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ABSTRACT: The behavior of a system of magnetic dipoles in a magnetic field

is studied using Bloch's phenomenological equations. Ir is found

that, if a rotating field is applied, the transient behavior of the .

perpendicular component of the magnetization of the system is
given by the sum of a decaying exponen ti al and do sinusoidal

function modulated by a decaying exponential. The theoretical
expression derived gives amplitudes, frequencies, decay times,
and phase in terms of parameters such as the relaxation times
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oC the system. A convenient mechad is discussed whereby these

values could be experimentalIy determined.

l. INTRODUCTlON

In chis papee we will analyze a system of No magnetic dipoles pecunir
volume, each of which has a magnetic moment m and ao intrinsic angular mo"
mentum I such thar m = yl where y is [he gyromagnetic ratio. Each dipole
is assumed to be located at a fixed point, and is allowed ca pedorro small vi .•
brations abour [his equilibrium posiciono Furthermore, [he possible inter--
actions between [he dipoles are taken ioto account. A specific magnetic field
is applied to chis system, and [he behavior of rhe system is studied.

It is we 11 known 1 thar 1£ a magnetic fie Id

H' • ( :,) • ". _ <,.,•• ,

is applied, [he system eventually develops a magnetization

where Te is the temperature of the system and k is Bo1tzmann's constant.
An additional field is applied to the system rotating with a frequency

w in the plane perpendicular to H I of magnitude JI! so that the total magnetic
fie Id applied is

We assume that the third component, Ho,has be en applied for a sufficient time
to allow the system to reach an initial magnetizadon of M'.

Bloch's phe-nomenological equations2 describe the behavior of the
magnetization of this system, that is,
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dM Idl = y(M xH) + (M - M )/T
3 .3. 3 m

(1)

dM Idl=y(MxH) -(M )/T
1. 2 1. 2 1. 2 -'"

(2)

with

= M';

and che meaning oí (he relaxation
cure.3. Defining

times T and T is discussed in (he litera-
• m

sin wl )

cos úJ t

YIl,

YIl,

O(
- ~1I0

- yll¡ sin wl - yll¡ cos WI

(
~ ) S" - liT S " - liTJ -'" oS' m m'

- Sm M

N"

A"

and

we can write cqs. (1) (2) in (he matrix form

d (M)I dI = (A + T) M + N •

If wc now make a coordinate transformation-4 [O a rornting frame whose
frequency of rotarion is rhe same as chat of (he ficId in me 1- 2 planc, by
meaos oí rhe matrix
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we obrain

c'w, - sin wl

B" Sin cut cos úJ t

O O

Daltabuít and Rorhman

since 5

d (BM)/dl = WBM + BN, BM I t = O = MI t = O = M' •

dB/dl = - wOB •

where W" C - wO + T

and

(: 1 no" O

O

t:'" yHo :".)c" O

- '1111

A second coordinare transformaríon is now made to [he frarne oí (he
eigenvectors oí W by means oí a constan( matrix Q such thar

where

x
'7, a- , ~ designating [he eigenvalues oí W.
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In general the eigenvaIues of W are either three real numbers or one
real number and a pair oí complex conjugares. lt can be shown (App. , Reí. 5)
that the real eigenvalues and the real part of any complex ones cannot be
positive. This is a consequence of the fact that the coefficients of [he [hird
degree equations for [he real eigenvalues and [he real pare of [he pos s ible
complex eigenvalues are aH positive ..

In chis eigenvector frame eq. (3) can be written as

where

dS/dt = '1 S + P, si = QO 1M' " S
1= o o (4 )

We see that in this frame the system of differendal equations (4) is
uncoupled, since ~ is a diagonal matrix. The solution is then

~, [ o 1 o 1 o~, ]

S = , So + '1 !'- '1 , P

where

o
x," ,

o

n
I ('1)
Ni

Since two diagonal matrices commute, we can write

~, [ - 1 J .1S = , So + '1 P - '1 P

This solution can be split into two parts, S, + S3 ' where

and

~, [ - 1 ]S, = , So+:£ P

.1
S. = - '1 P

(rime dependenr)

(constant) •
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El
The matrÍx ~ tcnds to zero wieh increasing time, since che real pan

oí che :£ matrix is negative. Thus S, eventually vanishes and we can obtain
che stationary saludon by considering S "" S5 and transforming back to che
laboratory frame. This saludon is

whefe

M. = [OM/(Oa' +,8' + o)] (- aj3 eos wl +,8 sin wl )

a,8 sin wl +,8 eos wl

1 + a'

and

a" (yHo - w)/o. '

which of course coincides wieh Bloch' s saludon 2.

