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ABSTRACT: We give the explicit expression for the uansfonnation brackets

between four-particle translationally invariant states in sym-
metric ~n.-i }acobi relative coordinates.

1 . lNTRODUCT'ON

Translationally-invariant four-nuc1eon states with definite angularmo-
mentum and arbitrary syrnmctry in configurationspace were derived by using
~eneral projection techniques 1. They are given as linear combinations of
harmonic-oscillator statcs of the type

11 A
[[ (y I n I >< Y I ni>] < y I ni>]
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where the pairs of brackets [ ,] stand for angular momentum coupling.
It was proved to be convenient far che projection operations lO define

che relative normalized coordinares

Y, =!-(x-x-x+x)2 1 2 3 .•

Y2 =l(x-x-x+x) (2)2" 2 1 3 .•

Y3 = 1 (x- x - x + x )"2 3 1 2 .•

since they carry the fundamental representation of S(3) 1 and D(2)2 is diago-
nal in chis basis.

The use of this system of coordinates is indicated by the round ket
in left-hand side of (1).

Once che states are available chey can be used, togecher with their
corresponding spin-isospin pare, far a systematic analysis oí four-nucleon
sysrems.

00 che orher hand, for [he calculations DE both che matrix elements oí
che Hamihonianand oE form factoes it is much more convenient3 to use [he
relative J acobi coordinates defi~ed by

x = /T(x - x )a V2 1 2

x = [1" (x + x + x - 3x )
e '\J12 1 2 3 .•

Thus we construc[ che states



(where rhe angular ker in rhe lefr-hand side of (4) indicares rhe use of ]acobi
coordinates) , and look for an explicity expression for the coefficients

connecríng rhe srares (l) and (4) rhrough rhe definiríon

(6)
The sum is extended over aH che quantum numbers in che angular ker

wirh exceprion of A and f.J. which are fixed.

2. PRELIMINARY REMARKS AND PROPERTIES

Lec us introduce che center-of-mass coordinare

xd = Y. = ~(x + x + x + x )
2 1 2 3 ~

and natice char

11.=/ +/ +/ +/ =1 +lb+1 +IJ
12340 ca

(7)

(8)

where', = Y¡ x Pyi I i = 1.2,3.4 and 'a.= xax Po.' a = Q,b, c,dtt = 1).
This indicares [har A. is che same in both che bra and ket pares of che
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coefficient (5). The telation (8) also indicates that the transformation
brackets (5) is independent oí che angular-momentum projection }J- since we
can obtain in both sides of (6) states with JL increased by unit by means of
the corresponding raising operator. This justifies the absence of JL in (5).

The relative coordinates (2) and (3) are related by the orthogonal
transformarían

y=Mx (9)

where y and x are supervectors whose components are (Y
1
, Y2' Y3) and

(xa' xb' xc), respectively, and Mis given by

{}
~ -Jf

M -$ Jf -K - M,M2M,

O -Jf -$
~~

O 1 O O 1 O O

= -~ .JI O O {f~ O 1 O

b O 1 O -~~ O O - 1

(lO)
This decomposition of M will be useful lacee. The sums in (6) are re-
s tricted by the energy condltion

2n + I + 2nb + lb + 2n + I = 2n + I + 2n2 + I + 2nJ + IJaa ce 11 2

(11)
which follows from che invariance oí che harmonic'"Oscillator Hamiltonian
undee che orthogonal transformarían (9). Notice char spurious states are
eliminated by putting Zero excitadon 00 che cenrer-of-mass coordinare (7);.



i. e., n.• = i .• = nd = id = O. On (be omer baod (be values of A' are restricred
by (he uiangular condi(ion

(12)

The transformation brackets vanisbes whenever (11) or (12) is not
satisfied.

