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basis st3r('s, restrictÍng ourselves to those irreducible represen-
tations wirh }/ = O. 1'e also give a brief discussion oí the re-

4
presentation coeHicients oí UD) x U(3).

l. lNTRODUCTION

The problem wc want [O discuss in (his papee is (he generalizarian to
n = 3 oC another problem, corrcsponding to ti = 2, which is considered nowa-
days a standard topie in atomic spectroscopy 1, namely: (he determination of
,he matrix elemenrs (M E) of ,he generators of a group SU(2) x SU(2) Wilh re-
spect [O a basis that diagonalizes [he Casimir operator of a definite sU (2)
subgroup. If we denole ,he generators of SU(2) x SU(2) by 1(') , • = 1,2;
q = 1,2,3; obeying [he cornmutation relatiaos q

1,2,3 cyclical,

rhen lhe SU(2) subgroup is lhal one wi,h genera,ors lq
(he problem consists in [he cvaluations of (he ME

= 1(1) + 1(2) and
q q'

where j j are lhe labels of lhe irreducible represenlation (1R) of
1 2

SU(2) xSU(2), and jm are ,he labels of lhe IR of lhe subgroups SU(2)::> R(2).

Tbis problem was originally solved in 1931 by GÜllinger and Pauli 1, who
used in their analysis ooly (he cornrnurarion rules of rhe generarors /.:"1'. Theq
sarne problern, ar presenr, can be rrivial1y solved by using [he powerful rech ...
niques of rhe AIgebra of SU(2) irreducible tensor operarors, i. e .. use of
Wigner-Eckart ,heorem and Racah coefficienrs of SU(2).

In our generallzarion ro rhe case n = 3, i. e. rhe case of rhe group
SU(3) x SU(3), we have nOI artempled an analysis similar 10 ,halof GÜllinger
and Pauli; on rhe orher hand we cannor fully apply rhe rechniques of rhe alge.
bra of rensor operarors in rhis case, as rhe necessary Racah coefficienrs of
SU(3) are nor available ar rhe presenr rime. So we based OUT analysis on a
combined use of rhe \l-'igner ...Eckart theorem and use of the explicit expressions.
of rhe U(3) x U(3) basis sratcs, which already have appeared in rhe lirera.
rure 2 •
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OUt main motivadon in undertaking this problem was the fact that the
group U(3) x U(3) plays an imporranl role in lhe recent applicalions 01 higher
symmetry schemes to elementary particle physics l. lt thus seems to be a
relevant problem to explore the general properties of this group, such as the
bases for its 1 R, the ME of its gcnerators with respect to these bases, the
reprcsentation coefficients, the Clebsch-Gordan coefficients of the groupand
so forth. To our knowledge, the only of the aforementioned properties which
has be en studied in sorne detail is the first one. ~foshinsky2 has given the,
explicit expressions of basis states belonging ro an IR,of U(3) x U(3) and
having the highest weight in a U(3) subgroup, this being the classification
of physical interest1• From the states of reference 2, and the lowering
operators of the unitary group3 , we can construct the complete basis foc an
IR 01 U(3) x U(3). In lhis paper we make use 01 lhe basis slales 01 relerence
2 in order lo evaluale lhe ME 01 ,he generators 01 U(3) x U(3) wilh respecl to
them. As far as we can teIl, these ~IE formerly had been explicitly determined
only lor some particular IR 01 U(3) x U(3) or lor particular IR 01 ,he U (3)
subgroup. Our own analysis is aIso somewhat restricted owing to our desire
of avoiding che "multiplicity problem" that will be mentioned three paragraphs
below; nevertheless ir goes further than the previous attempts .••5• We also
give in this paper a brief discussion of the representation coefficients of
U(3) x U(3).