We will be interested in analyzing che transient solution char has ies
origin in che cerro 5,6,' 7. Hence we transform back to che rotatiog frarne ob ..

taining

E, • 1 [
BM, = QS, = Q. (Q Q) So +

This we can write as

whefe che vector Y is given by che relation

.1 ]¿ P •

(_:')V = BM' + W'1BN = [- M,8/(oa' + ,8'+ a)] :
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, , .1 .1 .1.1 Et.l Wt
QSO=M =BM,Q¡ P=Q¡ Q BN=w BN,andQ' Q = ••

1I. MATRIX ELEMENTS OF exp (WI)

Our prohlem now is lO find lhe matrix elemenlS ol exp (WI). The par'
ticular case of T = T can be taken care of immediately since• m

and defining >: " a2 + /32 lhe matrix

-a -a ~P) c:
iA ~)Q. - ;" C' .1 1 - iAO\. Qo =

hA
f3 ha O

diagonalizes W, that is,

( :' O O ).1
Q WQ = ó 1+ 8 -iA O = ¡o 'o 0$5

O O

where 1 is me identicy matrix.
Then

8t+i"A8t

.'.' - ( • • • O O.Js t-i;..S t
O • • O•
O O •
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and

w,,
(

0.' eos S/" + f3'

-aAsinSAt

- 0.13 eos ;, Al + 0.f3

nA ~in Si..'
x.2 cos 85;\1

- 131..sin S,AI

Daltabuit and Rothman

- 0.f3 eos S,AI + 0.f3

13 A sin S Al ).

• 13' eos S:AI + 0.'

In (he general case a convenient way oí detcrmining [he required matrix ele"

ments ¡s8 by writing

exp (WI) = f(W) = 1/(27Ti) cji ~(~'~ dZ'

where Z' = %'1, z' being a complex variable. Thus (he matrix clements are

fi¡(W) = 1/(27Ti) cji f(z') Ji¡(Z') dz'

.1
whcre rhe Ji¡ are [he matrix elements oí J == (Z'- W) . Dcfining rhe di-
mensionless matrices Z::::;z' /8 and w' == w IS ,we have• •

(z-I)(z- 8)+(32

- a(z - 8)

a(3

a(z - 8 )

(z-l)(z-8)

-(3(z-l)

oc J = [1/8 det (Z- W')] j.
, 9

Using (he formula

(I/(27Ti) cfj
n

[P(z)/q(z)] dz = ~ p(a )/q' (a )
m=l m m

(5 )

whece a is one of the n poles of P(z)/q(z) and q'(z) = dq(z)/dA, we can
m

write
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,
fi1. = L

k ~ 1

S zkt
" iij(Zk)

~(det(Z-W'))1
dz % ~ %k

(6)

~61

wherc (he zk are rhe Zeros of rhe determinant, i. e., (he eigenvalues of W'.
Theseatez =0"/8 ,z =O"x/8 ,andz =0"/8.

1 ~2 ~ 30~
From (he definition of W, it is readily seen that

det(Z- W') = (z-I) [(z-l)(z-8)+,52] +a2(z_8)

so (ha(

d (z) '" d [det (Z - W')] / dz = 2(z - I)(z - 8) + (z _ 1) 2 + a2 + ,52 .