3. THE EXPLICITY EXPRESSION FOR TIIE TRANSFOIl'dATlOS
BRACKETS

No••. we are ready to obtain the explicity express ion for rhe caeJ ..
ficients (5). AH ••.e have ro do is ro analyse the e((ecton(l)of each matrix
factor in me decomposition (lO) of M and men to compare the resulting ex-
pression wid! .he definidon (6). The effeCI oC ,11on (1) is, b)" convenlion,
me same as me effect of .'1". on tbe coordinares. So we start with .\t •• This
transformarion induces a rotaríon by 11/4 in rhe plane (y. - Y2) and rhen we
obrain a linear combinarion in rerms of ~oshinsk\,.bra<:-k:e[s'" s. i. e .•

L I"ala' "1(11.); ",1" Aj1. ><"ala ' "1, 11.1",1, ' ",1, , A> .
n J

"a la

( 13)
The transformarion .'1

2
induces a rotarion in rhe plane defined by rhe

De". second and old rhird coordinates by 3n angle such rhar

cos 1{3 =.Jf, . '{3 - /T
Sin 1 =" '3 (14)

To ger rhe effect of M is men con\"enienr lO do sorne Racah algebra
, 6

lO recouple rhe srares in (13) as follows
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= ¡ I ni; ni , n, 1, (A") , AJ.L> XA" a a

,
[(2A+ lX2A" + I)J' W(lal Al,; AA") OS)

Now ,he effec, of M
2
is clear and given by

L: Ina la ; nb lb ' ne le (A"), AJ.L>< nb l¡, , ne le ' A" I ni , n, 1, ' A" ~
nb lb
n le e

(16)
where f3 is defined by (14) and ,he coefficients in ,he expansion are gener-
alized Moshinsky brackets 7 which can be pue in rerms Di che usual and tabu.
la red 5 Moshinsky brackets.

Finally ,he effec, of M, is simply to introduce ,he phase factor (-fe.
Ftom ,he relations (13), (1S) and (16) (where we have partially relax-

ed [he conventioo previously adopted ior angular and round kets, in order to
avoid cumbersome notarioo) we obtain [he resulc

I na la; nb lb ' ne le (A"), A/L> W(l I Al ; AA") < nb lb n I A" I ni n lA" > x
a 3 'ce' '33,1\

/3
< na la ' ni, A I ni, n lA>

1 1 2 2

,
[(2A+ 1)(2A' + I)J' W(laIAl,; AA")W(laib Ale'; A'A) x
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where [he last expression follows {roin an angular~momentum recoupling.
Comparing (17) and ,he defini,ion (6) we get the following final ex-

pression foc (he transformation brackets

1 1
(-)C [(2A+ 1)(2A' + 1)]' :£ (2A" + 1) W(I IbAI ; A'N') x

nlA'1 a e

(lB)
In (his expression [he suro over A/I is restricted in the usual way \\nile

n and 1 assume values such [har

and

2n + I = 2n + I + 2n + I - 2n - I
1 1 2 2 a a (9)

(20)

where [he condition (9) £0110w5 from che energy condidon implicit in [he
~loshinsky brackets', 5 and (20) from the rule for addition of angular momenta.

Do [he orher hand we could have wriuen (6) undee (he form

( 21)

where we have now a diHerent order in the coupling of [he [hree angular
momenta.

le is a manee of playing a liule with Racah algebra to see thar (he
oew coefficients defined in (21) are linear combinaríon of (l8). In gac[ we
have
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1

_~ [(2A + 1)(2A' + 1)(2A + 1)(2A' + 1)]' W(ia/b A/c; A' A') x
A A'

Aguilera-Navarro

We can obtain an explicity íoem foc (hese coefficienrs by means oí (he
orrhogonality relarion for rhe Raeah eoeffieients. We inserr (18)in'o(22)and
sum over X' and (hen over /\" .. In (he resulting expression we replace X by
1\.11 obtaining

/ 1
(-) e [(2A + 1)(2A' + 1))' L (2A" + 1) W(i / A/ ; A"A) x

. n/Al! 1 2 3

(23)
Ir is easy 10 see flOm (22) ,ha, ,he eoefficien's (18) and (23) coin-

cide in [he important particular case A = O. "They are given by

( 24)
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where rhe absence of the semi~colon indicates that 'A.= O and the order of
coupling rhe angular momenra is irrelevant.