M" '"The generalors 01 U(3) x U(3) are 18 operalOrs , N ; ¡L, V = l. 2, 3
1" 1"obey ing the commutation rule s

(1)

The M" are lhe generalOrs 01 ,he lirsl U(3) group. and lhe N" are ,hose 01
lhe se~ond one. An IR 01 U(3) xU(3) will be labeles by lhel"indices
[h r h'J [h' h'J with the h' being non-negative integers obe)'ing h' ~ h' ? O,
t134' 3 4

h' ~ h' ~ O; i. e., each partition [h' h'J specifies a Young pattero of two
.3 .• :5 t
rows. As a malter 01 lacl lhe mosl general IR 01 U(3) is labeled by a Young
partern with 3 rows2; however, we are mostly interested on IR oE SU(3), all
of which are equivalent ro 1R of U(3) with onl)' two rows. In the notarioo
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h' h' O
1 , 2 ,

q 1 q 2,
'1

cornrnonly used in e lernenlary particle physics 1 and IR of SU(3) x SU(3) would
be denoted by [AI.d [A' f-L ') , the conneclion Wilh our notation being:
A =h'-h' =h' A' =h'-h' '=h'.1 2'¡..L 2' J 4,J-l ~

The rows of an 1R of U(3) x U(3) can be classified in several ways;
we shal1 mentiao [WD oí them. In [he fiesr classificacion scheme one gives
lhe 6 indices specifying the canonical subgroups U(2)::> U(I) of each U(3)
group; i. c., one is classifying (he rows oí (he 1R according [O (he canonical
chain oí groups

U(3) x UOD U(2) x U(2D U(l) x U(l) •

The basis Slales of an 1R of U(3) x U(3) in this classification scherne are
sirnply lhe producl of lhe Gelfand basis slates2 •• associated wilh each UO)
group, and are denoted as

h' h' )3,", =i[h'h')[h'h')"""'>q 'r; q. - 1 . 2 3" q1 q2 '1 • q3 q. 'J •

(2)
The operators j~ll , ,\12 , NI, N2 and (he quadratic Casimir operator oí cach

1 2 1 2
U(2) subgroup, are diagonal with respect tO (he basis states (2).

Now, foc (he physical applications 1 we rarher need a different ser of
basis statcs, with respect to which a11 (he Casimir operators oí a chaio oí
groups U(3)::> U(2)::> U(l) are diagonal, the group U(3) having as gener-
a(Qcs

lt is then natural ro define

KJ..4 == ,\Iv _ NV
¡J. ¡J. ¡J.

J..l, v = 1,2,3

,u,v::::;1,2,3

(3a)

Ob)

v v
and consider e and K as
h

. f h ¡J. ¡J..
t ey saus y t e commutatlon

generalOrs of UO) x VO); according 10 (1)
rules

(4a)
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(4b)
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,
-- e" <"o , -

1" 1"
(4c)

The physical states mentioned above, thus correspond to a classification
scheme by means of the chain of groups

U(3) x UO):) U(3)::l U(2)::l U(l),

and ,hey will be deno,ed as

[h'h'] [h'h']. y
1 2 J -4 ' ,

In re£. (2) rhe problem of construction of lhe s,aleS (5) has been solved; il
is shown there that the identiey h' + h' + h' + h' = h + h + h holds, so

123-4123
we ha ve only 5 independen, indices lO label ,he rows of lhe 1R of U(3) x U(3)
in this classificaeion scheme. The sixth index needed to complete the
classification,"namely 'Y, has been exhibited in the notation of the staees
(5); Y serves to dislinguish belween equivalenllR of lhe UO) subgroup
when these appear more than once; chis is the II'multiplicicy problem". Again
from reference (2), it is known thac when h' = Ü [here is no need for the•index y; i. e. no IR (h h h ) of U(3) is conlained more lhan once in ,he IR

[h' '] [ , ] f 1 2 3. . l. hh h O o UO) x UO). In lhlS papor we reStrlCl our ana YSIS lO' ese
I 2 3

particular IR of UO) x UO); our basis s,ales will be denoled as

I [h' h '][h' O] ",h h h , q q r >
12.3 123121

(6)

and as ,he indices [h' h '] [h' O] will always be lhe same in all Sla,es, we
1 2 3

shall frequendy keep lhem in mind and wrile our UO) x U(3) slales simply
as I h h h , q q r >.

