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A space-time dependent gauge transformation of a non-hermitian
field is assumed to induce a unitary transformation in Hilbert
space. This is determined by a linear functional of the gauge
function which is regarded as a test function in the sense of
Laurent Schwartz, It is shown that the generators of the corre-
sponding infinitesimal transformations are multipole moment
operators; the commutation rules of these operators with the
field are automatically obtained and are valid for any non=hermi-
tian field. The commutators of these moments with one another
are also written down. These operators might have a meaning
in the quark theory of elementary particles where ameson, which
has vanishing baryonic number, might have a baryonic multipole

moment since it is a set of quarks with opposite baryonic charges. .
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1. UNITARY IMPLEMENTATION IN HILBERT SPACE OF GAUGE
TRANSFORMATIONS

It is well known that any non-hermitian field operator 1/ (x) may under-
go a phase transformation of the type

Yl(x) = e (x) (1)

where @ is a real number, all physical theories which involve this field being
invariant under this group.

The unitary implementation in Hilbert space corresponding to equation
(1) is

' (x) = U (@) Y (x) U
where
U(a) = exp[iaQ]

and Q is the charge operator, Q* = Q.
In the case of infinitesimal transformations, the equation:

exp[=iaQly (x) exp[iaQ] = e'*(x) ()
reduces to
(I=iaQ) J (x) (I +iaQ) = (I +ic) P (x) .

Whence the well known commutation relations which characterise the charge
operator:

(Y=, 0] =y
(3)
[Y* ), Q] ==-yt(x).
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In this note we examine the question if it is possible to define an analo-
gous unitary implementation in Hilbert space when the gauge transformation
is of the type:

" (%) = exp [iA(x)] ¢ (x) (4)

that is, when the constant a in equation (1) is replaced by a real function
Ax).

We shall make a few assumptions: 1) The function A(x)(which be-
longs to the class C™) is a test function in the sense of L. Schwartz.
2) We assume that it is possible to define a current vector j#(x). 3) We
define a distribution:

J (%% A) = [A(x) j%x) d3x (s)

which is a linear functional of A and depends on the time x°.

Let us further assume that A(x) vanishes outside of a small set
around the origin in three-dimensional space.

Alx, ) =0, |x|>a (6)

where a is a small radius. We can thus develop A(x) around the origin:

k1
A(x,xo)=A(0,x°)+xk/\,k(0,x°)+ "2:‘ A g, 100,50+
(7)

An operator is now defined

U [x°; A] = exp {z'][xo;J\]} (8)

and we assume it to determine the unitary implementation in Hilbert space

of the symmetry corresponding to the group of transformations (4). That is,
we assume that the generalization of equation (2) for the group of transfor-
mation (4) is the following:
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" T Y(x) e = exp[iA(x)] Y (x) (9)

where | is defined in equation (5). In view of the conditions (6) imposed on
the test function A(x) we suppose that the charge density j%(x) makes the
integral (5) such that in the exponential (8) we may neglect terms of higher
order. This means that A(x) contains a factor € and that one is allowed to
neglect second and higher powers of € in equation (9). Therefore, for an
infinitesimal transformation we approximate equation (9) by the following one:

{1=47 [« A1} Y) {1+47 [x%; A1} = (1 +iA(x)) Y (x) .

The series (7) in this equation gives then rise to the following commu=
tation rules:

(), Q] =y
[Y(x), @%] = «Ryx)

[ (x), 0% = x*xly (x)

where the Q’s are:

a) the charge operator of the field:
Q =[i%x)d’ (10)
b) the dipole moment:

0% = [x*i%(x) d% (10a)

c) the quadrupole moment le operator (with non-vanishing trace):

Q* = [x*x?i0(x) a3 (10b)

etc.
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2. GENERALIZED MULTIPOLE MOMENT OPERATORS

This association of multipole moment operators and a space=-time de=
pendent gauge transformation may be easily generalized to a set of non-hermi-
tian fields 1,DA(x), where the label A refers to internal symmetry as well as to
space-time components of tensor or spinor fields. This is accomplished by
considering the following transformation®:

Pua) =iy =(8 +i€ g Ag®) Yolx) (11)

The corresponding unitary implementation in Hilbert space will be assumed to
be of the form:

{1=ifAg(x) i3 () d s T () {1 +ifAg(x) jg(x) d°x} =

=8y o H I K ) Yol ) « (12)

The development of Ag(x) around the origin in 3=dimensional space
for all times gives us:

{1- iAg(0,5°) Qg = ihg 4(0, x°) ok - %‘AB’k’l(o, ) Q. 1 ()

* {1+ihg(0, x°) Qg +ikg (0, x°)Q5+ L0 k100, % 0 Rt ey |
..-—.{BAC'HEABC(AB(O,xO)+xkAB,k(O,x°)+

whence the commutation rules:
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[L/)A(x),QB] =8A3€¢c(‘)
[y, Q8] =&, pcx* (0 (13)

["pA(x)’ le} = SABCIklebc(x)

etc.
The operators

Qs =Jigx) d,
Qg =ka]'£(x)d3x, (14)
Q;z = kaxlfg.(x)dsx, erc,

are the generalizations of the multipole moment operators (10). They may be
associated not only to a system of electric charges but also to systems with
baryon number, lepton number, etc. Thus, a positive pion is formed, ac-
cording to the quark model, of a p,=quark and a "_0 =quark :

The baryonic number of the corresponding field is zero. However,this meson,
regarded as a set of two entities with baryonic numbers 1/3 and - 1/3 re-
spectively could well have a baryonic dipole moment. Clearly, these are
operators which refer to static multipole moments. If the current j"‘B‘(x) is
conserved then the charge Qp is time-independent (provided of course that
jg(x) vanishes at infinity, £ = 1,2,3). In this case, the charge QB may be
written

Qp =] i) do, (15)

as an integral over a space-like surface o and Qp is o=independent because:
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i
SQB _ B;B (x) -
So(x) Axck

(16)

Hence Qp is a Poincaré scalar.

