
PI 1 n 1 LNL
1 1 2 2

(4)

Evaluotion of the two-body elements <nlSilv In'I'S; > fer a general
12

N-N potential v of the Tamagaki kind is quite direct.12
For A = 4(+He), eqs. (3) and (4) give

293



RAMIREZ ET AL

<¡p= ~ ~W + 3 [<O, 'S Iv lo, 'S> + <0, 'S Iv lo 'S >]4 1 12 1 O 12 ' O

and it is readily seE.l that for A = 3 eH) one has

VOL. 18

(5)

(6)

"Also, lorA = 16( O) Ihere resulls (v(n"S+'I¡),; <nIS¡!v12lnIS¡>]:

<11>= 69 1Jw+ 21 [v(O, IS ) + v(O, 'S)] +
4 G'

, '15' 3 '+ 18 v (O, p) + 30 v (O, p) + _ v (O, lJ) + - v (O, D ) +
, '2' 2 1

+ ~ v (O, 'lJ ) + ?- v (O, 'lJ ) •
2 '2 '

(7)

b) Th. Open-Sh./1 Nud.u. 6U. 1Iwill be assumed Ihol Ihe ground and

excited positive"parity stotes of óLi are linear combinations of configurations

conS isting of on inert 4He core plus two va lence nucleons restricted in the Op

harmonic oscillator shell. The secular problem is then

dell <n 1 ¡, ni ¡ ;}7"lv In 1 ¡ ,n 1 ¡ ;}7"> +a lil 222 11333444 a
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w he re f:jH == HP 1/ - E P JI, is the s ing le-partic le s pin-orbit energy s pi itti nq te ken
Il 2 •

from experiment as tJ.e.::::::: 4 MeV, ond E JT will be the energy Ip.vels wlth the IONesf

volue corresponding fo the contribufion fo fhe total binding of 6U coming from the

n-p valence pairo This binding energy is deducible olso from experiment1l through

the re lafion

B (np) = B (6Li) - B ('He) - [B (sLi) - B ('He)]

- [B ('He) - B ('He)]

6.585 MeY.

IY. RE5UL T5

The colculofed ond experimenfol binding energies of JH ond 4He (Coulomb

repulsion subtracted) are shown in Figs. 7 and 8. Experimental energies were

token from ref. 12; .experimenteln lfúJ volues ore deduced from the empiricol rms

rod i i found in ref. 18, through the reod i Iy-obro ined re totion

r 'm' (9)

where (n,/) refer to the hormonic oscillotor orbit of the "most exterior" nucleon.

The Tübingen potential is seen to give the most binding in both cases (ot

roughly the .right" húJ) but it is cerro in that addition of the missing odd-l parts

to this potential will reduce this binding. The Tomogoki-1 potential grossly

underbinds in both cases, as might be expected beco use of the very repuls ive

soft core (~3 times thot of the Tübingen4soft cores which ore probably too smoJl

judging from the bad phase-shift fits ot higher energies~. Both the Elliot 7 motrix

elements, deduc~d from the Yale (1968) phose shifts, and the Grillot-McManus19

motrix elements obtained by solvingS the. Bethe-Goldstone eQuation with the
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Hornada .Johns on potentia 1, 9 ive very s imilar res uJts. A 11 re s u Its, us ing free

.realistic. and effective interactions, uncJerestimate fhe bincJing.

The corresponding results for 160 (Fig. 9) are very analogous to those for

A = 3 and 4. The almost exact agreement of the Tübingen potential is again mis-

leading for the reasons given aboye. We hove also calculated the binding energy

using the I-matrix elements associated with the SchrOdinger equotion, in relative

coordinate, of two nucleons in a common oscillator welJ interaeting with eoch other

thraugh a Ya le interactian. These hove been deduced directly ¡ram the Yale (1968)

phase shifts. Comparisons 16with those obtained by infegrating the SchrOdinger

with the explicif pc.-ential function shO'N thar, insofar as the diagonal elements

go, the two methods are essentially equivalent. These matrix elements will diHer

from the Bethe.Goldstone ones in the absef1re of the Pauli exclusion principie,

found in the latter, which prevents virtually seattered particles from g',:ng tostafes

already occupied by other particles. Absence of the Pauli effect thus gives too

mueh binding (os is to be expeeted as one is then overcounting contributions to

the matrix elements) and inclusion of the Pauli effect results in too little binding

The difference between the two -extremes" is very striking indeed (d. Ref. 9 for

a more detailed discussion).

In Fig. 10 is shown the experimental22 spectrum of 6Li (extreme right)

compared to the results of various calculations, 011 in the (Os)" (Op)2 configu-

ration model spoce, using either a free .realistie" or an -effeetive" interection

ecting between the two Op valenee particles. Again, the Tübingen po;'ential

(E-H) gives the best overall agreement as regards level sequence and spacings.

The Yolkov-S force dces not reproduce the ground stote! The Elliott matrix ele.

ments correctly predict the sequence of the first few levels but the spectrum is

too compressed. The spectrum marked -modelistic. is shown only for comparison¡

it was obtained20 by ad¡usting four parameters in a mooel interaetion eonsisting

of pairing, quadrupole, long.ranged tensor end single-body spin-orbit forces.