123 121
Even [hough in ref. (2) a method has been presented to deal with [he

IIImultiplicity problem", we make lhe restriction indicated in (6) in order ro
kecp rhe problem within manageablc proporrions. as irs complexity geeady
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¡ncreases when one considers h' t- O. There are [WO former determinations•oí che ME oí lhe generators oí U(3) xUO) known to us"s. In re£. (4)
S. K. Bose has solved (he problem in the special case h' = h' = h' ,h' :c: 0,

1 2 .3 4
and in cef. (5) A. Bincer has dcscribed a mechad to perform (he calculatioD in
(he general case (h' =1:-O). The approach oí ref. (5) is based, as aues i5,on•me use oí (he \1/ignec"'Eckart theorem 7 applied to [he tensor oí KV, bu[ (he
reduced ME ol KV were explicitlr determined by Bincer only for~ome special

1"
1R al U(3) oí interese in current algebra [heoey; "amely ~h:..~se when, in [he
nOlation oí equalion (19) oí our paper, (h h h ) and/or (h h h ) is an OCle,12.3 12.3
represen,ation oí UO).

v
The ME oí lhe generators e oí (3a) wi,h respec, 10 lhe slaces (6)

are, ol coursc, well known8• The ~maining task is (he evaluarían ol [he
ME oí lhe KV oí (3b) wich respecc to lhe Slales (6). This will be done in
Section 3, at:.er [he ME oí an auxiliary tensor operator have be en evaluated
in Section 2. In Section 4, we rnake sorne considerations about the represen-
lation coefficienls oí UO) x V(3).

2. MATRIX ELEMENTS OF TIIE CREATION OPERATOR 6.'
1"

We shall adopllhe nOlation oí re£. (2). The generalors oí UO) xU(3)
will be realized in terrns of a ser of creation and annihilation operarors a + ,
a:., , ap-:'J; jJ., .s = 1,2,3, obeying rhe usual cornrnutation rules of bosonP-.1
operators 2. The explicit forrn of the generators (3a, b) is

el' =
1"

(7a)

(7b)

The states (6) are given in terrns of sorne deterrninanrs in crearion operarors
acting on the ground scace lo>. The decerminanrs chac appear are

~_... + + +
€,o¡ok a. a. akijk z 1 12 J

(8)

€ijk being che completely antisyrnmecric tensor. In particular, che scare (6)



Generalors of Ihe group Uf]) x Uf])

having [he highes[ we igh[ in lhe 1R (h h h ) of lhe U (3) subgroup is 2
1 2 3

l[h'h')[h'O);h h h ,h h h > =
12.3 123121

h'-h h-h' h'-h h-h' h
= N(h h h )(61) 1 2 (63) 1 1 (612) 2 3 (6 13) 2 2 (6 123) 3 I >

1 2 3 1 1 12 12 123 O

(9a)
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[

(hOht2)!(hOhtl)!(h'.h'tl)'(hOhtl)' J1N(h
1
h
2
h
J
)= 1 J 2 J 1 2 . 1 2 .

(h! + 2)!(h,+ l)!h !(h'- h )!(h' ... h + l)!(h .•.h' )!(h ... h' + l)!(h' ...h )'(h _ h')'
32)IJ 221212.11'

(9b)
Al! lhe olher SlaleS of lhe 1 R of U(3) ean be generaled from mis ooe by means
oí sorne functions oí che generators c'V caBed lowering operators3• FroID

lhe fael [ha[ [he exponen[ of eaeh variable in lhe polynomial (9a) musl be non-
negalive we find chal [he 1R (h h h ) of U(3) eon[ained in lhe 1R
["][') 123 "h h h O of U(3) x U(3) are lhose whieh satisfy h ~ h ~ h ~ h ~ h ~ O;
12 J 1122 J

h+h+h =h'+h'+h'.
1 2 3 1 2 .3

Our next step will be che evaluatían oí che ME oí (he creatíon operator
63 wilh respeel 10 [he Sla[es (6):

¡.L

(10)

(Notiee lhal we are using now lhe abbrevialed no[ation for lhe U(3) x U(3)
states •. We shall evaluate (lO) by means oí che Wigner-Eckart theorem7 in
U(3). From [he explieil expression of [he Gelfand slales2 we find Iha16

3
,

• ¡.L
¡.L = 1,2,3' are che componcnts oC a U(3) irreducible tensor

[h h h ]T 1 2 3
q 1q2 r 1

• As a matter oí (act. che U(3) x U(3) labels oC che bra-state in (10) art.
[h' h' ][h'+ 1, O] i however chis change in h' is irrelevant foc {he ca1cula{ion as
123, 3

fcom (9) {he index b occucs explicitly nowhece.
3
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with indices h = 1, h = h = O; i. c. a [riplet in the language of elementary
1 "particles, the detailed classification being

/:/_ [lOO) 6.'=T[lOO) 6.'=T[lOO).
1 - T 101 " 100 "000 (11)

In order to be able [O apply [he Wigner-Eckart theorem we muse know
me U(3) Clebsch-Gordan coefficien's (CGC)

100

, -
1

1 + .1" ,,1 "11(- -) - 1(-+-)(q q) q '1 - - q1 - q1- q, ' ' - - q q- 1 ,'- l' 1 l'2 2 2 2 2

(12)
where on the right hand side the £irst term is [he reduced CGC or isoscalar
factm, and the second term is the ordinary SU(2) CGC in the notation
< j m j m I jm >. We give in Table 1 ,he reduced CGC ,ha, appear in (12).

