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RESUMEN

En este articulo se analiza la posibilidad de considerar a la masa como
un operador en la ecuaciis de Dirac para fermiones libres.

Se obtiene la transformacion de masa inducida por transformaciones gene-
rales de coordenadas que dejan invariante a la ecuacicon de Dirac, y que incluyen
inversion de la masa. La invariancia bajo el grupo de Poincaré impone fuertes
restricciones sobre la trans formacicn de la masa, pero aparentemente permite la

inversion de la masa.

Supported in part by Conselho Nacional de Pesquisas, FUNTEC and Banco Nacional do

Desenvolvimente Economico de Brasil.
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ABSTRACT

We investigate the possibility of regarding the mass as an operator in
Dirac’'s equation for free fermions,

The mass trans formation induced by general coordinate transformations
which leave invariant Dirac’s equation is obtained and includes mass-reversal,
Invariance under the Poincaré group imposes sirong restrictions on the mass-

transformation but seems to allow mass-reversal.

I. GENERAL TRANSFORMATION OF FREE SPINORS WITH VARIABLE MASS

Let us represent a Dirac spinor field which describes a free particle with
mass m by \/(x,m), where x is a point in space-time. The corresponding Dirac

equation will be written:

3:’)/'“‘ Aa—m}g'f(x,m)=0 M

dxH

in the well-known convention; # and c are units of action and velocity respective-

ly and the scalar product of two vectors is given by

a bk- akbVy
" uv

=0, for pfvig, =-¢g,= “8p ="y =1.
Equation (1) is obtained by an observer in a reference frame R .

Let us assume that a passive transformation is carried out to the new
frame R'. We make the assumption that the free field under consideration is now
described by the spinor /' (x',m"') where, in general, the geometrical coordinates

x" are connected to the former ones, x, by the relations:
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x'B = fH(x), (2a)

which can be inverted,
I I (2b)
The newpoint is that we allow the mass, as measured in the new frame, to be

different from m . We now impose the condition that Dirac’s equation (1) be in-

variant,

;W” 2 -m'i Y ix',m')=0. 3)

Ox #

The transformations (2) induce a correlation between the fields //(x, m) and

P a’ om)s
I,b'(x',m'):S(x',m';x,m)t,b(x,m), (4)

the operator § being non-singular.
The conditions for the invariance of Dirac’s equation are now obtained in

the usual way, and can be written as

$ ' m's =g topn I OS
dx'H Jx¥

=tm. (5)

The operator §, besides being a matrix which acts on the spinor index of
the fields |/, is assumed to depend on the points x and x’ and on the masses m
and m’,

In the particular case of a Poincaré transformation (a, I.), where x' is

given in terms of x, as
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i =a+Lx,
we have

dx?

X [, 13
s (6)

and the conditions (5) are reduced to the well-known relations :

i -1V7 S |
PRLLT) = Sy¥s
7

II. MASS GENERATED BY GAUGE FUNCTIONS

It is well known that the field i/ may undergo phase transformations of the

type

Y(x) = e® i (x), (8)

where a is a real constant.

When, however, the phase transformation is of the first kind:

fe (x)
Pol wn g (9)

that is, when the phase is a function ¢(x) of the coordinates x, it is usually
stated that the invariance of Dirac’s equation is broken for free fields and re-

stored if the field \/ interacts with an electromagnetic field A (x) according to

the equation
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{y#(ial-eA#)-m!L/J(X)=0, (10)
xH

in which case the field A# undergoes a gauge transformation of the second kind

induced by equation (9):

' 9 x)
Al =A#(x)-ffj ; an

This type of gauge transformation rests on the assumption that the field
i/ describes charged particles with constant mass.

We now consider the case of free spinor fields and assume the invariance
of Dirac's equation under the transformation (9). In this case, the mass cannot

be constant. Indeed if one sets

i (x
S(x,x";mm') = ¢ ! (12)

where A(x) is a real function of x, conditions (5) reduce to

m=m'+'}/am i (13)
dx™

The gauge function A(x) appears as a kind of internal field which gener-

ates a mass which, according to relation (13), is a matrix depending on x :

IA

X

m.g= m;ﬁ + (’)/'u)aﬁ ' (14)

if in some reference frame §' the mass is a constant matrix.
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Under this view, the gauge transformation (12) is a mass-transformation.
Let us now assume that the field \/ (x, m) describes particles with charge
e which is revealed through interaction with an electromagnetic field A% (x). In

this case we let the field |/ undergo the phase transformation

i [A
Pieiw") e:[ (x)+ecp(x)]¢](x,m) (15)

and assume the invariance of the equation:

[y“(f L -eAL(x))-m']L/}'(x,m'): 0 . (16)

ax*

Note that the charge e multiplies ¢(x) only, in equation (15). The as-

sumed invariance will be satisfied by equations (11) and (14).

