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ABSTRACT: In this note we derive sum rules and ••ymmetry

alized Moshinsky transform3tion coefficients.

valid only for the ordinary .\foshinsk}' bracke[s

lNTRODUCTION

relations foc che ~ener-.

A numbec of re1ations

are also derived.

The harmonic-oscil1atoc transformation braekets1,2 have proved to be ex~
tremely useful io nuclear thcory3. Latelr, use has beco made of them, as well
as of their generalization introduccd by Gal4 , to coostruct transhuionally invafi-
an[ states of three and four particless•6•7•8 and to ci.llculate bioding energies8
and electric form factors6•9 of the lriton and the a-particle. In the course of
these investigations we have found sorne symmetry properties of the generalized
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~Ioshinskr brackc(s aod suro rules for the usual transformation brackets which can
be proved in a simple manncr,and, up [O OUt knowledge. haveDOt beco reponed be-

fore.
The generalized ~loshinsk)' brackets.,

< 11 Ia a , "b'b' ",1'1/ ,1J / , A>
1 1 2 2 /3

_ < ah 112 >
/3

(1)

which arise when one considers particlcs oí differcnt masses, are used to
express the n,,;o-panic1e harmonic.oscillawf states, when givcn in rerros oí the
coordinares xl' )(2 I in lerros oí similar states in the coordinates xa and xb' re-
lated to the previous vector s by a rotacion through an angle 1/3 in the following

form

C:) (

COS ~f3

. 'f3sin "2

(2 )

In (1) the paies nala are lhe single.panide harmonic"oscillator quantum
numbers and A is the total orbital angular momentum. The usual Moshinsky
brackets, providin~ the [ransforma[ion coefficients from center-of-well [O cen[er-
of-mass and rela[ive coordinares, correspond [O [he special value f3 = 17T(equal
mass ost:.:illawcs); we use foc dH'm [he same noration as in O), bU[ suppressing
[he index f3. The following closed express ion has been obcained4 for the brackcts
(1) in terms of those corresDonding tO f3 = 177, which have beeo [abulated?

where

These coefficients have [he following properties. First, as elemen[s of a
unieary transformation, thej' fulfill the following onhogonalitj' relation.
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}; <abllZ >
ab {3

where

S .•. E••

•
< ah 11 ' 2' >

{3
= S, S ,

1 1 2 2 (4)
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11which can also be derived from their explicit form (3). Second, it can be proved
that the generalized coefficients are real, so that (4) can be wriuen in the follow.
ing way

Similarly, one gets

~ < ab 11z > < ab 1I • Z. >
ab {3 {3

~<abl12> <a'b'liz>
12 {3 {3

S, S ,
1 1 2 2 (Sa)

(Sb)

From the express ion (3) we have derived in a direct way the following
syrnrnetry relations which turo out to be a generalization of the corresponding
relations va lid for the Moshinsky brackcts 10

<abIIZ>
{3

/ - ,.
= (-1) b <abIZI>

~-{3 (6a)

/ - ,.
=(-1)1 <baIIZ>

~-{3

I + /
= (- 1) 1 a < ba IZI >{3

/ + /
= (- 1) 2 b <¡ zl ab >{3

(6b)

(6e)

(6d)

(6e;
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Notice [hat in (6d) [he values hut noc [he physical meaning of [he bra and ket
quantum numbcrs have beco interchanged and chat in both (6e) and (6d) [he angle

f3 remaios [he same.
The symmetry relatioos (6) can be proved straightforwardly using [he previ-

ousl)' derived relatioos 10 ioc (he special case f3 = 171 and (he "cocegy condition"

for [he brackets, which implies thar

g + g = g + gb = g + gd •
1 2 a e

(7)

One can no\\' obtain from [he orthonormality and symmctry relatioos alarge
number oí suro rules, sorne oí them valid for /3 arbitrary, others valid ooly foc [he

special case f3 = ~ 17 •

Using Eqs. (3) and (5) one can provc direedy chat

¿ <1¡'In'> <22'133'> ... <kk'lll'>
", /31 /32 /3k

11 22 •• kk

= :£
12
co. [1(g -g)(/3 +/3 + ... +/3k)]

1 2 I 2
(8)

where [he quantum numbers 1,1' , 2,2' l" •• k I vary over aH the combinations
compatible \\'ith (7) and the angular-momenturn triangular conditions. The case

k = 1 is of sorne interest:

liiJ(gog)
= ¿ t' 1 2

12

(9)
Further sum rules may be derived from Eq. (3). For f3 = \; 1T one obtains

a surn rule for the ~toshinsky brackets \\'hich may be written as

liiJ(g og )

:s < 12156 > <34156 > , • 6
56

or, equivalently,

( ¡O)
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~ <12156><34156> COs['!.7T(g -g)] =
56 5 6

n+n+!(l-l)
2" .• 2= (-1) if I + I is even, (11 )

2 ••
~ < 12156 ><34156 > sin [%7T(g5-g6)]
56

n .•.n +, (l -1 .•. 1)
2.. .• 2

if +1= (-1) I is odd. (12)
2 •

J07

Another sum rule is obtained frorn (3) by noting that if I + I is e"en, the
2 •

imaginary pan oí the sum must be zero, while if I + I is odd, the real pan is
.2'

zero; this is so because the generalized transformation brackets are easilr shown
to be real. 11 Hence

~ sin
56

[J¡ 13 (g - g )] <12156> < 34156 >5 6 o I + I
2 • e"en, (13)

:£ cos [J¡13 (g - g )] < 12156 > <34156 > = O
S6 5 6

I + I odd.
2 •

(14)

These two relations rnay be differentiated with respecl ro f3, say p times.
Puuing

13= [

one obtains the result

if

if

1+1 + P
2 •

1+I+p
2 •

is e"en

is odd

(I 5)

Using (5a) and (6) wc can now derive sorne other sum rules valid only for
che special case f3 = 1ir:
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2 < ab 112 > < ab 11' 2 ' >
ah

la even

1+1 +A ]
1 [5, 5, + (_ 1) 1 2 5, S ,
2 ),;122 1221

anci

2 <abl12 ><abll'2' >
ah

la odd

[

I+I+A ]
=.!- 5,5, _ (-1) 1 2 S, S, o

2 1122 1221

(16)

( 17)

The way they are proved is the following: one splits the sum over la in
(5a) into two parts, one containing the even and the other the odd values of la •
A similar express ion is obtained using (5a) again but now interchanging 12' l'

, , f3' 1 1with 12 1 • Qne then uses the symmetry relation (6a) for = 177 and adds and
2 2

sub[rac[s [hese [Wo expressions afeer multiplying [he second one by a con-
venien[ phase factor.

The sum rules (16) and (17) are impor[ant in checking the normalization
of [he translationally .•.invariant [hrec'and four-body harmonic-oscillator s[ates
mentioned aboye.
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RESUMEN

30;:

En esta nota se obtienen reglas de suma y relaciones de simetría para los
paréntesis de transformación de Moshinsky generalizados. También se obcienen
algunas relaciones válidas sólo para los parémesis de transformación de Moshins.
ky ordinarios.




