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ABSTRACT: A space-time dependent gauge transformarían 0:£ a non-hermitian

field is assumed to induce a unitaey uao sformation in Hilbert

space. This is determined by a linear functional of (he gauge

function which is regarded as a test function in (he sense oC
Laurenr Schwartz. Ir is shown rhar che generators oE (he corre-
spondíng infinitesimal transformations are multipole momenr

operarors; (he commutation rules of these operators wich che
field are automatically obtained aod are valid foc aoy non-hermi-

rian field. The cornmutators of (hese moments with one another

are also written down. These operators might have a meaning

in the quark theory of elementary particles where alIleson, which
has vanishing baryonic number, might have a baryonic multipole

moment sinc.e it is a set oí quarks with opposite baryonic charges •.
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1. UNITARY IMPLEMENTATIúN IN HILBERT SPACE OF GAUGE

TRANSFORMATIONS

Ir is well known thar any non.hermitian fieId operarar t.jJ(x) may undee"
80 a phase transformarÍon of (he rype

where a is a real number, a11 physical theories which involve (his fieId being
invarianc undee (his geoup.

The. unitary implementation in Hilbert space corresponding [Q equation
(1) is

tj;' (x) = U+(a) tj;(x) U(a)

where

U(a) = exp [;aQJ

and Q is ,he cha'ge operator, Q+ = Q.
[o [he case oí infinitesimal transformations, (he equation:

(2)

reduces [O

(I - iaQ) tj;(x)(I + iaQ) = (I + ia) tj; (x) •

Whence che well known commutation relations which characterise (he charge
operator:

[tj;(x),QJ =tj;(x)
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In this note we examine the question if ir is possible [Q define an anal~
gous unitary implementadon in Hilbert space when the gauge transformadon
is of the type:

lj;" (x) = exp [iA(x)] lj; (x) (4)

mat is, when the constant a in equadon (1) is replaced by a real funcdon
A(x) •

We shall make a few assumptions: 1) The function A(x)(which be-
longs tO the class COO) is a test funcdon in the sense of L. Schwartz.
2) We as sume that it is possible to define a current vector j P-(x). 3) We
define a distribution:

J [xO;A] =fA(x) ¡o(x) d'x

which is a linear funcdonal of A. and depends on [he time xO •

Let us further assume that 'i\(x) vanishes outside ot a small set
around the origin in threr-dimensional space.

A(x. xO) = O, Ixl > a (6)

where a is a small radius. We can thus develop A(x) around [he origin:

k 1
~A k /(O,xO) + ...

2! "

(7)

An operator is now de fined

u [xO; A] = exp {iJ [xO; Al} (8)

and we assume it to determine [he unitary implementation in Hilbert space
of the syrnmetry corresponding to [he group oí transformations (4). That is,
we assume tha( (he generalization oí equation (2) foc (he group oí transfor-
mation (4) is the following:
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where / is defined in equarion (5). In view of rhe condirions (6) imposed on
rhe 'es' function A(x) we suppose ,ha, ,he charge densi,y ¡o(x) makes ,he
integral (5) such ,ha, in ,he exponential (8) we may neglec, ,erms of higher
order. This means [hat h(x) contains a factor E and that one is allowed to
neglec, second and higher powers of € in equation (9). Therefore, for an
infinitesimal transformacion we approximate equation (9) by the following one:

{¡- i/ [xo ;A]} <j; (x) { I + i/ [xo; A]} = (1 + ii\(x» <j; (x) .

The series (7) in this equation gives then rise to the following coounu-
tation rules:

[<j;(x),QJ = <j;(x)

where [he Q' s are:

a) ,he charge opera'or of ,he field:

Q = J¡o(x) d'x

b) ,he dipole momento

e) che quadrupole moment Qkl operator (with non-vanishing trace):

etc.

(10)

(IDa)

(lOb)
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2. GENERALIZED MULTIPOLE MOMENT OPERATORS
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This association of multipole moment operators and a space-time de-
pendent gauge transformadon may be easily generalized to a set oí non-hermi.
tian fields t/JA (x), where the label A refers to internal symmetry as well as to
space-time components of tensor or spinor fields. This is accomplished by
considering the following transformation 1:

The corresponding unitary implementation in Hilbert space will be assumed to
be of the fotm:

The development of Aa (x) atOund the otigin in 3-dimensional space
for all times gives us:

whence the commutation rules:
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(13)

etc.
The operarors

(14)

Qkl J k I -o ) d 3B = XX'B(X x,erc,

are the generalizations of rhe rnultipole rnornenr operarors (lO). They rnay be
associated nor only ro a sysrern of eleccric charges but also ro systerns with
baryon nurnber, lepton nurnber, etc. Thus, a positive pion is forrned, ac.
cording ro the quark rnodel, of a Po -quark and a ~ -quark:

