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ABSTRAer: lo this paper we discuss a variatiooal analysis, for the square.

well potential problem with a rcpulsive soft core, using harmonic.

oscillator trial wave fuoctions. We show that the core has a re.
latively small eHect 00 the approximation except wheo its radius

compares with that of the weIl. The dependeoce of the approxi.

mation 00 [he number of quaota aod the frequency of the oscil.

lator is a Iso discussed.
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l. INTRODUCTION

Aguilera .•Navarro and Méndez

The [wo-body nuclear inrerac[ions proposed recendy' have a cornrnon
feature: rhe presence oí repulsive 50ft cores. In a number oí calculations
thcse potentials are taken as rhe input in a variational analysis oí (he ground
state oí light nuclei wirh sorne trial funcrion. Naturally, this function is
chosen in such a way rhar a minimum oí penetrarion ¡nto (he core occurs. In
rhe extteme case oí a hard eDre no penetration at al1 is allowed. Frequently.
rhe trial function does nm sho\\' such propcrties, in which case.simularion oí
ir can be attained by introducing short"range corre lati~o factúes oí rhe
jastrow2 type.

The harmonic.oscilhtor functions do penetrare in rhe core so ir is
reasonable tO analyze rhe validity oí using a f¡nite linear combina[ion of un-
correlated harmonic-oscilla.[or states in a variational analysis of a hamilto-
nian with repulsive-core interaction (the variatÍonal parame[ers hcre bcing
the frequency of [he oscilbtor and (he cocfficien[s in [he linear combination).

With this objective in mind we consider (he problcm of a pseudo'"
deutcron, i.e., a deuteron interacting through square potentials,and calculare
(he ground-state energy using oscillator functions of up to 20 quan[a. Drastic
variations of the potential parameters are made only for [he heigh[ of (hecore.

The mathcmatical trcatment of the problem is prcsented in the nex[
s(:ction while comparison wi[h [he cxac( rcsults is made in section 111.
Nc\.ertheless, we anticipare here (he main inform.Hion contained in the nu-
merical results: the presence of a repulsivc eDre does not affect [he validi ...
ty of the approximation very much, unless [he range of the well approaches
the rad ius of [he core.

11. GROUND STATE OF TIIE PSEUDO-DEUTERON

The hamiltonian we have [O deal wi[h, in relative coordinares, lS

givcn by

IJ 1
2¡.L

2p+V(r), fJ. = rcduced mass (2.1 )

which will be put in a convenient dimensionless form. In order [O do this
we divide (2.1) by sorne cnergy, which arbitrarily will be chosen [O be rhe
clcc[ron rnass mc2 (= 0.511 ~feV),and cxpress T and p in units of j¡/j.1.7:;
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and /-I5J.LW, respectively. In this way the hamiltonL.'ln (2.1) becomes
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with
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The prime indicates thar the corresponding variables are dimensionless.
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The pOle nt ia 1 in (2.2) is de f ined by

Aguilera-:-'¡avarro and ~Iéndez

V'(r') =

a. The Exac t Soludon

,
-v

1

o

r'<r'~r'o 1

T' < r'
1

(2 .5 )

The hamilconian (2.2) now defines an eigenvalue problem whose exact
soludon is given, lor /:;::;O, by

u(r') =

A sinh (k~r')

B s¡n(k'r') + D cos(k'r'), ,

k' ,F exp (- r)

J' ,O~r~To'

r'~ r'~ T' ,o 1

T' ~ r'
1

k" = ~[V + lE /]2:
o 15' o €

k" =~[V-IE1] r
1 ",' 1 €

(2.6)

The boundary conditions on (he solution lead to (he energy spectrul'L

from which we can ohtain [he exact grouncl-state energy, which comes OUt

from [he ce lowesc" solution of [he transcendenra 1equation

k' k' h k' , [ k" , , ]O e O[ ( r) e O[ ( r) - e O[ (k r )
00 11 10

-k' k' co[h(k'r') [co[(k'r') cOI(k'r') + 1]
01 00 11 10

+ k," [co[(k'r')-col(k'r')]
1 o 1 1

-k'k' [cot(k'r') cOI(k'r')+1] = O,
1 11 10

which was solved numerically.