1 1 2 2This table was constructed by setting hl/ = 1 in the closed al~ebraic ex-
1

pression fo, ,he U(3) reduced CGC

<h h h q q . h" ")hhh -- >
1 2 .3' 1 2' 1 ql 1 2 .3' ql q2

calcula,ed by Moshinsky9. The ME in (10) can ,hus be writlen, according
to the Wigner-Eckart theorem 7, as

- - - - - - 1 [ 100) I<h h h ,T,,' h h h , >
1 2 3' ql q2 1 q o r 1 2 .3' ql q2 1

1 1

1 O O

n,
1

[ 100) 1
T ihhh>1 , ,

(13 )
[100 )

the las t factor be ing the reduced .\1E of the tensor T
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From lhe Clebsch-Gordan series of U(3) we know lhal lhe 1R
(h h h ) in (lO) can be eilher (h ti, h h ) or (h ,h ti, h ) or (h h ,h ti).
1 2 .3 1 2 .3 1 2 [ 1001 1 2 .3

,We have lhen lo evaluale 3 reduced ME of lhe lensor T • In lhe appendix
we give (he details oí [he determinaCÍon oí (hese reduced ME and quote now
me resuhs:

< h ti, h h 11 T [100] I1 h h h >
1 23 123

< h , h t 1, h 11 T [100] 11 h h h >
12 3 123

<h h , h + 1 11 T [ 100] 1I h h h >
12.3 123

l<

[

(h t3)(h -h't2)(h -h't1)] 2
1 1 2 1 1

(h,-h, +3)(h,- h, +2)

(14a)
l<

[

(h t 2)(h - h' t I)(h '- h) J' 2= 2 2 2 1 2

(h, - ~ )(h, ~ h, + 2)

(l4b)
l<2

[

(h t l)(h '- h ) (h '- h + 1) ]= .3 2.3 1 .3

(h, - h, t I)(h, - h,)

(l4c)
Wilh [hese formulas, plus Table l and a lable of SU(2) CGC we can evalu.
ate all lhe ME in (10).

v
3. MATRIX ELEMENTS OF K

l'
v

We shall considcr two separate cases for che ME DE K with respect
10 lhe U(3) x U(3) basis slales (6), namely: ME diagonal in a, h, h,) and
ME non-diagonal in (h h h ). The analysis in lhe lalter case will be done, , ,
using [he Wigner-Eckart theorem, bU( in che firse case we shall follow a more
direce analysis. Wc pecfee nor ro use (he Wigncr-Eckart approach in che first
case beca use oí che ¡nvolved narure oí (he 2 reduced ~I E oí chat casco

a) ME diagonal in (h¡h,h,)'

In chis case we (irse determine explicitly [he ~IE

<hhh "'IK'lhhh >123,QlQ2rl .3 123,QlQ2'l • (l5 )
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Froro che cornmutadon relations (4b) we have:
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K' = C' K' _ K' C'
2 2.3 .3 2'

, C" , C'K = K -K .
1 1.3 .3 l'

taking (he ME oí (hese identities with respect to (he same states as in (15)
and introducing a complete ser oí intermediare states between a e and a K,
we deduce lhe ME of K' and K' in lerms of lhe ME in (15) plus lhe known8

2 v ¡

ME of lhe U(3) generalors C . We oblain, for inslance, using equarion (16)
l'

below, and recalling lhar lhe ME of a C are diagonal in (b¡ b
2
b,):

<h h h ' 'r'IK'lh h h q r > = <h,h,h"" ql'q,",'IC
3,lb,b2h., qlq"l>1 2 .3' ql q 2 1 2 1 2 ,]' q1 2 1 ~ .>

f
Then lhe ME of K

2
and K 1 follow from lhe. hermiricily properties K2 = (K')

+.3 .3 .3 2

and K' = (K') . As for ,he ME of rhe KV; ¡.J., v = 1,2 ,hey can be ob.
, , l'

tained by an analogous mechad using (he commutators

[C',K
2
] =K

2
and[C' ,KI'} =KI'-K'; ¡.J.=1,2.

