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ABSTRACT:

The nodal expansion for the free-energy of a classical Coulomb
gas, introduced by Abe, Friedman and Meeron, is used to pro-
duce results which are hopefully meaningful for intermediate
values of the plasma parameter. The results showno dii&ences
and the calculation of the free energy is reducedto aq-ﬁs;adrature
The connection of this result to the nodal expansion of the

pair distribution function is shown explicitly.
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INTRODUCTION

On this paper we consider a classical system of charged point parti-
cles in equilibrium, embedded in a fixed uniform background of the opposite
charge. According to the basic work of Abe?, Friedman® and Meeron*, the
Helmholtz free energy of the system may be expanded in a series

B(F-E) = -N [s; + s S, (M)]; (1)

fing .,

where the functions Sf. depend on the plasma parameter
A = Be?/N, (2)

1
and Ap, = (47 Be? p) 4 is the Debye-Huckel screening length. S, (A) was
calc:ulated2 -4 as the first correction to the classical Debye-—Huckel result,
represented in Eq. (1) by S, . The leading terms of S, in a low-coupling
expansion, i.e. A << 1, are presented in another paper’ where the temms of §,
and §g are calculated analytically by means ot a simple approximation. That
apprommauon amounts to the substitution of the Debye screened potential

=-pU(x==-2e% (3)

k!>

where x = /A, by a hard-sphere potential in the function
W, = exp [-Bu,) -1

As the function §; can be written in terms of W, and w, only, the approximation
for W allows the calculation of the terms in a comphcatedbut straightforward
manner. Furthermore, it is shown there that starting with §_, there are terms
that diverge if one attempts an expansion in powers of A. In this paper we
will show how the divergences can be removed by a partial summation in-
volving terms from all §,; this is done in section]. In section II we will
establish the connection between such a summation and similar devices used
in the expansion of the correlation function in the theory of dense fluids.
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I. NODAL=-RING SUMMATION

We now describe how to add up certain classes of free-energy diagrams
to produce a result that is the nawral extension of the Debye-Huckel Sr'mg
term. The details are fully developed in the original articles ot Abe, Friedman
and Meeron 2%, here we just give a short description of their results. Never-
theless, in those references the nodal-ring summation is not carried out ex-
plicitly, which is one of the purposes of this work. All the diagrams corres-
ponding to the terms in the free-energy expansion canbe expreesed by means

of the Debye w, bond, eq. (3), and the bond

W, =exp [-BU,]-1+8U,; (4)
We will call w a “chain”, and W_ a “bubble”.

Thus, we can look, among all the terms of eq. (1), for all those
diagrams ‘hat are formed by any number of w, and L bonds arranged in a
ring. The vertices of such a ring have to be nodes, i.e., a vertix cannot be
joined to others by just two w, bonds, see Fig. (1). We will call those
diagrams “nodal rings”. If a given nodal ring is identified by the numbers
c of Debye bonds and b of W, bonds, its contribution to the free energy is

d3x. d’x.

1 L ? Ll
S = - w(x)w (x =-x).
he f!Af"f 477 477 gLy, g = 3y
wl(_w\rC - xc.l) Wz(xb =l Yoisie Wz(xj_l);

(5)
Introducing in eq. (5) the Fourier transforms @ and W of wl(x) and
W2 (X), the convolution theorem allows to write simply

{ o ~o b
Br, o= =1 [ D4k [NGw)" [NW] 6
’ ' (2m)

where the number of nodes is j=bt+c; Q = V/)\g) and N is the number of
particles in the system.

Now we must find the multiplicity of a diagram, i.e., the number of
different diagrams that have b W, ’'s and c w's. The multiplicity of a nodal
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ring is the number of ways j nodes can be arranged in the ring, 1,2(j = 1)!,
tin s the number of ways ¢ chains can be put in between & W s, so that no
ciains are consecutive. To obtain the latter we realize that the first bubble
may be on any of j places, then the first chain has b =1 places to fit, the
second has 5 -2, and so on. But the final result must be independent of the
order in which the chains and bubbles are arranged. Thus the multiplicityis

FG=1Db-1)
2(b=0c)! ¢!

Now we can add up the contributions from all nodal rings. We get,
from Eq. (6),

b
BE ==L 2% 5 (-1 yuf vy, (7
1 (2_”)3 b,c (b=c)l ¢!

We still have to choose properly the limits of the double summation
in Eq. (7). For &> 3 the allowed values of ¢ range from 0 to &;butif b = 2
then ¢ can only be 1 and 2, corresponding to the diagrams in Fig. (1b). Using
these limits, the summation in Eq. (7) can be performed with respect to c to

give

BF ==L [ 24% [NGW) + L vy (W +
27 (2m) .
5 B b
+ 3 Linw) a+Nw) ). (8)
b=13b

To get the free energy to this approximation, we have to include the

ring term, and Abe’s s, result, 2

L[ 2%k (NG k) - log (1- BA)]
2 (2m)

ﬁFting -

where Nﬁ’zr(k) =1 is the Fourier transfoim of the Coulomb potential. Therefore
kZ
the nodal-ring approximation to the excess free energy is
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BE=-F)==-L1] R‘fs_ﬁ [NGi=NW + NW, (k) 5(k) +
2 (2m)

~ ~ ~ 2 ~ o
+NwNw—_;_(NW)-1og(1+ NB7-NW)] . 9)

The problem of calculating the free energy of the Coulomb gas has
been reduced, in our approximation, to a quadrature by Eq. (9). We will turn
our attention to the relation between this result for the free energy and the
expansion of the pair distribution function for the same system.