(2.7)



Va,ialional A na/)'sis lar Squa,e Pole"liais

b. The Variational Analysis
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Now we assumc that the solucion (2.6) is unknown and proceed to de-
termine ir: through a variaciona1 analysis of the hamiltonian (2.2)wich harmonic.
oscillator functions.

As we shall be concerned only with oscillators of angular momemum
/ = O the following short hand norarion will be u~ed

and rhe proposed expansion of the trial function has rhe form

(2.8)

'!'(,) =
~N
L a 111>.,

" """o n
Neven, (2.9)

where N is the max imum number of quanta. The definicion of R no (r') used
here is given in reference 3.

As ir is well knO\\'n, the variational principie, with the normalizarion
condition (assuming the a's real)

leads to the secular equation

~ a'nn
1 (2.10)

de 1 I < n' 111' In> - E' 8n • .1 = O, O~ll',n~.!..N.
2

(2.11 )

Thus, the only problem leh is to calculare the matrix elements of /1' with
respect to harmonic.oscillator statcs. Pan oí rhis program has aIready
becn done-4 :

(2n+2.)8. +Jn(n+.!..)8' .,+2 nn 2 nn
J(n + 1 )(n + 2.) 8 • +,

2 n n

(2 .12 )
On the other hand, by introducing rhe B.coefficients defined and rabulared
in Reí. 3, the matrix elements oí V' can be put in terms oí Talmi inregrals
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in [he follow ing way

Aguilera-Navarro and Méndez.

<n'ly'ln>

where

n' + n

::£ B(n'O,nO,p)lp'
p = O

(2 .13 )

1 =P -
~ 2p+Z ,2

2 f r' V' (T') ~., dr'
r(p+i-) O

2

(2.14 )

Through a direce calculadon we get foc Jo [he value

1 = _2_ [(V' + y')y(i-, '0,2) - y'y(i-, '1,2)'J
O¡:;¡ 012 12 (2 .1 5 )

where y(a, x) is ao ¡ncomplete gamma function, as defined in Reí. 5.
Far orher values ol p [he following recursion reladon holds

1 = 1 _ (2p+I)!!
P pOI ~pol

v7T2

,2
, 2P+l '""

Y ),' e O
I O

,2 ]' 2p+l 0'
- V T' e 1

1 1

p ~ 1

(2.16 )
Wíth Ihe help of eqs. (2.12), (2.13), (2.15) and (2.16) we determine

the matrÍJ< elements of the hamiltonian (2.2).
In che next section we discuss the resJJlts obtained alter diagonal-

izing H' with d¡ffecen[ number oí quanta, and changing [he frequency of (he
ose illator and (he potencial parameters.

111. RESULTS ANO CONCLUSIONS

In aH cases we discuss hefe, V was caken as 80 MeV and (he value
1

ol (he oscillator parameter € was chasco [O be thar which gives [he bese
energy as compared with [he exaet solution, in the 20-quanta approximation.
This value of € was rather insensitive to the height of the eore as shall be
diseussed below.
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Fig.2. Variation oC the approximate ground-state energy (EA> with the heignt vD
oC the co re. The number oC quanta N is equa l to 20.

lo Fig. 2 we see [he dependence of [he ground-s[a[c energy on [he
height of [he coreo Two values of [he eore radius and three w~ll rangesare
eonsidered, as shown in [he figure. One notices tha[ [he energy is praeti-
eally independeot of [he core heigh[, which vades from -80 (no core) up [O

1500 MeY. For instaoce, in [he case of r = 1.8 fm and T = 0.3 fm [he e-
l o

nergy decreases a[ most abou[ 30% of [he value a[ -80 ~teY in [he whole
range of variation of Vo• Now, if we increase the core radius, [hen che de-
pendence 00 Vo will be more nmorius.
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We proceed now to compare che apprCl'< imate and exact solutions when
in (he former we vary (he number DE quama oc (he parameter €.