(7)
Ftom eqs. (5), (6), (7) we have the ma"ix elements f .. :, 1

f" =
, S zk'" .~ ,

k ~ 1

2
(zk-I)(zk-8)+,5

d(zk)

f22 =~
k

S.Zk' (zk-I)(zk-8), ------
d(zk)

I = L
" k

-l21 =f" ::: S~%kt a(zk - 8),
k d(zk)

Ó %kt a,5
f" = f" ". . and= - ~

d (zk)k

- f" = f" = L ~ Ó~%kt ,5(zk -1)

k d(zk)
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1II. ANALYSIS OF TIIE EIGENVALUE EQUATION

To find [he explicit form oí rhe zk thar appear in rhe matrix elcrncnts
obtained in [he preceding section we have to solve [he following third degree
algebraic equation:

der(Z- W') = %'- (2 + S) %' +(2S+ 1+ a' + {3')%- (S+a' S +{3') = O.

(8)
The discriminant R oí (his equation is

R = (a6 /( 12)') [( 81)' / a' + 8 - {34/ a4 - 20 {3'/ a')' - ({3' / a') ({3'/a' - 8)3]

(9)
where 1) " S -l. Defining q as

(10)

rhe toO(S %k of eq. (8) for R > O are

%, = (-, + 1+ 1)/3) + iv35,

% =(-'+I+1)/3)-i/35,
2

and

% = 2, + I + 1)/3 ,
3

where

, = 1/2 [~- q/zt IR + -v- q/2 - IR ]
5 = 1/2 [ ~ - ql2 + IR - V' - q/2 -IR] .

For R < O [he (hree roots are real and distinct, and we will call them %

%2 and z.,. 1
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We now want to determine the values of a, /3, and ;) that will make
R ~ O. We consider R as a function of two variable$, a2 '3.nd/32, and a para"
rameter o. From eq. (9) we see that R is positive when /3.l./a¿ - S is nega ..
tive. This means 'that, in a region of the a2

, /32 -plane contained between
the a2-axis and a líne of slope 8, R is a positive quantity (see Fig. l).Also,
when f32 = Sa2 we have

R = (a6/27)(r,' /a2
_ 27)2

and we see that in this case R is always positive except when a2 = 7]2/27
whete R = O.

lt now remains to examine the region /32 > Sa 2. We introduce a oew
vatiable p, by means of (32 = 8p a 2; 8p is then the slope of a line that goes
through the origio contaioed in the regioo that we want to analyze provided

mat p > 1.
R can thus be written as

R = (a6/27) {(772/a' t 1- 8p2_ 20p)2- 64P(P_l)3} .

The expression io braces vaoishes for twO values of a2
, which we shall call

a..~' along a Une of given p. These values are

a~ = 772/(8p2 +20p-1:l: 8p % (P-l)'1, ) (11)

W . h 2> 2 2e notIce t at a_ a+; If we choose a value of a
2 2 -2 2/ 2tween a + and a_ , for example a = 77 . (8P + 20p - 1), we

this particular value of a2
, R < O. This meaos that:

2 2 < 21) for a+ < a a_, R < O,

2) for a:" < a2 , a~ > a2, R > O .

that líes be-
obtain that, for

(12)

(13)

",2 2lt can be shown, furthermore, that f-J_ = spa_ obeys
/3: < 8772/27; thus for /32> 8772/27 we have R > U.

the condition
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To summarize, we have now shown thar [he values of al and (32 that
He outside [he triangular regiDo bounded by [he lines f32 = sal and
132 = 8772/27 make R positive.

The expression

:!: (j3/a) (132/a2
- 8)'/'

glves [he [wo curves 00 [he al, /32 -pIane 00 which R = O. It can be shown
thar

2
dj3t/da~ > O

which signifies (hat [hefe are no extrema and secondly that [he slopes of
those curves are positive. Noticing thar when a2 = O (resonance)
f3~ = O, /3: = 7J2/4, we obtain [he general shape of [he R = O curves given
in Figure 1. Conditions (12) and (13) (eH US, of eouese, thar in (he regiDo
between [hese [WQ curves and [he /32 -axis, R < O.