1311-'31-'3

Thus we see thar (he essential step is (he evaluarían oí the ME in
.3 J .3 3+

(15). This can easily be done, as from (7b) we have K = C - 2/:; /:;
.3 .3 .3 33

and we know from lhe las' secrion lhe ME of /:; . 1<is found lhal lhe ME, ,
oí K ha ve (he value,
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{

(h - q + I)(h - q ) (h + 2)(h - h' + l) (h - h ' )
x h +h +h - q - q _ 2 1 2 1 1 1 1 2 1 1

1 2 , 1 2 (h _ h )(h - h + I)(h - h + 2)(h - h + l)
12131312

- 2

-2

\q - h + I)(h - q )(h + I)(h - h')(h'- h + 1)
122222212

(h -h +I)(h -h +2)(h -h )(h -h +1)
12122323

(q -h +2)(q -h +I)(h'-h +I)(h'-h +2)h }
13232313.3

(h -h +2)(h -h +3)(h -h +I)(h -h +2)
13132.3 23

(16)

b) ME non-diagonal in (h, h2b,)' U [lOO]
The c1assificalion of lhe KV as (3) irreducible lensors T has

j1, Q¡Q2"¡

been given by Kuriyan ee al io.. Except for an overall mulciplicative factor
lhey found lhal

, [210]
K = T

1 212

1 [210]
K = T, 100

, [210]
K = T

2 211 '

2 [210]
K = - T3 101'

, [210]
K = - T1 202

1 [210]
K = T

2 200

KI=
1

I [111] I [210] I [210]
_T -_T +_T
13 111 16 111 ./2 201

( 17)

2 I [111] I [210] I [210]
K = _T - _T -_T

2 13 111 16 111 ./2 201

, I [111] 2 [210]
K = _T +_T., 13" 111 v'6 111
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We chus see thar [he KU are a mixture
(he language of elemeritary particles ..

Chacón and Colón

of a singlet and an octet operators, in
As

!3T[lll] = K' + K2 + K"= el + e2_ e'
111 1 2 .3 1 2 .3 '

wi,h
• .+

6. 6.
¡J. ¡J.

s=1,2,3 (18)

•and [he states (6) are eigenstates2 of e with eigenvalue h' , [he n [he

T [lll], d' l' h • h 6)' h', 1tensor 15 lagona WH respect [O t e srares ( WU elgenva ue
_1_ (h' + h' - h').¡:- 1 2 ,
"3 [210]

It remains onIy to evaluare (he ME of [he ocret operator T . We
shall do ,his by means of ,he Wigner.Eckart ,heorem:

- - -1 [210] 1<h h h ,q.¡ r T , , , h h h
123121 Q¡Q2'1 123

(19)

where, on ,he righ, hand side wc ha ve : ,he reduced U(3) CGC (or isoscalar
factor). ,he ordinary SU(2) CGC and ,he reduced ME of ,he 'en sor T [210].

As we are now interc:sted in those ME non ..c/;agonal in U(3), we know10 char
,he 1R (h; ~ ~) in (19) can be 'any of ,he six 1R

(20)
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and as each ane oí these appears at mose once in the Clebsch-Gordan series,
,here is no need for multiplicity labels7 in (19). The reduced CGC of (19)
are oí a special type, tables oE which are available in the literature 10.11 •

In ,he Appendix we briefly explain how ,he 6 reduced ME of ,he oc'e'
[210J

tensor Tare evaluated, and we give now the resu1cs:

= - 2

X

[

(h+3)(h+l)(h -h'+I)(h'-h+l)(h -h'+2)(h -h')J'
1211121222

(h - h + 2) (h - h + 3)(h - h + 3)(h - h )12121323

(21a)

< h - 1, h + 1, h lIr [210n 11h h h >
1 2.3 123

= - 2

X

[
(h + 2)(.h + 2)(h - h')(h'.h ):(h - h' + l)(h - h' + 1)J'12 1 1 1 2 12 2 2

(h -h -I)(h -h)(h -h +l)(h -h +2)
12121323

(21b)

