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ABSTRACT: The transformation matrices between the bases Cor irreducible re.

presentations of the U group c1assiCied by the U ) U ) U (ca •
.) .) 2 1

nonical) and the U ) O ) O (orbital) chain decompositions ha ve, , ,
been computed directly. The results, Cor all representations upto

arder six are presented in a table as (square roo[s oC) rational
numbers.
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'X'hen a set of wave functions describing a system is separable in two
diffl'rent coordinate s)'stems1• as eigenfunctions of two groupchains, the systt.'m
possesses a higher s)'mmetry group containing both. The separabilit)' of the
Coulomb potential in spherical and paraboloidal coordinates2 classifies them by
the irreducible representation (IR) labels of the O :J O :J O and

'::l.t " 3 2O" - O)x 03=' 02X O
2
groupchains respectivel)'. The transforlTk'ltion matrices

bctween these two bases is an O Clt:bsch.Gordan coefficient. The importance,
of the U =' U::> U (canonical) and the U::> O=' O (orbital) chains has been

3 2 1 )"5 3", 2
'ieen in nuclear ph)'sics' •. Elementar)' particle theor)' has used mainl)' the
first chain (where U

2
is the isospin subgroup); however. sorne quark.modeI calcu.

Iations6 related toharmonic oscillators require the transformation brackets
between the two. Jt is therefore worthwhile tú ha ve a compact table of the
transformation matrices bet\\°een the tWObases.

Although closed (but rather cumbersome) expressions exist7 for these
matrices, it seems that no table has )'et been compiled. The present \'alues have
been computed using a Fortran program8 which handles bases for group represen.
tations of unitary ar linear groups. Known techniques9were uscd in ordet tO
generate the complete basis of U in the canonical chain. In the orbital chaio,
the operatúrs which lower the O IR contained in U (keeping it of highest weight

• • •in O )5 and of O contaioed in O , were programmed and applicd tú the highest
) 2) -

weight state in order to obtain the complete basis in this chaio. It is known that
there exist ambiguities concerning the operator which distinguishes between the
basis vectors when there is more than one O IR containcd in the U one. \\'e. ,
have made no attempt in using the known discriminating operators, but in the onl)'
case when such a degeneracy occurred (for the [4,2, O] IR), orthogonal states

were obta ined in the lowering process.
'~/e present io Table 1, for convenieoce, the relatioos herween the gener.

ators of both chains as wellas the eigenvalues of the diagooal ooes betweeo
Gel'fand kets in the canonical chaio, and the definition of the states classified by
[he orbital chain. The quantum numbers use<! in particle physics10 are also in.
cluded. In Table n, we oive the O IR's) contained in the tabulated U repre.

o • •
sent3t10ns. The transformarion matrices appearing in Table III were computed
directly [hrough [he sea lar product between the statcs obtained by lowering aloog

the tv.:ochains.
The transformation ma[rix element
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is [O be found undee [he headin8 [h ,h ]. che row - and column -¡"dices being
1 ,

LyM and q , q .', respectively. The label 'Y is absent wncn the value L appears
1 , ~

ooIyonce. The cntry :f: n/m is to be read as :t: vn/m.
The numerical calcularion was performed at {he Tel-Aviv Computado"

Centre.

TABLE 1 .

k i, k = 1,2,3U generarors: C¡ ,,
U k

i,k=1,2, generators: C¡ •

U generarar el
1 l

Cornmuration relations

To (he partition [h ,h • h ] corresponds the Young díagraml , ,

h
1

h,
The Ge I'fand s[ate

be longs ro che IR

h
1

h,

r
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TABLE I
(condnued)

[h,h,h] 01 U1 , , ,

[q¡,q,] 01 U,

and [ r ] 01 U
¡

This ket is eigenstate oí the weight generators e! with eigenvalues
I

w = r¡

w=q+q-r, 1 ,

w,=h+h+h-q-q
1 2 ,) t 2
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Restricdon to h, o yields IR's 01 SU,