The higher order multipole moments are tensors in three-dimensional
space. This comes from the fact that the integral (5) refers to an instant x°.

A relativistic generalization of equation (5) which suggests itself
would be an integral of the type:

J[o A} = [Ag(x) jg5(x) do, (17)
o

where O is a space-like surface.
Equation (5) would be a special case of equation (17) for a surface o
perpendicular to the time-axis if J [0} A] were o-independent:

8] [o; A] _ 3
So(y)

(A ig») = 0. (18)
dy®

3. COMPARISON WITH THE LAGRANGEAN FORMALISM

Let us now assume the existence of an effective lagrangean density:

Ay (%)
£=C Yu(), = (19)
oxH
The transformation (11) and its associate:
d oYy (%) Oy, (x)

ox oxH It OxH



236 Leite Lopes and Novello

induces a change in the lagrangean density by the amount:

30 L )
o &, (x) + (8, ()
oL Ay (x) o 3 W\ opr 4
Anck

which, in view of Lagrange’s equations:

3L _ 3 3L
al'bA(x) xH 5 B'JJA
OxH
may be written:
8= _9° oL 5y, \ =0 oL 8. A (%))
ek R aﬁbA A I R BSDA ABC''B Cc
Ixt dxH

If we define the vector-current by the relation:

]g(x) =g _.___aaﬁ eABC "/jc (x)
5 2¥a

oxH

we obtain for the change in the lagrangean density:

80 =9 (Ay(x) j#(x)) - (21)
Bx# B B

The invariance of the lagrangean by the transformations (11) and (20)
would thus be equivalent to assuming that the integral (17) be o - independent,
equation (18).

We thus see that:
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S0 = 3] [O’; AB]
S (x)
and that, in general:
fg(x) = 9 o] [U;AB]
5l 2y
oxH
-7/ € 8 [o; Ag)

= ; 22
Jxk _BAB (x) do(x) ()

These are the well-known Gell-Mann-Lévy equations.
Equation (18) is therefore not generally valid.?
If we develop AB(x) in a power series around the origin we obtain:

ik
80 = Ag (0) wﬂ+%Jma (x*if ) +
oxH ' oxH
1 A 5 (0) 9 (xax')‘jg(x)) o (23)
2! & Jnk

The invariance of the lagrangean density is assured in the case in which
;’\B(x) is a constant (which is not a test function) and is equivalent to the
existence of a conserved vector current.

The non-invariance of the lagrangean density for a transformation of
the type (4) or of the type (11) may be interpreted by the statement that non-
vanishing divergences of currents of the form x*xB. .. jg'(x) are added to the
first, usual term

Ak
Ag (0) “In
OxH

as shown in equation (23).
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4. OMMUTATION RULES OF THE GENERALIZED MULTIPOLE MOMENT
OPERATORS

Let us require that the generalized charges Q, , as defined in equation
(14), form a Lie Algebra:

W B ] = § Fpn B (24)

where f, ;- are the structure constants of the group. This will be satisfied
by the well-known equal-time commutation relation of the charge densities:

[ig (%), ig 3] =if gcic@®) S(x=y). (25
0 0

X" =y

It then follows from equations (14) and (25) that the multipole moment oper-
ators obey the following commutation rules:

(04, 95) = # 45 26

kl]

. k1
[Q4, 951 =i fypc Q¢

kl.o.. 4 Y3 —
[QA’ QB P] =zfABCQC #

k
[QA J Qg] =1ifagc Q?:l

k Imesep kim...p
[Q4+ 95 1 =ifspc Q¢

and so on. This set of operators is closed under the commutation rule.
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RESUMEN

Se supone que una transformacién de norma dependiente del espacio-
tiempo induce una transformacién unitaria en el espacio de Hilbert. Estaes-
ta determinada por una funcional lineal de la funcion de norma, que se consi-
dera como una funcién de prueba en el sentido de Laurent Schwartz. Se mues-
tra que los generadores de las transformaciones infinitesimales correspondien-
tes son operadores de momentos multipolares; las reglas de conmutacion de
estos operadores con el campo se obtienen automaticamente y son validas pa-
ra cualquier campo no hermitiano. También se escriben los conmutadoresde
estos momentos entre si. Estos operadores podrian tener algun significado
en la teoria de los “quarks” de las particulas elementales, donde un meson,
que tiene nimero bariénico nulo, podria tener un momento multipolar barioni-
co, ya que es un conjunto de quarks con cargas barionicas opuestas.