= - 2

1

[

h (h +3)(h -h'+3)(h -h'+2)(h'-h +I)(h'-h +2)J
31 11 12 2.3 1.3

(h1- h2 + 2)(h
1
- h, + 3)(h

l
- h, + 4)(h2 - h, + 2)

(21c)

11
[210J 11< h - 1, h ,h + 1 T h h h >

1 2.3 123

= + 2

X

[

(h + 2)(h + l)(h - h')(h - h' + l)(h'-h )(h'- h + l)J'
1.3 11122313----------~-~,-.....,,~------ ,

(hl - h2)(hl - h,)(h1 - h, + l)(h2 - h,)

(21d)

X

[

(h +2) h (h'-h )(h'-h +2)(h -h'+I)(h'-h +1)J'a-2 2 3 1 2 1.3 2 2 2.3

(h - h )(h - h + 3)(h - h + 2)(h - h + 3)
12132323

(21e)



290

1I
['lO] 1I< h h - 1, h + 1 T h h h >

1'2.3 123
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l:

[

(h + l)(h + 1) (h' - h + 1).(h ' - h + 1) (h - h ' )(h ' - h )J '~+2 2 .3 1 2 1.3 2 2 2 .3

(h - h + 2)(h - h + 1) (h - h - l)(h - h )
12132.) 23

(21f)

Combining (19) and (21) IOgerher with rhe rabies of rderenees lOor 11, we
obmin rhe ME of KV non-diagonal in (h h h ) .

J1. 1 2 3

4. REPRESENTATlON COEFFICIENTS OF VO) x V(3)

Thc representation coefficients (~C) oE [he group

SVO) :

can be expressed in tcrms of the familiar R C of SV(2): t(m' (a, /3, y); an
explicit expression oí chis lact has beco given by one oí [he prcsent
authors 12 in [he íoem

[h h J h h,
., I 2 .,? ,. [ "
l:I , , , (a ,"., y ) = _ _ (q,- q,+ 1)(q,' - q,' + 1)) (T- o- + 1)
qq. qq' 1 3 u;O-re:h
I 2 l' I 2 I 2

í)Y,(q, q,) /3
• , ,(a, , y )

, - .;z(q + q) cr"''''- h - h + ~(q .•.q) 1 I 1
1 12' 12 12

.%:' fí),(q,-q,)

O-+'í-h-h+~(q'+q/) ,'-
o I 2 1 2' 1

, , ,( a ,/3, ' Y,)'i( q + q) ,
1 ,

~(T-<7)
í) _, " , (a ,/3 ,a,)

q +q -h -h .•.1(u+-r), q +q -h -h + ~(a-+'T) 2 2
1212 1212

(22)
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The R e oC the group SU(3) x SU(3) would be simply a produc, oC two R e oC

SU(3) iC rhe basis s,ates oC ,he IR oC SU(3) x SU(3) were classified as in (2).
Now, of eourse, we are rather in[erested in [he Re of SU(3) xSU(3) when [he
basis sta[es of the 1R are classified as in (6). One wa)' to obmin [he laner
Re is lO transCorm Crom ,he basis in (6) lO tha, in (2)(with h' = O); the,
transformatíon braekets between these 2 bases are, as lS well known, are [heeGe

h' h' O h' O O h h, h, , 3 , 3, , ,
Oq, q, q3 q, q,

, ,, , ,
1 3 1

whose isosealar faetors were algebraicall)' de[ermined b)' ~1oshiosky9. Henee
,he R e oC SU(3) xSU(3) in a basis classified by ~(3) are

[h'h'][h'O]
!J" 3 (u. v) =

h1 h2 hJ ql q2 r1

,

(u)
, , , " I

q 1 q 2 r 1 ' q 1 q 2 r1

[h' h' ]!) 1 ,
L h' O O3

,
O, ,-" q, q3 q, q,q r q , -, -,

'1
, ,
3 ,

h' O h' O O
!J [h;O]

, 3
(v) , , ,

O, , , , ql q, q3q O r , q O,
3 3 3 3 , ,, ,

1 3

(23 )
where u, fJ stand for the 8 parame[ers of each SUD) group, respectivel)'.