[lI. IMPROPER-MASS-TRANSFORMATIONS

The components of the spinor /' (x', m") transform under equation (4)
according to the relation:
:_rii.;(xl' ml) o &

;x,m)gﬁiﬁ(x,m). (17)

An interesting example of such a matrix is one which has the ys - matrix

as a factor

S(r',m';x,m):’)/SF(x',m','x,m). (18)

In this cese, the invariance condition imposed on equation (3) leads to

the relations,
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v
FolySyH Ox v F =ty
Ox'H
v
F-l,)/Sm!,.YSF_iF-l,yS,y.U Bx ,.)’5 BF = im, (]9)

Ox'H oxV

which results from substituting (18) into eqs. (5).

One must clearly, be careful and regard m and m’ as functions of x and of

the matrices v .
: ; . ; .
A particular case is the mass-reversal transformation , for which F is the

identity. Equation (3), written now as

{i’y'u o
'a#

X

—m'}z,/i’(x,m) =0

then becomes

Or, equivalently

{-fv“%-wsm'ys}w(x,m) 5l -

X

One must therefore have

Ym'y = em. (20)
The »° = transformation therefore belongs to the type of transformation (19) where

the minus sign is to be taken on the right-hand side.

In general, transformations (5) may be written:
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i6
stlym O0xY o U
el
T
S*'m's-istlyr 0¥ 3 _ Y, 1)
ox'# oxV

i6
where & is a constant. The constant phase factor ¢ may be absorbed into the
tield s . We shall call proper-mass transformations those for which & = 0 and
improper-mass transformations those for which & = 7. Mass-reversal transfor-

mation (20) is the simplest improper-mass transformation.

IV. THE RESTRICTIONS IMPOSED BY THE POINCARE GROUP
The hermicity conditions that equations (5) must obey, under the choice

+

" = v " y°, (22)
are the following:
y? sty o 5t
,y.u- os B S-l _ ‘BS S*l ,ynu ; (23)
ox'# Ox'w

provided that the hermitian conjugate of the mass is of the form

m* = y°my°. {23a)

The first of eqs. (23) is well known. The second equation (23) is satisfied by
the ansatz
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S(x,x') = f(x,x")G (24)
where f(x,x') is an ordinary function of modulus one
[*r=1 (25)

and G is @ matrix in the spinor space.
The usual treatment of Dirac’s equation is a consequence of the theory of
the representations of the Poincaré group. This theory requires that the operator

P#P# be a multiple of the identity, where P are the generators of space-time
trans lations:

PYp = m* 1 (26)

where m_ is @ number and I is the identity.
In this case, the term which contains the space-time derivatives of the

transformation operator § in equation (5) must vanish. Equations (5) reduce to:

S"y”(L"l)y#S = ky¥

S lw'S 2 dm, (27)

provided that it is assumed that

It is clear that, in general, formulae (5) for the mass-operator would vio-
late condition (26).

If equation (26) holds, the gauge transformations (12) cannct give rise to

equation (13). The A=function would have to fulfill the condition

433



1969 REV. MEX. FIS.

g*R 9A oA _ (28)

ox @ axﬁ
and the mass operator would have to be such that
m'y*+ryam' = 0, (29)

i.e. the mass would have to be proportional to °, which would violate the her-
miticity requirement (23a). Thus invariance of Dirac’s equation both under the
Poincaré and the gauge group (12) requires a vector field transforming like in
equation (11).

We see that mass-reversal (equation (20)) is a special case of formulae
(27), where

and the minus sign holds in the right hand side of egs. (27).

Mass reversal would be satisfied by an ansatz of the form:

where a, is a time-like vector (for instance, normal to a space-like surface at

every point) and m, is a real number. In other words,

a. a" = | ’
M
so that
2 2
m = m
0
and
m :”)fom)/o .
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Thus an equation invariant under mass-reversal

yu{,’ 3 -moa#(x)}ga(x): 0

axH

is similar to the equation of a massless charged particle in interaction with an

electromagnetic field.
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