Finolly, the Tamagaki (G3RS-l) potentia I gives the most unrea listic results: the

actual ground state ¡'"T = 1+0, together with the whole spectrum, is pushed too

high. It thus cppears that the more realistic en intercetion (in the sense of

fitting reasonably well isoleted two.booy scettering) the cleerer the need either
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of eonsiderobly enlorging the model spaee beyond the simple (Os)' (Op)' eonfigu-

ration space or, .effectivizing" the interaction in some consistent way. Either of

these refinements will build into the two.body relative matrix e lements short.

ranged correlations by .pushing out" the two.body wave function away from the

cere region of the potentlal. This would obviously weigh the repulsive parts of

the free N-N potential less drastically.

In Fig. 11 ore shown the oseillotor radial funetions (squered ond multiplied

by,') used in evoluating the (diogonal) matrix elements (nllv,,(,)1 nI).

A comparison of this figure with, say, Figs. 1 through 4 which show the radial

parts of the Tamogaki potential, indicates that lower l-values (predominantly the

s-waves) are producing too mueh repulsion in both binding and excited spectra

calculations.

v. CONCLUSIONS

Our main conclusion is thot it is meoningless todo a nuclear structure

calculation with a free .realistic" N-N interaction within a limitad shell •.model

configuration space. The need to "renormolize" such an ¡nteroction seems quite

dramatically evident from both binding ond excited spectra results.

A basic ingredient in this -renormalization" is the Pouli exclusion princi"

pie kernel of the Bethe •.Goldstone integral equation for the cerrelated (or -per •.

turbed-) two.body wave function. This kernel essentially prevents the (virtual)

scattering of two particles to states otherwise occupied by other particles and is

responsible for the well •.known "heoling- of the perturbed to unperturbed wave

function8,21. The absence of these properties have the drostic result of over.

binding a nucleus like 160 to os mueh as twice the experimental volue.

ACKNOWLEDGEMENTS

We Ore grateful to E. Ley"Koo for he Ipful d iscuss ions and to D. V. Grillot

for kindly p"oviding us with unpublished matrix elements. Also, one of uS (E. Y.)

appreeiates the assistance of J.L. del Río in sorne calculatlons.

301



REYES Y REYES

o 0.5

F IG. 11

302

1.0

2
Uo

1.5

VOL. 18



1969 REY. MEX. FISICA

REFERENCES

1. J. Okubo & R. Marshak, Ann 01 Phys. (N. Y.) 4 (1958) 166. For details,

d. Canuto, V•.Lnd M. de Llano (unpublished notes on N-N Interactions).

2. -Goinesville Conference on the N-N lnterection-. Revs.Mod.Phys. 39(1967)

and 0150, Supplement, Prog. Theor. Phys. 39 (1967) os well as 42 (1968).

ond references therein.

3. Green, Sowedo & Sexon, Th~ Nuc/~ar Ind~p~nd,nt.Parlicl, Mod~/ (Academic

Press, 1968) and references in the lost section of this book.

4. Tamogaki, R., Prog. Theor. Phys. 39 (1968) 91.

5. Eikemeier, H. and H. Haekenbroieh, Z.f. Phys. 195 (1966) 412.

6. Volkov, A. B., Nuel. Phys. 74 (1965) 33.

7. E lIiott, J. P., A.U. Jackson, H.A. ~vromotis, E.A. Sanderson fl. B. Singh,

Nuel. Phys. A121 (1968) 241.

8. Gri 1I0t, D. and H. MeManus, Nue l. Phys. A113 (1968) 161.

9. E. Ley-Koo & M. de Llano (to be publi shed).

10. Candan, E.U. & G.H. Shortley, Th. Th""y 01Alomic S{¥clra

(Cambridge, 1959) p.171-

11. ~vromotis, H.A., E.A. Sonderson & B. Singh, -Tables of Coefficients for

the Exponsion of Two ..porticle ii~oupled Motrix elements in terms of Reletive

Matrix Elements". (unpublished).

12. Konig et al, Nuel. Phys. 31 (1962) 18.

13. Brooy, T .A. & M. Moshinsky, Tab/~s 01 TranslfTmation Brackrt:s

(Gordon & Breoeh, 1967).

14. Tomagaki, R. & W. Watori, Supplement, Prog. Theor. Phys; 39 (1967).

15. del Río, J. L., (private communicotion).

16. Grillot, D. V., E. Ley-Koo, M. de Llano and H. MeManus, Nuel. Phys.

(to be published).

17. Koltun, 0.5., Phys. Rev. Let!. 19 (1967) 910.

18. Elton, L.R.B., Nucl.arSiz" (Oxf",d, 1961).

19. Grillot, D.V., (privote communication).

20. E. Ley-Kocetal, Nuel. Phys.A107(l968) 35.

303



RAMIREZ ET AL

21. Doy, B., Rev.Mod. Phys. 39 (1967) 719.

22. Aizenberg.Selave, F. el al, Phys.Rev. 139 (1965) B592.

304

VOL. ,~