The harmonic oscillator state

has n energy quanta, eigenvalue oC

C1 + C' + C'
1 , ,

n quanta in the 1 -2 plane and n quanta a long the l-axis.
T\;e state belonging tO the (m, n) tSU,) multiplet, isospin 1, z-component '% and

hypercharge Y. is tienoted, in particle physics, by
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TABLE 1

(e onrinued)

m n

I + ~ + m + n - I + j' +
2 3 2 3

lz + l' + m+n
2 3

0., generacocs

e',
L =-C'-C'+ 1 2

Cornmuration re!atioos

The orbital S[3C('

be longs [o che IR

L of 0,

,\' of 02

The extra label y distinguishcs berween stares in \~..hich a gi\'cn L appears moce
(han once in <lO U.) multiplet.



Y,a.u!o,mation hlat,ice.! 21 J

TABLE 11

03 irreducible representations (L) contained

in[\,h,'O] oC U,

h1, h
2

L \' h, L h1, h
2

L

O 4 O 4,2,0 3 2 3,2,1-

2 O 2,0 3 3,2,1 6 O 6,4,2, °
1 1 1 2 2 2,0 5 1 5,4,3,2,1

3 O 3,1 5 O 5,3,1 4 2 4,3,2,2',0

2 2,1 4 4,3,2,1 3 3 3,1
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[10]

10.1

1 1 í1

10. O

10 11

OO. O

1-1 0

TAB LE III

[2 O]

20,2

2~ ~

20.1

21 11

2 O 2/3 1/3

1'01£

00 -1/3 2/3

10. O

2 -1 ¡;-

OO. O

2 -2 ¡;-



213Tra:Jnlorm1lion Mal,icp."

[11 ] [30]

30,1 2O,211,1

l/S31 4/S1 1 rJ •
11 -l/S ,\/S

10,1
30, O 2O,1

1 O 11 3 O 2/S 3/S

1 O -3/S 2/S

10, O

1-1 rt 20, O 10,1

3-1 4/S l/S

1 -1 -l/s ,\/S

[30]

30,3

33 ["l
3-2

10, O

30,2

32 fl 00,0



214

[21 ]

21.2

22 1-1
40.4

44 f1

'¡'olf

21.1 20.2 40.3

21 1/2 ,1/2 43 11
1 1 -1/2 1/2

40.2 30.3

20.1 11•1 42 6/7 1/7

2 O 3/4 1/4 22 -1/7 6/7

1 O 1/4 -3/4

40.1 30.2

2O.O 10.1 41 4/7 3/7

2-1 1/2 1/2 2 1 -3/7 4/7

1-1 1/2 -1/2

40. O 30.1 20.2

10. O 40 S/35 24/35 3/35

2-2 íl 2 O -4/7 1/21 S/21

00 1/5 -4/15 S/15
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(40] (continued)

30, O 20,1 31,3

4-1 4/7 3/7 33 r-
2-1 -3/7 4/7

31,2 30,3

20, O 10,1 32 2/3 1/3

4-2 6/7 1/7 22 -1/3 2/3

2-2 -1/7 6/7

215

lO, O

4-3 rt
31,1 3 O,2 21,2

31 4/15 5/9 8/45

21 -1/3 4/9 -2/9
00, O

2/5 -3/5

0
11 O

4-4
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[31] (continued) [22 ]

u.oH

22,2
30,1 21 , 1 2 O,2 [122

30 8/15 4/15 1/5

2 O 1/3 -2/3 O

I O 2/15 1/15 -4/5 21,2

2 I rJ
30, O 20,1 11,1

3-1 4/15 3/5 2/15 21 , I 20,2

2-1 1/3 O -2/3 2 O 1/3 2/3

1-1 2/5 -2/5 1/5 00 -2/3 1/3

20,0 10,1 20,1

3-2 2/3 1/3 2-1 1-1

2-2 1/3 -2/3

20, O

10, O 2-2 fl
3 - 3 11
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[50]