IV. TRANSIENT SOLUTION

For [he particular case in which T = T from [he formulac given at, m
(he beginning of Section 11 it is easy to find that [he third component of BM

tis

(8M,) = exp (WI) V, '
2 S ,

= [Mj3 /(A-
2 + 1)J' ' '¡,

[O + A-2) '/A- ] eos (O,A-I + cPo)

(14 )

where cPo = areran l/A-.
In the general case, from [he formulae foc [he ma[rix elemen[s t

ij
given in Sectlon I1, we can wrne exp (W/) in the following form

Szt Szt Szt
exp(Wt) =, ' 1 A(z )/d(z) +,3 2 A(z )/d(z) +,' , A(z )/d(z)

1 1 2 2 ~ ~

(5)
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where
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(z-l)(z-8)+¡3'

- a(z - 8 )

a¡3

a(z - 8)

(z-1)(z-8)

- 13 (z-1)

a¡3 )

¡3(z-l)

(z-l)'+a'

Then defining the veClOt K (z) = A (z) YId (z) we can wtite

S%t S%t S%t
BM, = exp (WI) Y = , • 1 K (z ) +, • , K (z ) +, • 3 K (z ). (16)

1 , 3

When R is positive z = z" and since K (z*) = K* (z) we have, using the
1 ,

definidon z =: i' + ii ,
1 1 1

Si't~ * *BM, = , • 1 )[ K (z ) + K (z )] cos 8 Z , + ;[ K (z ) - K (z )]
\ 1 1 ."1:1 1 1

sin S i t}
• 1

s z t
+ , • 3 K (z ) .

3
(17)

lIowever

K(z) +K*(z) = 2 Re K(z) and K(z) - K*(z) =;2 1m K(z), thus
11 1 11'1

Sit S%t
BM, = 2, • 1 [Re K (z ) cos 8 % 1- 1mK (z ) sin 8 % 1] + , • 3 K (z ) .

1's1 1's1 .3

(18)

The third component of this vector (BMt).3' which coincides with the
third component of the transient solution (Mt).3 since B represents a rotadon
in the 1-2 plane, is then, making tan 4> = -phase of {K(z)} ,

1 3

Szt Si'l I(BM,) = (M,) =,' 3 {K(z)} + 2, • 1 {K(z)} cos(8 Z 1 +4» •
.3.3 .3 .3 1.3's 1

(19)
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Eq. (19) can be written as

Daltabuit and Rothman

CT I -
(BM) = (M) = a. O + b.CTI cos(o-I + cP) (20)

t .3 t .3

where

O"=S'Z
• I

a-=8£
• 1

b = 21 {K (z )} II ,

cP =-phase {K(z)} =
1 ,

= [an-1{U Re{d(z)}+j 1m {d(z)})/U Re{d(z)}-j lm{d(z)})
21111121

and

j = 8£ + 2 z (l - % ) .
2 1 1 1

Feoro eq. (20) it can be seeo (har MI is written as (he suro of (hree
terros. The fíest Que is siroply a decaying exponential of amplirude a and
characteristic time (T , decaying because (]" is real and negative. The

o o "
second terro is a cosine function of frequency a, phase 4>, and amplitud e b
modulated by a decaying exponential of characteristic time 0-, decaying a150
because O- is real and negative.

When R = O [he frequency of [he periodic function vanishes, and M,
loses its periodic behavior. For R < Owe know thar (hefe is also no peri-
odie behavior since (he [00(5 a = S z , aX = 8 % , CT = o z are real, dis-

.sI .52033
cinct, and negative. We have in (hese [wo cases [har MI is iust a linear
combinadon of decaying exponentials.

We notice that in the particular case of Ts = Tm the purely decaying
term is not present, and that the behavior is juSt a periodic function modu.
lated by a decaying exponential.
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V. NUMERICAL RESUL TS
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To compare the arder of magnitude of the transient part of the soludon
with that of the stationary part, it is convenient to calculate numerically the
values of the quantities (M!j),3' a, b, and ef:> for a given set of values of the
parameters y, úJ, k, T , N , m and several values of the relaxation times T ,• o m
T!j and of the applied fields H and H . The parameters were chosen as

- 7 o 1 9 - -16y; 1.7618 x la rad/gauss-see, úJ ; 5.9690 x la rad/see, k ; 1.3804 x la
erg/oK, T.; 3000K, N,p; 1015 ,.m; 9.2732.':'10.21 erg/gauss, Tm and T.
were varied between ID" and 10- seconds, JI from 2.7 to 3.9 kilogauss,o
and H from 10 to 40 gauss. Sorne results are shown in Tables I-X. The

1
following trends appear:

L Tab1e 1 shows that O- does not appreeiab1y depend on the relax-
ation times, the order of magnitude being in a11 cases 109 to 1010 Hz.