4. APPLlCATION

As a simple application we shall discuss briefIy the determinadon of
the ground state of the alpha particle for a given Hamiltonian and a fixed
number of quanta N in the approximation.

We shall take f.... = O and completely symmetric states in configuration
space. The wave functÍon will be given by3

where the sum is extended over a11 n. , l. (i :::;;1,2,3) which satisfy the con-. ,
dition

2n + I + 2n + I + 2n + I ~ N .
1 1 2 2 3 3

The index S in (25) srands for symmetcizarion and che coefficienrs a
can be determined, for insrance, by diagonalization of che Hamilronian which,
foc simplicity, will be assumed ro be given in che form

Ji = Ji + ¡ v.. (27)
o i;"

where U is an osci11aror term and v.. depends ooly 00 1 x. _ X .12 •
o '1 I • 1As U is diagonal in che represencacion ni, n 1

2
, n

3
1
3
) we areo t 1 2

lefc with che calculacion of

" " '1'1 ~ I I I I )s(nl/l ' n2/2 ' n3 3 kV;; nt t' n2 2' n3 3 S

which is equal ro
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as che scates 1 ni, nI, ni) are symmetric.
1122335

Then we have to calculare in general 36 matrix elements oí che type
(notice the absence of ,he index S)

1~i,i,k~3

1 ~ p, q. s:~ 3

(28)
where

Now ,aking ,he «ansfo,ma<Íon bcacke,s (24) 'o exp,ess ,he
cerms oí s(ates in che J acobi coordinares (3) it is easy to see char

(29)

states in

whe,e use Olas made of che orchogonality prope,'Y of che gene,alized Moshinsky
brackets 7.

We see chen char che matrix elements are given in cerms oí Moshinsky
brackets and a reduced matrix element thar can be expressed in cerms oí
Talmi in,eg,als8•

ACKNOWLEDGEMENTS

The au,ho, is ve,y g,a,eful 'o Pro£. Moshinsky fo, sugges<Íng ,he
problem and for closely following ,he wo,k. This paper Olas ini,ia,ed a'
che Instituto de Física, Universidad de México. Thanks are a150 due ro
chis in stÍtution for hospitality.



Fo"r~n"clron problr"u

REFERENCES

41

i. V.e. Aguilera-Navarro, M. Moshinsky and P. Kramer, Ann. Phys. (N. Y.)
54 (1969) 379.

2. 0(2) is an invarian' sub-group of 5(4) defined by rhe permu,ations e,
(12)(34), (3)(24), (14) (23). It is importanr here beeause i, aUows us
'o deeompose 5(4) as a semi-diree, produe, of D(2) and 5(3).

3. V. e. Aguilera-Navarro, M. Moshinsky and W.W. Yeh, Ann. Phys. (N. Y.)

51 (1969) 312.
4. M. Moshinsky, Nuel. Phys. 13 (1959) 104.
5. T.A. Brody and M. Moshinsky, "Tables oí Transformation Brackets",

Gordon & Breaeh, New York, 1967.
6. D. M. Brink and G. R. Satchler, "Angular Momentum", Clarendon Press,

Oxford, 1968, Chapo 3.
7. A. Gal, Ann. Phys. (N. Y.), 49 (1968) 34i.
8 . .\1. Moshinsky, uThe Harmonic Oscillator in Modern Physics: From

Atoms 'o Quarks', Gordon & Breaeh, New York, 1969.

RESUMEN

Damos la expresión explícita para los paréntesis de transformación
entre estados translacionalmente invariantes en coordenadas relativas simé~
rrieas y las de J aeobi.