A formula similar to (23) is valid for [he ME of rhe operaror
exp (ia K~) with respect to the Sta[es (6); in tha[ case [he produc[ of [wO
!J on the right hand side oC (23) is replaccd by

exp [ . , , , , , ')' ó ó ó ó Ót a (h + h - h - q - q + q J , -, 1-' , _ I 1-' _,

1 23 1 23 qq qq qq rr "
1122331133



292

REFERENCES

Chacón and Colón

1 . For,,; 2: E. U. Condon, G.l!. Shorrley. The Theory of Aromie Speerra.
Cambridge l'niversiry Press (967).
For n ; 3: ~1. Gell-~lann, Y. Neéman. The Eightfold lI'ay.
W.A. Benjamin lne. N. Y. (1964).

2. ~1. ~loshinsky, J. Marh. Phys. 4 (963) 1128"
3. J. Nagel, ~1. Moshinsky, J. Ma<h. Phys. 6 (1965) 682.
4. S.K. Bose, Phys. Rev. 150 (966) 1231.
5. A. Bineer, Phys. Rev. 155 (967) 1699.
6. G. E. Baird, L. C. Biedenharn, J. ~Iath. Phys. 4(963) 1449.
7. J.J. de Swan. Anicle reprinted in The Eightfold Way, reL 1.
8. 1.~1. Gelfand, ~I.L. Zerlin, Doklady Ak. Nauk 71 (950) 825.
9. ~1. ~loshinsky, Rev. Mod. Phys. 34 (1962) 813.
10. J.G. Kuriyan, D. Lurié, A.J. ~laeFarlane, J. ~lath. Phys. 6(965) 722.
11. K. T. Heeh<, Nuclear Phys. 62 (965) 1; l. Renero. Rev. Mes. Fís. 16

(967) 89.
12. E. Chacón, Rev. ~les. Fís. 17 (1968) 315.

RESUMEN

El grupo U(3) x U(3) recientemente ha adquirido gran importancia en
la física de las partículas elementales. Las represencaciones irreducibles
relevantes de este grupo están caracterizadas por cuatro números enteros no
negativos [h' h'J [h / b'J , y sus estados básicos con significado físico se

1 2 .3 4
clasifican por medio de una cadena de grupos U(3):! U(2):! UO). Es sabi-
do que este esquema de clasificación involucra un "problema de multiplici-
dad", pero cuando h '= O este problema no se presenta. En estc trabajo de-•terminamos los elementos de matriz de los generadores del grupo U(3) x UO)
con respecto a los escaJos básicos mencionados arriba, restringiéndonos a
representaciones irreducibles .con h' = O. También damos una breve discu .•sión de los coeficientes de representación de U(3) x LJ(3).
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APPENDIX

We shall describe in lhis appendix lhe melhod by which lhe leduced
~IE given in (14) and (21) wele delermined.

First, in the notation DE (9ab) we have.

293

¿,;'Ihhh;hhh>=
1123121

N(h h h ), , ,
N(h+l,hh), , , I h + 1, h, h . h + 1, h h + 1 > ,

1 ~'1 21

(A.l )

from here we deduce the .\1E

• < h + 1, h h ; h, + 1, h ,h + 1 16' I h h h ; h h h >
1 23 21 1123121

and lhrough ,he use of (13) we oblain lhe value of lhe reduced ME given 10

(14a). Nexl, we have from (9a, b):

,+
6 Ih, h,+l,h;h ,h +l,h > =

21/3121

=
N(h,h+l,h)l' ,
N(h h h )1 , ,

(h - h' + 1) I h h h ; h h h >
22 123121

lh'-h-l 3h-h' lzh'-h h-h' h
-h N(h ,h +l,h )(6.) 1 , (6.) 1 '(6. ), '(6.13), ,+16.12(6.123) ,"10>

3 1 Z 3 1 1 IZ 1Z 13 123 •

(A.2)

But from the explicit form oí the lowering operators9 we have

I h , h + 1, h - 1 ; h h h > =
12 3 121

1

Ih-h+2, ,
,

applying C~ on the state on the right hand side as given by (9a) and using
the idenrit)'

-The remark in [he foo[note of page 283 applies [O this'append,ix.
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" 13_,"+,1,123r::, r::, = u u u ,we
12 13 13 1 123

of (A.2) is equal [Q

Chacón and Colón

find chat the second [Crffi on (he right hand side

h,N(\, h2 + 1, h,)