2. Tables II-IV show that 0-
0
is approximate1y equal to 0m' ¡ts de-

pendenee on 0. and the applied fields being quite smal!.

3. Tables V-VII show thato- is approxima,ely equal to 0., ¡ts de-
pendenee on ° and the applied fields being very small.m

4. In Table VIII it is seeo that coefficient b is esenda11y. independent
of the relaxation times, its value basically determined by.the applied fields.

5. Table IX shows that coefficient a has a notÍceable depeodence 00

the applied fields and that its strong dependence on the relaxation times is
mainly through the quantity S, rather than 0m or ó!j.

6. A comparison of Tables VIII - X shows that a and b are only a few
orders of magnitud e smaller ,han (M) .

• 3

Thus the transient solution is seen to be either of the same order of
magnitude as the stationary soludon or down to a few orders smaller_~nd that
it decays with characteristic times approximately equal to the relaxation
times of the system, and that its frequency of oscillation is determioed by
,he applied fields, being of the order of magnitude of 109Hz.
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//o (Kgauss)
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TABLE 1

-o- x 109 rad/sec

// = 10 gauss // = 25 gauss // = 40 gaus.
1 1 1

2.7 12.123 12.129 12.142

3.1 5.0776 5.0937 5.1233

3.5 1.9804 2.0212 2.0947

3.9 9.0215 9.0306 9.0473

al! 8 , 8m s

TABLE 11

//0 (Kgauss) -o- x 105 rad/sec
O

// = 10 gauss // = 25 gauss // = 40 gauss1 1 1

2.7 3.3479 3.3490 3.3185

3.1 3.3274 3.3135 3.2699

3.5 3.3036 3.1763 2.9572

3.9 3.3224 3.3240 3.3035

8 =-3.333xI05//%, 8 =-1.111'10'//%m ,
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//o (Kgauss)

TABLE III

- (J x 105 cad/sec
O

269

11 = 10 gauss // = 25 gauss 11 = 40 gaus>
1 1 1

2.7 3.3283 3.3289 3.3295

3.1 3.3332 3.3249 3.3173

3.5 3.3257 3.2938 3.2377

3.9 3.3369 3.3308 3.3253

om = - 3.333 x 105//%. O, = - 2.500 x 105//%

TABLE IV

//0 (Kgauss) :(J x 104 cad/sec
O

// = 10 gauss // = 25 gauss 11 = 40 gauss
1 1 1

2.7 4.9951 4.9951 4.9890

3.1 4.9676 5.0592 5.1690

3.5 5.0653 5.3537 5.8633

3-9 4.9707 4.9707 5.0134

O = - 5.000 x 104 //%. O = -1.250 x 10511%m ,
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11
0
(Kgauss)
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TABLE V

..:á x lOS ,ad/see

11 = lO gauss 11 = 25 gauss 11 = 40 gauss
1 1 1

2.7 2.5025 2.5022 2.5019

3.1 2.5001 2.5041 2.5080

3.5 2.5038 2.5198 2.5478

3.9 2.4982 2.5013 2.5040

8 = -3.333 dO'lIz, 8 = -2.500 xlO' IIzm 3

TABLE VI

11 (Kgauss)
O

-o-x 10',ad/see

11 = lO gauss 11 = 25 gauss 11 = 40 gauss
1 1 1

2.7 2.5008 2.4971 2.4934

3.1 2.4974 2.4924 2.4821

3.5 2.4917 2.4523 2.3862

3.9 2.4977 2.4986 2.4934

8 =-5.000xlO'lIz, 8 =-2.500xlO'lIzm 3
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l/o (Kgauss)

TABLE VII

- O- x 10' rad/sec

271

1/ = 10 gauss 1/ = 25 gauss 1/ = 40 gauss
1 1 1

2.7 2.3526 3.3526 3.3136

3.1 3.3266 3.3120 3.3022

3.5 3.3233 3.2558 3.1492

3.9 3.3136 3.3810 3.3461

s = -1.250 d02 1/%, S = - 3.333 x 10' 1/%
m s

TABLE VIll

•

l/o (Kgauss) .2 Ib x lO erg gauss

1/ = 10 gauss 1/ .= 25 gauss 1/ = 40 gauss
\ 1 1

2.7 0.39 2.46 6.29

3.1 2.58 16.0 40.6

3.5 19.2 115. 274.

