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BASES FOR REPRESENTATIONS OF THE UNITARY
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ABSTRACT: The highest weight polynomials of the various irreducible repre-
sentations of R(n) contained in the reduction of the R(n) part
of an irreducible representation (kl, kz' kj) of U(n) are ob-

tained using Littlewood's Theorem for the reduction.

I. INTRODUCTION

A procedure was developed in reference (1) to obtain polynomial
bases for any given irreducible integral re presentation (IR) of U(3) (where
U(n) stands for the unitary group in n-dimensions) such that, with respect
to that basis, a given R(3) subgroup (R(n) stands for the rotation group in
n-dimensions) is explicitly reduced into blocks. The procedure makes use
of a theorem of Littlewood? for the reduction into irreducible parts with re-
spectto R(n) of an IR of U(n) when restricted to R(n). In what follows each
of these irreducible parts will be called an IR of R(n) contained in an IR of
U(n). In this article we obrain, by the same procedure, similar bases for
any given IR of U(4) so that a given R(4) subgroup is explicitly reduced with
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respec i i
pect to that basis. The construction of such polynomial basis enables

f)ne to evaluate fractional parentage coefficients for the spin-isospin states
in supermultiplet theory?® | since these coefficients are given by scalar
products of these polynomials. The spin-isospin operators can‘ be ex-
pressed in terms of the generators of an SU (2)xSU (2) group which is homos=
morphic to the R (4) group. The procedure is generalized to the case of the
chain U (n) D R (n) for IRs (kx’ kz’ k}) of U(n), withn > 6.

Il. Equations determining the highest weight polynomials (h.w.p.)

The infinitesimal generators of U(4) can be realized in terms of

boson creation and annihilation operators, a‘; and a_° as
m
m' s .S eS8 '
Cm =s§10mdmt s M, m =1,..,4 (i)
and the following linear combinations
1 4 3 .2 4
C =C ,C_ = C'=C
1 47 72 Gy Gy by, ¥

(1)
3 4 3 1 2
€ =C;41C,=CsCy=Cyy
have the same commutation relations as the infinitesimal generators of the
R (4) subgroup. Any basis of the IR of U(4) corresponding to the partition
(k) = (&, &, k,, 0) then consists of polynomials P(a‘;) acting on the
vacuum ket | 0> where P(a:n) are the solutions of the following equations h

C11P — k1P’ CnP = k2P, Cssp :kEP, CuP - CuP = C23P =0, (I1.1)

where

and the a° are equivalent to the differential operators 9/9a; when
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acting on polynomials P (a‘:n) .

A polynomial P belonging to a basis of the IR (k) of U (4) is of
highest weight (P\l . )\2) with respect to the group R (4), whose generators
are given in (ii), if and only if it is further a solution of

(CI-Cj)P:RIP, .2)
(c2-c))p=,P, | d1.3)
(ci-chp=o, (Il . 4)
(cl-c))p=0. al.s)

Il . Elementary Permissible Diagrams

We use the same theorem quoted in reference 1 for the reduction
with respect to O (4) of an IR (k) of U(4) when restricted to O (4), and
rearrange the Littlewood diagrams obtained in that connection, just as in
reference 1. We find that to each diagram

L3 Kl it B 11 >
K 5 &% % 0§ B e E 6 x S a
<——-P\2—i @»xu——) e R
!
Vs e nism yllgeoo a . JERR b (D7)
ey — X _—>
13 i 13
a b b Counins = c
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corresponds an IR (P\l : 9\2) of O(4) contained in the IR (k) of U (4). Whe
)\2 > 0 the two IRs (le ; )\2), ()\1, - )\2) of R (4) contained in the IR (&)

'
correspond to D'. In D'the numbers A , A | X1 X, o ee %0, %, of symbe

x’, 'y, ‘a’, ‘b’ are shown in the different rows of the diagram and satisf,
the following relations

1 11 1 12 22 7 2

= > - > kS I =1
x13+.r23+x33 .ks’ )“1 G P\z % 7 Ey T Fp ( )
A, B2x & 2x 2x x +x Bx +x <1,

11 22 33 11 12

P
r il . P
Kl & 11 -
. 2 s 5 e Hiwwsmswsi®sen a
K — — X —
*13 22
M
y - Y g a B s o 2 oo b (D
o . S i ——
*3 . i
x b h v v oo B
where

AN +x =k )\2+x72+x :[32,

— NS +1 > + (111 95
1+x23+x33 fLS, Al /xu 1 /x23 ] % !

> x > X x + K ?’ X + X
17 % T % *a 12 22 23
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corres ponds the IR (P\ 0) of R (4) contained in the IR (k) of U (4).

The diagrams B and DY, e be split columnwise into what are called
elementary permissible diagrams (e.p.d.). A diagram is permissible when
it is of the form D' or D" with particular values for Ay P\z,x; , k; satis-
fying the conditions (IIl.1) or (IIl.2) as the case may be and is an e, p.d.
if it cannot be further split columnwise into two permissible diagrams. The
following are all the possible e.p.d.:

£ =% e, = %, es=xx,
¥ ya
a
e, = xa, e, = xxaa, e, = xxa,
y Ay ya
a b b b b
e = x a = =
7 a e8 x %, eg i.d,
yb aa a
b
[ 4 = X = X =
- [, L X d, e12 aa,
aa b
b b b
e = da = =
i 5 e“ aa, els X .
bb b b ¥
ol x

Splitting the diagrams D’ or D" into e. p.d. can be done in several
ways, but we split them in a unique way by making it a convention to include
a non-permissible columa in an e.p.d. by adjoining to the column the possi-

ble column nearest to it as we go from left to right in the diagram. For ex-
ample, the diagram

X xaa
aa

is split as
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and not as

The diagram D’
and so on where

)
Il

o=
1 2\2 *12?

q7 = ms ‘2‘15 -qﬁ’
=11 =
90~ Z_(ml qs)
=
9, = >
— 1 - -
s = ?(xzz X3
where
m, = min (xu,x”),

q

splits into q, e- p-d. of the form e

—

e L [

[ %)

8

Xx.aa
aa

xXa . xa
a a

1
;(mz-qa) s qg

s 4, =W =2, 0

m

1
_(xu-xzz— 29, g1

q’i‘_qll)

2

=X _=m , m
1

4“9 1)

= X
r 9y 3

1
; 3

= X

12 3 23

and [q] denotes the integral part of the number g .
1ntoq e.p.d. of the form e q e.p.d. of the form e_ and so on where q
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. e.p.d. of the form e

}\ -m - = i
2 3 xls’ qs n (xls’mz)’

3] ) 4 = min (m =2q.,m),

= m,=2q, -4,
(1.3)
2
-m
1
The diagram D" splits

= X

is obtamed by setting in the express ion for g in (.3) x, =0, m o

and qls—l.