50, O 40,1 30,2

50,5 5 O 8/63 40/63 5/21

55 fl 30 -4/9 -1/45 8/15

1 O 3/7 -12/35 8/35

50,4

54 11 40,0 30,1 20,2

5-1 8/21 4/7 1/21

3-1 - 8/15 1/5 4/15

50,3 40,4 1-1 3/35 -8/35 24/35

53 8/9 1/9

33 -1/9 8/9
30, O 20,1

5-2 2/3 1/3

50,2 40,3 3-2 -1/3 2/3

52 2/3 1/3 20, O 10,1

32 -1/3 2/3 5-3 8/9 1/9

3-3 -1/9 8/9

50,1 40,2 30,3

51 8/21 4/7 1/21 10, O

31 -8/15 1/5 4/15 5-4 fl
1 1 3/35 -8/35 24/35

00, O

5- 5 fl-
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•
\l'olf

l.n ~
.10,1 31,1 30,2 21,2

4 O 5/14 3/14 5/14 1/14

41,4 3 O 3/10 -1/2 1/30 -1/6

44 ¡;-
2 1 15/56 9/56 -10/21 -2/21

1O 3/40 -1/8 -2/15 2/3

41,3 40,4

43 3/4 1/4 40, O 30,1 21,1 20,2
33 -1/4 3/4 ,j - 1 1/7 4/7 5/28 3/28

3-1 1/5 4/45 -25/36 -1/60

2-1 5/14 -5/126 8/63 -10/2141,2 40,3 31,3
1-1 3/10 -3/10 O 2/542 3/7 7/16 15/112

32 -1/3 9/16 -5/48

22 5/21 O -16/21 30, O 20,1 11, I

4-2 3/7 27/56 5/56
41, 1 40,2 31,2 30,3 3-2 1/3 -1/24 -15/24

4 I 1/7 27/56 15/56 3/28 2-2 5/21 -10/21 2/7
3 I -1/5 49/120 -3/8 1/60

2 I 5/14 5/84 -3/28 -10/2i
20, O 10, I

I 1 -3/10 1/2 O 1/4 -2/5
4 - 3 3/4 1/4

j-3 1/4 -3/4

10, O

4-4 r;-
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32,3

33 fi
30,1 21,1 20,2

3 -1 5/9 S/45 4/15
32,2 31,3

2-1 4/9 -2/9 -1/3 -32 1/3 2/3
1-1 O -3/5 2/15

22 -2/3 1/3

30, O 20,2
31,2 30,3 22,2

1/3 2/33-2
3 1 3/5 4/15 2/15

2/3 -1/32-2
2 1 O 1/3 -2/3

1 1 2/5 2/5 1/5

20, O

31,1 30,2 21,2 3.3 r-
30 1/5 S/15 4/15

2 O O 1/3 -2/3

1 O -4/5 2/15 1/15
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60,6

66 f"1
60,1 50,2 40,3

61 8/33 20/33 5/33
60,5

i 1 -40/77 1/77 36/77
65 r;-

2 1 5/21 - 8/21 8/21

U'oif

60,4 50,5

64 lO/U l/U

60,0 50,1 40,2 30,344 -1/!! 1O/!!

5/23160 16/231 40/77 30/77

4 O -24/77 -64/385 21/55 54/385
60,3 50,4

20 10/21 -1/, O 8/21
63 8/!! 3/!!

00 -1/7 6/35 -8/35 16/35
43 -3/!! 8/!!

50,0 40,1 30,2
60,2 50,3 40,4

6-1 8/33 20/33 5/33
62 16/33 16/33 1/33

4-1 -40/7, 1/77 36/77
42 -36/,7 25/77 16/77

2-1 5/21 - 8/21 8/21
22 1/21 - 4/21 16/21
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[60] (continued)

40,0 30,1 20,2

6-2 16/33 16/33 1/33 51,5

4-2 -36/77 25/77 16/77 55 Il
2-2 1/21 -4/21 16121

51,4 50,5

30, O 20,1 54 4/5 1/5

6-3 8/11 3/l1 44 -1/5 4/5

4-3 -3/11 8/11

51,3 50,4 41,4

10,1 53 8/15 9/25 8/752 O, O

10/11 1/11 43 -3/10 16/25 -3/506-4

-1 /ll 10/11 33 1/6 O -5/64-4

51,2 50,3 41, 3 40,410, O

fl 52 4/15 32/75 6/25 1/156-5
42 -9/35 169/350 -81/350 1/35

32 1/3 1/3 O -3/10 -1/3

00, O 22 -1/7 2/35 8/35 -4/7

6-6 [1-
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[')1) (coOlinued)