3.9 1.02 6.42 16.4

al! S • Sm s
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TABLE IX

Ho (Kgauss) la 1 )( 10.12 erg/gauss

H 1 = 10 gauss H 1 = 25 gauss H = 40 gauss
1

2.7 0.39 2.46 6.29
3 x 10' 3.1 2.58 16.0 40.5

3.5 19.1 115. 274.
3.9 1.02 6.49 16.3

2.7 0.36 2.22 5.66
10 3.1 2.32 14.4 36.4

3.5 17.2 103. 243.
3.9 0.92 5.77 14.7

2. i 0.59 3.68 9.36
4x10.1 3.1 3.86 23.6 58.0

3.5 28.1 153. 31!.
3.9 1.54 9.57 24.1

2.7 325. 1060. 1435.
lO" 3.1 1170. 1878. 1999.

3.5 2135. 2259. 2129.
3-9 744. 1895. 2303.

a is positive foc S < 1. negative foc O > 1

TABLE X

11
0
(Kg_uss)

2.7

3.1

3.5

3.9

., /(M ) )( 10 erg gauss, ,
1.7-1.9

1.5-2.1

0.6 - 2.4

2.6-2.7

(characteristic values)
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VI. CONCLUSIONS

273

We have obtained the fuIl solution of Bloch's phenomenolo¡¡ical
equations thac describe che behavior oí the magnetization of a system of No
dipoles per unit volume under the influence of a magnetic field that has two
parts; a constant one and a rotating one perp.endicular to the Hrst. The
dipoles are allowed to interact and to perform small vibrations around their
equilibrium positions. This fuIl solution contains, of course, the stationary
solution given by Bloch2, but al so concains a transient partl• This transient
part (eq. (20» is composed of two terms: an exponentially decaying term,
and a cosine function modulated by a decreasing exponential.

The existence of the transient part could be used to obcain information
about the relaxation times of this system. If, for a given material, we set a
value of Ho near to resonance, in other words fixing a small value of a2, and
commence with a reasonably high value of the magnitude ofthe rotatingfield
(a reasonably high value of /32), we should observe a transient that has peri-
odic behavior, since presumably this point is in the region where R > O(see

Fig. 1). We then decrease the value of H until we find the first value of H
for which this periodic behavior does not ~ppear. These values of a2 andf32
give a point which is now on the curve R = o. This gives us the value of
/3: , ftom which we can obtain the value of ti, f¡om eq. (ll). If we continue
reducing H we eventually will arrive at a point where the periodic transient
behavior re~ppears. This is the value /3~, from which we can obtain a check
on the value of ti previously obtained. If for all values of H the periodic
behavior persists we know that the chosen value of a2 is too1large, and we
must repeac che aboye procedure with a smaller value of a2 •
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I
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IR> O
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/
/
/

I
/
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2

Fig. l. Sigo oC R in the 0.
2• /3 2. planeo R < O in the shaded region. R e O

on the salid curves,. and R > O elsewhere.
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RESUMEN

Se escudia el comporcamienco de un siscema de jipolos m21gneucos'en
un campo magnético, usando las ecuaciones fenomenológicas de Bloch. Se
encuentra que, si se aplica un campo rocativo, el comporcamienco cransitorio
de la componen ce perpendicular de la magnetización del siscema escá dado
por la suma de una ~xponencial decreciente y una función senoidal modulada
por una exponencial decrecience. La expresión ceórica que se obtiene pro.
porciona las amplicudes, frecuencias, ciempos de decaimienco y fase en cér-
minos de parámetros como los tiempos de relajamienco del siscema. Se dis.
cuce un mécodo apropiado para decerminar experimencalmence escos valores.