[II. CONNECTION WITH THE NODAL EXPANSION FOR THE PAIR
DISTRIBUTION FUNCTION.

The basic equation relating the excess free energy of the Coulomb
system to the radial distribution function arises in the Debye charging process.
We may write

B(F-F,)= ;_prl %jd%ﬁuamgam (10)
0

Eq. (10) gives the free energy in terms of the radial distribution, and should
also hold term by term if one expands both F and g (r). The charging parame-
ter is such that

Nevertheless, it is simpler if from the free energy we obtain the internal
energy

BE = lim a ‘T"’&(ﬁFa) (11)

Q= A

and write the intemal energy in terms of the radial distribution
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3
B(E-E)=LN?[ Rk
(27)

Bu (k) F (k) . (15)

Therefore, using Eq. (11) on the nodal-ring result, Eq. (9), we can
obtain the internal energy. Comparison with Eq. (12) will give the equiva-
lent result for g(r). To be able to do so we must find the effect of the differ-
entiation with respect to the charging factor, which is acwally multiplying
the Coulomb potential in all places where the latter appears implicitly in Eq.

() oo

a

2
|+o———o+mrmo+[]+mnmww:‘o®

c

Fig. 1. (a)

General form of a term in the nodal-ring summation. The double line
represents the W, =bond and the wavy line the Debye bond.

(b) Special cases in the nodal ring summation.

(c) Representation of the right hand side of Ea. (20). The single solid
line is a Wl-bond, the curly line is the first nodal chain bl.

Diagrammatically, the differentiation with respect to a corresponds to

Thus, broadly

speaking, a free-energy “ring” diagram corresponds to radial-distribution

“chain” graphs. More precisely, we write Eq. (9) in terms of W, and of

B(x)=~Npfu(x)+ NW, (%) . (13)
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We obtain

3 ~ ~ ~ ~
BE=-F)==-L[ 24k [§ @) sk -log(1-B)-B k) -LNW,) ],
’ 2 (277r)3 2 !

where we have made use of the neutrality condition to cancel one term of the
integrand proportional to #(k) 8(k). From Eq. (11)

3 ~ ~ e, - -
Be-E)=-L [ 8dF {5(k) dB 4 B . 4B _\y inl}
2

~ 1
(277)3 da B da da
(14)
It is easy to see that
aw dw
2=y _t (15)
da ! da
and that, in momentum space,
dw = P
ot = By (1F N ) (16)
da :

From Egs. (15) and (16)

dw ¥ N N
= [ QTR g+ N (SR W R AN](17)
da (27)

and

ﬁ:j stk“(-ﬁ?) [S(k+k")+(1+ N%) W (k+&")]  (18)
da (27.’.)3

Substitution of Egs. (17) and (18) into (14), and comparing with Eq. (12) we
find
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ki . stk" " W " L M
gk)=[ [Ok+k")+ W (k+k")][Sk")+ MkE")]
(277)

3 o ~
T SR k+ k) M) (19)
(277)

where we have defined

~ ~ ~ .y 2
NM (k)= B(k)-NW (k) + B &Y
1-B (k)

T'(k) =-2N, (k) +(N%1)2 :

We may now compare the result for g, Eq. (19), with those obtained by the
direct expansion using the Mayer-Montroll theorem? for the radial distribution.
There it is shown that the sum of the Debye result for the potential of aver-
age force, bo , and the first nodal chain, is®

From this equation and the definition of B (x), Eq. (13),
M(x) = bl(x) !

Therefore we may write Eq. (19) in configuration space as

3
g0 = e (+h)+ [ 5 1 (e )W, (DD (20)
Q

Fig. (1c) shows the diagram form of Eq. (20). Nevertheless, in regard to
previous results®, one should notice that Fig. (2), represents an approximation
to g (x) but not to the potential of average force.

We have been able to obtain a divergence-free result for the free
energy, Eq. (9), and shown its relation to similar expansions for the radial
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exp (ON\NDO)Q | + OO +i|-lm +3L!.% s

= |+ o0—o0 + Oowwwo + ®+%$+

=
Fig. 2. Diagrammatic representation of the g(r) when the potential of

average force is calculated up to the first nodal chain. The

terms are to be compared with those of Fig. (1c) showing the

first nodal ring result.
distribution. Egs. (9) and (20) are equivalent to each other. This fact throws
light into the summation procedure to obtain the nodal-ring expression, For,
the nodal-chain approximation is just one stage in solving the hipernetted-
chain equation for the system’, and as the nodal chain has been shown® to
give a meaningful approximation in the region A <7, one can expect the same
order of accuracy from the nodal ring result for the free energy. Furthermore,
this connection is useful if one thinks of improving the approximation: one
only needs to build up nodal rings of greater complexity, in the same manner
as the HNC equation is obtained.
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RESUMEN

A partir del desarrollo de Abe, Friedman y Meeron para la energia li-
bre de un gas clasico de Coulomb, se obtienen resultados que deben ser sig-
nificativos en la region donde el parametro del plasma toma valores del orden
de la unidad. El problema se simplifica hasta una cuadratura y no aparecen
divergencias. Se muestra explicitamente la equivalencia entre el método usa-
do y resultados similares que se han obtenido para la distribucion binaria en

equilibrio.