/h
2

- h, + 2 N(\ ' h2 + 1, h, - 1)

h (h - h ' + 1) N(h ,h + 1, h )
.3 2 2 1 2 .3

(h - h + 2) N(h h b )
::.3 123

I h ,h + 1, h - 1; h h h >
12 .3 121

Ibbb;bbb> .
123123

(A.3)

From (A.2) and (A.3) we deduce the ME

< b ,b + 1, b ; b ,b + 1, b Ir::,'1 b b b ; b b b >
1231212123121

and again through eq. (13) we obtain the reduced ME given in (14b). Finally

we ha ve from (9a)

N(b b ,b + 1)
t 2 ,

N(b
l

b
2

b, )
(A.4)

(his permits us to calculate lhe ~tE

and through eq. (13) we obtain ,he reduced ME given in (14c).
[210 J

As tor (he reduced ~tE of rhe tensor T ,again theie evaluadon
depr:nds on rhe complete detcrmination of sorne particular ~IE con\'cniently
chusco. Feoro formulas (17) we have

[210 J
T =-
tU

1 [UIJ /6 ,__ T +_K
./2 111 2'

[IUJ
and ir was showll in rhe tcxt rhat lhe tensor l' is diagonal with re.

UI
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spect 10 the states (6) with eigenvalue _1_ (h' + h-' - h '). Furthermore,.¡-. , 2 3

3 3 3 3 + 3 [ 210J
K = e - 26 (6) ,so the determination of the ME of T is essentially

.3 .3 .3.3 111
3 3 +

equivalent to the calculation of rhe ME of 6 (6) ,and this latrer problem
3 3

can be easily solved using (he results of section 2. In chis way we can de-
termine explicidy (he ME

'1 [210J I<h +l,h -l,h;h ,h -l,h' T h h h
1 2 .3 1 2 1 111 1 2 3

I [21OJ I< h - 1, h + 1, h ; h - 1,h2, h, - 1 T h h h
1 2 .3 1 111 1 2 3

h - 1,h ,h - 1> ,
1 2 1

< h ,h + 1, h - 1; h h hiT [210 J I h h h ; h h h > ,
1 2 3 1 2 1 111 1 2 3 1 2 1

from which, through the use of eq. (19) we deduce successively the reduced
ME given in (21a, b, c, d, e, f).
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TABLE 1

Reduced Clebsch-Gordan Coefficients

<h h h ,q q ;l1)h +I,h"h"q/I,q/
12312 1 J

1

[

(q _ h + 2)(h - q + 2)(q - h, + 1)
1 3 1 2 1

= (h -h +I)(h -h +2)(q -q,+2)
1 2 1" 1

<hhh ,qq ;l1)h,+I,h"h"q"q,+I>=
12312

1

[

(q - h + I)(h - q )(h - q + 1)J
2" 2 2 1 1

(h1- h,+ 1) (h, - h,+ 2)( q, - q,)

[

h -q + I)(q -h +2)(h -q,) J1+ > 22 l'_-,'_~-
<h h h ,q q ;l1)h, ,h,+I,h,. q, 1, q, s - (h -h +I)(h -h +'I)(q -q +2)

12312 }2 2312

[

eh - q + I)(q - h )(q - h, + 1) J 1+1>- 1 2 1 2 2
<h h h ,q q ;l1)h"h,tl,h"q"q, - (q -q)(h -h+l)(h -h+l)

12312 121223

[

(q _h+I)(\-q,)(q,-h,) J1
<h h h ,q q ; 11) h" h"h,+ 1, q,+ 1, q,> = - (q'_ q'+2)(h _ h +2)(h -h +1)

12312 121323

f
(q -h+I)(h _q+l)(h,_q,)]1

+1>=- 1" 1 2
<h, h, h,' q, q,; 11) h, ,h"h,+ 1, q" q, (q,_ q,)(\ -h,+2)(h,-h,+I)

[

(h - q + 2)(h - q + 1) ] 1> _ 1 2 1 1
<h, h,h,' q,q,; lO) h, + I,h, ,h" q,q, - (\ _ h, + I)(h, - h, + 2)

[

(q - h ) (h - q + 1) ] 1> 122 2
<h h h ,qq ;IO)h"h,+I,h"q,q, = (h -h+I)(h -h+l)

12312 12 2 ,

-------

[

(q - h + 1) (q - h) J11" 2 ,
<h h h; q q ;IO)h"h"h,+I,q,q,> s (h -h +2)(h -h +1)

12312 1323




