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En ~st~ artículo s~analiza la posibilidad d~ c()llsid~rar a la masa como

un o~radOT ~n la ,cuaci.;,f d, Dirac para j~rmion,s libr,s.

S, OOti,n, la transformación d, masa inducida por tratlsformacion,s g"I'.

ral,s d, coad,nadas qu, d,jan invariant, a la ,euaciÓtJ d, Virae. )' qu~ inc/uy,n

inr',rsirin d, la masa. La invariancia bajo,1 grupo d, 1'oincaré impon, ju,rt,s

r,strieeionts sobr, la transjormacirin dr la masa, ~ro aparrnt,m,nt, pnmit, la

inv,rsión dr la masa.
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ABSTRACT

REV. MEX. FIS.

WL'invrsrigarr rhr possibiliry 01 rrgarding rhr mas s as an oprraror in

DÍTac's rquarion lar Irrr Irrmions.

Thr mass rranslormariOTl inducrd by grnrra/ coardinarr rranslormarions

which /,avr invarianr Dirac's 'qualion is obrainrd and includes mass-rrversa/.

Inr.'arianc, undrr Ih, Poincar¡ group imposes sITong rrsITicrions on the mass-

tra'lslarmalion bul srrms lo a//ofil mass-"v,rsa/.

1. GENERAL TRANSFORMATION OF FREE SPINORS WITH VARIABLE MASS

Let us re~esent o Diroc spinor field which describes o free p:lrticle with

moss m by y;(x, m), where x is o point in sp:lce-time. The corres pond ing Diroc

equotion will be written:

l;yM _d_ -mi <fi(x,m)l dxJ1.
o (1)

in the weJl.known convention; IJ and e ore units of action and velocity respective-

Iy and the sca lar product of two vectors is given by

g = O, fCK ¡J. J 1/; g
J1.V ~ 00 -g =1.

JJ

Equotion (1) is obtoined by an observer in a reference frame R.

Let us assume that o p:lssive transformotion is corried out to the new

frame R'. We make the ossumption that the free field under considerotion is now

described by the spinor y;'(x',m') where, in genera!, the geometricol coordinates

x' are connected to the former ones, x, by the relations:
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x'IJ. = 1J.t(x),

which can be ¡nverted,

VOL. 18

(20)

(2b)

The newpoint is that we allow the mass, as measured in the new frame, to be

different from m. We now impose the condition that Dirae's equation (1) be ina

variant,

1.Y" O '( .,.'(' ')I __ -m 'f' x,m
0% "

o • (3)

The transformations (2) induce o eorrelation between the fields ljJ(x, m) and

1jJ'(x', m'):

t/J'(x',m') S(x', m';x,m)ljJ(x,m), (4)

the operator S being non~singular.

The eonditions for the invarionce of Dirac's equotion are now obtoined in

the usual way, ond con be written os

S'l 'S- .S'lyJJ. '(:hll ?!\"_m, _
ox'JJ. oxll

í m. (5 )

The operata S, besides be.ing a motrix which acts on the spinor index of

the fields!./J, is ossumed to depend on the points x and x' ond en the rrcsses m

ond m' •

In the particular case of o Poincaré transformation (a, f.), where x' is

given in terms of X, os
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x'=a+Lx,

we hove

REV. MEX. FIS.

dxV---
ox'Ji.

(6)

o nd the cond itions (5) ore red uced to the we JI~known re Jot ions :

yJ'.(C I)v = syvS.'
1"

dS dS--= o ,
m = m (7)

U. MASS GENERATED BY GAUGE FUNCTIONS

lt ís well known that the field lj; moy undergo phose tronsformotions of the

lype

where a is o real constont.

When, however, the phose tronsformotion is of the first kind:

ir cp(x)
I/;'(x) =. I/;(x) ,

(8)

(9)

that ¡s, when the phose is O function cp(x) of the cOCA'dinotes x, it is usuo lIy

stated that the invorionce of Dirac's equotion is broken for free fields and re~

staed if the field lj; interacts with On electromognetie field AJi.(x) occording to

the equation
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(lO)

in which case the fjeld A'" undergoes a gauge tronsfa'motion of the second kind

;nduced by equation (9):

A' (xl~
= A (x) _ o<¡{x)

'" Clx'"
(11 )

This type of gouge tronsfa'motion rests on the assumption that the Held

l./J describes charged ¡xJrticles with constant moss.

We now consider the cose of free spinor fields and OSSume the invariance

of Dirac's equation under the transformotion (9). In this cose, the mass cannot

be constant. Indeed if one sets

•x = x

, , i1l (x)
S(x,x;m,m)=t

where A(x) is o real function of ", conditions (5) reduce to

m' + y" o¡\(x)

ox'

(12)

(13 )

The gouge function A(x) oppeors os a kind of internol field which gener.

ates o moss which, occording to relotion (13), is o motrix depending en,,:

,
ma13= ma13 (14)

if in sorne reference frame S' the moss is o constant motrix.
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Under this view, the gauge transformation (12) is a mass-transformation.