,,"oH

51,1 50,2 41,2 40.3 31,3 40, O 30.1 21,1 20,2

51 8/105 28/75 48/175 7130 3/70 5-2 4/15 8/15 2/15 1/15
4I -4/35 121/350 -72/175 91140 -9/140 4-2 9/35 1/70 -7/10 -1/35
31 4115 1/6 O - 5/12 -3/20 3-2 1/3 -1/6 116 -1/3
2 1 -2/7 4135 1/35 -2/7 2/7 2-2 1/7 -2/7 O 417
11 9/35 O -2/7 O 16/35

30.0 2 0,1 ll,l
50, I 41,1 40.2 31.2 30,3

8/15 6/15 1/155-3
50 8/35 16/105 317 1/7 1/21

3/10 -1/10 -9/154-3
40 8/35 -12/35 3/28 -9/2. O

-1/2 1133-3 1/6
30 8/25 16/75 -3/20 -1/20 -4/15

2 O 6/35 - 9/35 -1/7 317 O

10 9/175 6/175 -6/35 -2/35 24/35 20,0 10. I

5-4 4/5 1/5

4-4 '/5 -4/5
')0, O 40,1 31,1 30,2 21.2

5-1 8/105 lU/21 6/35 5/21 4/105

.] -1 4/35 5/28 -81/1.]0 O -9170 10, O

3-1 4/15 1/60 3/20 -8/15 -1/30 5- 5 JI
2 -1 217 -1/1.] -1/14 O 417

1-1 9/35 -9/35 1/35 8/35 -8/35
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43,4

44 ~- 41,1 40,2 31,2 30,3 22,2

40 4/35 169/420 9/28 4/35 1/21

30 O 5/12 -1/4 O -1/3
42,3 41,4

2'0 -1/2 O O 1/2 O
43 1/2 1/2

2'0 -5/42 10/63 -2/21 -5/42 32/63
33 -1/2 1/2

00 4/15 -1/45 -1/3 4/15 1/9

42,2 41,3 4O,4 32,3

42 1/7 25/42 1/7 5/42

32 -1/3 1/18 1/3 -5/18

22:, -1/6 -1/9 1/6 5/9 40, I 31,1 30,2 21,2
212 5/14 -5/21 5/14 -1/21 4.1 9/28 5/28 8/21 5/42

3.1 5/12 -1/12 O -1/2

41,2 40,3 32,2 31,3 2'.1 -1/12 -5/12 1/2 O

41 8/21 9/28 5/42 5/28 21'1 5/28 -9/28 - 5/42 8/21

3 I O 5/12 -1/2 -l/U

2'1 -1/2 1/12 O 5/12

211 - 5/42 5/28 8/21 -9/28
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[42] (continued) [33]

Wolf

40, O 30.1 21, 1 2 O,2

4-2 1/7 25/42 5/42 1/7 32,2 31,3

3-2 1/3 1/18 -5/18 -1/3 3 1 1/5 4/5

2' - 2 -1/6 1/9 -5/9 1/6 1 1 -4/5 1/5

21_ 2 5/14 -5/21 -1/21 5/14

31,2 30,3

30, O 20.1 3 O 3/5 2/S

4-3 1/2 1/2 1 O -2/5 3/5

3-3 1/2 -1/2

31,1 30,2

20, O 3-1 1/5 4/5

4-4 fI 1-1 -4/5 1/5

[33]

33,3 30.1

33 ~
3-2 r-

32,3

32 fl
30, O

3-3r-
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RESUMEN

Las matrices de transformación entre las bases de representaciones irre.
ducibles del grupo V

3
clasificado por la cadena de subgrupos canónica

U3:> V2:J VI Y las clasificadas por la cadena orbital U3:) °3:) 02 se obtienen
directamente. Los resultados, para todas las representaciones de orden menor
o igual a 6, se presentan en una tabla, como raíces de números racionales.