The baryonic nurnber of che corresponding field is zero. However,rhis rneson.
regarded as a ser of two encities with baryonic numbers 1/3 and _ 1/3 re.
spectively could well have a baryonic dipolt: momenc. Clearly, these are
operarors which refer to static multipole moments. If the current ;~(x) is
conserved then che charge QB is time.independent (provided oE course thac
i~(r) vanishes al infinity, k = 1,2,3). In lhis case, lhe chalge Q

B
may be

written

QB = J ijf(r) dcr
CT l'

(15)

as an integral over a space.like surface CT and Q B is cr-independent because:
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(¡jI" (x)
B = O.
oxl"

(16)
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Hence QB is a Poincaré scalar.

The higher order rnultipole moments are tensors in three-dimensional
space. This comes from the fact that the integral (5) refers to an instant xo.

A relativistic generalization 01 equation (5) which suggests itself
would be an integral 01 the type:

¡[u; A] = [ AB(x) j;(x) duo.
'7

(17)

where a is a space-like surface.
Equation (5) would be a special case 01 equation (17) lor a surlace U

perpendicular to the time-axis if J [a; A] were a-independent:

S¡ [u; A]
óu(y)

(18)

3. COMPARlSON WITH THE LAGRANGEAN FORMALISM

Let us now assume the existence of an effective lagrangean density:

The transformation (11) and its associate:

(19)

o,pj, (x)
--- = (20)
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induces a change in [he lagrangean density by [he amount:

which, in view oí Lagrange's equations:

may be written:

If we define [he vector.current by (he relation:

'11 _' "J:; o ,l.
lB(x:) - 1 "("</lA) CABC 'l'c (x:)

ox:J.L

we obtain foc (he change in [he lagrangean density:

(21)

The invariance of the lagrangean by the ttansformations (11) and (20)
would chus be equivalent to assuming that [he integral (I7) be CT. independent,
equation (l8),

We chus see that:



Gauge Trans{ormation5

and that, in general:

sr: = S/ [o-; A8]
8o-(x)

¡f{(x) = O S/ [0-;A8]

~

So-(x)

oxl'

O¡¡;(x)
= O S/ [o-; A8]

oxl' ';lA8 (x) So-(x)
(22)
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These are the well-known Gell-Mann-Lévy equations.
Equation (18) is rherdore nor generally valido 2

If we develop i\B(x) in a power series around the origin we obtain:

~ (xa x A¡jf(x)) + ...
Oxl'

(23 )

The invariance of the lagrangean density is assured in the case in which
i\B(x) is a constant (which is not a test function) and is equivalent to the
existence of a conserved vector current.

The non-invariance of the lagrangean density for a transformation oí
rhe rype (4) or of rhe rype (11) may be inrerprered by rhe sraremenr rhar non-
vanishing divergences oí currents of the form xax/3 ... iG(x) are added to the

first, usual terro

as shown in equation (23).
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4. J~jMUTATION RULES 01' TIIE GENERALIZED ~IULTlPOLE ~IOMENT

OPERATORS

Let us require thar the generalized charges ºA ' as deíined in equadon
(14), form a Lie Algebra:

(24)

where ¡ABe are the structure constants oí the group. This will be satisíied
by the we ll.known equal-drne cornrnutation re lation oí the charge densities:

lt rheo follows from equatioos (14) aod (25) rhar rhe multipole momeor oper-
ators obey the íollowing cornrnutation rules:

[kOlm ••• p]=.¡ Oklm .•• p
ºA' -B I ABC-C

and so on. This set of operators is closed under the cornrnutation rule.
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RESUMEN

Se supone que una transformación de norma dependiente del espacio-
tiempo induce una transformación unitaria en el espacio de Hilbert. Esta es-
tá determinada por una funcional lineal de la función de norma, que se consi-
dera como una función de prueba en e l sentido de Laurent Schwartz. Se mues-
tra que los generadores de las transformaciones infinitesimales correspondien-
tes son operadores de momentos multipolares; las reglas de conmutación de
estos operadores con el campo se obtienen automáticamente y son válidas pa-
ra cualquier campo no hermitiano. También se escriben los conmutadores de
estos momentos entre sí. Estos operadores podrían tener algún significado
en la teoría de los "quarks" de las partículas elementales, donde un mesón,
que tiene número bariónico nulo, podría tener un momento multipolar barióni-
co, ya que e~ un conjunto de quarks con cargas bariónicas opuestas.