In Fig. 3 we ploc [he ratio oC [he approximatc [O (he exac[ binding c-
nergies as a function oí [he number DE quanra. As befare, we choose (he €

[har gives [he best approxirnation at 20 quanta. The r is fixed a( 0.3 fm and
o

',at 3.3 fm. Twoeurves are shown, one for Vo~ Oand lhe olher (dashed)
for VD ~ 1500 MeV. The approximation is of eourse poorer for lhe lalter
chan foc (he former,but, froro 8 quanta DO, [hefe is almost no difference.

In Fig. 4 we do rhe same for , ~ 0.44 fm and , ~ 1.8 fm. Beeauseo 1
[he radius oí [he Core is nO'W larger [han be {ore as compared w ¡eh (he range
of lhe well, lhe binding energy for VD ~ 1500 MeV approaehes mueh more
slowly üs exac[ value as we ¡ncrease [he number oí quanra N.

We shall no\\" discuss che role oí € in [he analysis. First we consider
[he case when (he range oí [he well is Iarge compared [O chal of [he core,
s pee ifiea!lv in F igs. 5 and 6. , ~ 0.44 fm, , ~ 3.3 fm, and V ~ 80 MeV. In, o 1 1
Fig. 5 we take Vo= Oand graph the ratio of [he approxima[e [O [he exac[
binding energies as function of €. Two curves are drawn corresponding [O

[he values N = Oand N = 20. For N = O [he € chal gives [he optimum
v~lue for [he energy is well defined. For N = 20 [here is a wide range of
€'s [ha [ give a lmos[ [he same va lue of [he bind ing e nergy whic h is very c lose
[O [he exac[ value. This should be expec[ed beca use when N - 00 the vari.
ational approo.ch should give [he exact binding energy independently of [he
frequency of [he oscillator.

In Fig. 6 we make a eorresponding analysis for VD ~ 1500 MeV and
the results are similar. We note rhough, [hat for Oquamum [he optimum e.
nergy is farther away from [he exact value when Vo= 1500 MeV than in [he
case for Vo= 0, and, funhermore, [he region for op[imum approximation
when N = 20 is narrower in Fig. 6 rhan in Fig. 5. Both results areexpec[ed
from physica1 considera[ions.

Ir is interesting to discuss also [he validity of [he variational pro.
cedure where [he range r of [he core is closer [O [he value oí [he range ro 1
of lhe we!l. In Fig. 7 we consider the case 'o ~ 0.44 fm, '1 ~ 1.8 fm,
V = 80 ~teV as before, but we cake a eore of 1500 MeV. We show rhe ap-,
proximare1binding energy as a function of € for N = 0,8 and 20. For N = O
we see thar we almos[ gel no binding even in the best case. For N = 8 we
get 77% of lhe binding energy for a definile value of €. Onlyfor 20quanta
we approoch [O 96% of rhe exact value within a relatively narrow range of
[he € 's. Similar results to rhose diseussed aboye were obtained with a
deeper well (V, ~ 270 MeV).
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In conclusion, che validity oí the approximations in which we used un"
correlated harmonic"'osciIlator scates is DOr affected by the presence oE a re-
pulsive core in the problem, unless the cange oí the weIl starts to approach
che radius oE [he repulsive coreo AIso, when we increase the number ofquanta,
we approach the eXaC[ binding energy berree and beuer over a wider cange oE
frequencies DE (he harmonic"'oscillator tria 1wave functions.
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RESUMEN

Se discute un análisis variacional utilizando, como {unción de ensayo,
una combinación lineal de funciones de oscilador armónico para el problema
de un pozo cuadrado, de profundidad fija, con un carozo repulsivo blando, cu-
ya altura varía desde -80 hasta 1500 MeY.

Los cálculos numéricos fueroll realizados hasta 20 cuantos en la apro"
ximación. Se muestra que el carozo tiene un efecto relativamente pequeño en
la aproximación, excepto cuando su radio es comparable al del pozo.

Se discuten, también, los resultados de la aproximación, comparados
coo el exacto, cuando se varían la frecuencia del oscilador y el número máxi-
mo de cuantos.