Let us now assume that the fie Id ,,¡; (x, m) describes particles with charge

r which is revealed through interaction with an electromagnetic field AJ..L(x). In

this cose we let the field tJ; undergo the phase transformotion

.,.'( ')_ qMx) ",!,(x)].,.( )~ x,m _~ ~x,m

and ossume the invoriance of the equation:

o •

(15)

(16)

Note thot the charge r multiplies <p(x) only, in equation (15). The as-

sumed invoriancewill be sotisfied byequotions (11) and (14).

III. IMPROPER-MASS- TRANSFORMA TIONS

The components of the s pinor "¡;' (x', m') transform under eq uotion (4)

according to the relation:

(17)

An interesting example of such a matrix IS one which has the,,5 - matrix

os a factor

s (x', m'; x, m) = ,,5 F(x', m'; x, m) • (l8)

In this cese, the invariance condition imposed on equotion (3) leads to

the relations,
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p-ly5yiJ- drv ,y5F= :!yll

dr'¡.¡.

p-ly5m'y5p_ iP_ly5yiJ- drV ')'5

or'iJ-

()P--= Im, (19)

which results from substituting (18) into eqs. (5).

One must clearly, be careful and regard m and m' as functions of x and of

the matrices y¡'¡' •

A particular case is the mass-reversa I transfamation1, for which P is the

identity. Equation (3), written now as

{iy"~-m'}'f'(x,m) O
()x"

then becomes

{ iy" ~ - m'} y' 'f(x, m) O.
()x"

Dr, equivalently

{
, ,,() ,,' } ,1, ( )-.y ---y m y 'f' r,m

()x"

One must therefore hove

O •

(20)

The y5 _ transformation therefore belongs ta the type of transformation (19) where

the minus s ign is to be token on the right410nd s ideo

In general, tronsformations (5) may be written:
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S.lm,S- ;S.lyJ.L oxv, oS =

ox'}J. ox v

le
, m (21 )

le
where e is a constont. The constont phase factor ~ may be ~bsorbed into the

field tjJ. We shall coll proper.mass tronsformations those for which e = o and

im~oper.mass transformotions those for which e = 11. Mass'1'eversol transfor-

motion (20) is the s implest improper-moss transformotion.

IV. THE RESTRICTIONS IMPOSED BY THE POINCARE GROUP

The hermicity conditions thot equotions (5) must obey, under the choice

ore the following:

y~ (~SOl) = (_~ SOl) y~ •
,h'J.L Ox'¡.L

provided that the hermitian conjugate of the mass is of the form

(22)

(23)

(230)

The first of eqs. (23) is well known. The second eqLOtion (23) is satisfied by

t he ansatz

432



LElfE LOPES ANO NOVELLO

s (X,X') = ¡(x,X') G

where ¡(x,x') is on ordinory function of modulus one

1'1= 1

VOL. 18

(24)

(25)

and G is a matrix in the spinor spoce.

The usual treatment of Dirac's equotion is a consequence of the theory of

the re~esentations of the Poincaré group. This theory requires that the operator

pIJ.p be a multiple of the identity, where pIJ. are the generotors of spoce-time
'"trOns lations:

(26)

where mo is a number and I is the identity.

In this cose, the term which contains the space-time derivatives of the

transformotion operotor S in equotion (5) must vonish. Equations (5) reduce to:

S'ly'"(L"}" S = IY"
'"

S~lm'S=:tm,

provided that it is ossumed that

(27)

, 2
m

1t is clear thot, in general, formulae (5) for the mass-operator would vio-

lote cond ition (26).

If equation (26) holds, the gouge tronsformations (12) cannot give rise to

equotion (13). The A-function would hove to fulfill the condition
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o (28)

ond the mosS operotor would hove to be such thot

m' yo. +yo.m' = O, (29)

i.e. the moss would hove to be proportionol to yS, which would violate the her-

miticity requirement (230). Thus invarionce of Dirac's equation both under the

Poincaré and the gouge group (12) requires a vector field tronsforming Iike in

equotion (11).

We see that moss-reversal (equation (20)} is o special cose of formulae

(27). wnere

and the minus sigo holds in the right hand side of eqs. (27).

Iv'ass reverso I would be sotisfied by an Onsatz of the fcrm:

m = m a y1J.
o ~

where a is a time-like vector (for instonce, normol to a spoce-like surface ot~
every poiot) ond mo is a real number. In other wcrds,

so that , ,
ro = m

O

and
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Thus en equation invariant under mass.reversa!

yl'- {i _rl __ m a (x)} <jJ(x) = O
c!x,u. o Ji.

VOL. 18

is similar to the equation of a massless eharged JXlrtiele in interaetion with an

e leetromognetie fie Id.
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