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ABSTRACT: The nodal expansion foc che free-energy oí a classical Coulomb
gas, introduced by !.be, Friedman and Meeeon, is used ro pro-
duce results which are hopefully meaningful foc i~termediate
values oE che plasma parameter. lhe results showno div~ences
and che calculation oE che free energy is recluced ro a q~:;;drature

The connection oC chis result ro che nodal expan ..:-ion oC che
paie disuibucion function is shC'wn explicitly .
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INTRODUCTION

DeWitt and del Río

00 mis papee we consider a classical system ol charged poine pard.
eles in equilibrium, emhedded in a fixed uniform background ol che opposite
charge. According [O (he basic work ol Abe2, Friedman" and Meeron-4, (he
Helmholtz free energy ol (he sysrem may be expanded in a series

~
- N [Sring + ,L S,' (¡\)] ;

, = 2
(1)

""hefe the funccions S. depend 00 (he plasma parameter,
A = f3e2/Av (2)

\ 4 f3 2 )0 '!,
and /\'v = (7T • P is <he Debye-Hückel screening l'englh. S2(¡\) was
ealculated2 •• as che firsr correerían to [he classical Debye-Hückel result,
rep,esented in Eq. (1) by S. . The leading 'e'ms 01 S in a low-coupling

rll1Ji: 3
expansion, i. e. A« 1, are presented in anomee papee 1 , where che tenns 01 54
and Ss are ca1culared analycically by means ot a SImple approximation. That
approximation amounts to che substitution of che Debye screened potencial

W¡ _ - f3U.(x) =- A -x_e
x

(3)

where x = ,/AV' by a ha,d-sphere pOlenrial tn ,he function

W = exp [- f3u ] - 1
I •

As che function S. can be writtcn in cerros of W and W only, che approximation, ¡ ¡
lor W allows lhe calcularion 01 lhe 'e,ms in a complicaledbu' srraightforwa,d

¡
manner. Furthermore, it is shown there mat starting with 52' there are tennS
(har diverge ii Qne attempts an expansion in powers ol A. In chis papee we
wiU show how che divergences can be removed by a partíal summation in~
volving (erms from a11 S.; chis is done in section l. In section 11 we will
establish dIe connectio~ between such a surnmadon and similar devices used
in [he expansion 01 me correladon function in (he meoey oE dense fluids.
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We no\\' describe ho\\' to add up cenain c1asses of free-energy diagrams
[o produce a result that is the natural extension of the Debye-H üekel S."n~
tenIl. The details are fuIly developcd in the original artides 01 Abe, Friedman
and ~1eeron2.", here we just gi,'e a short deseription of their results. Never.
theless, in those rcferences the nodal- ring summation is not cacried out ex.
plicitly, which is one of me purposes of this work. AH me diagrams corres.
ponding to the tenns in the free-energy expansion can be expreesed by means
01 ,he Debye w 1 bond, eq. (3), and lhe bond

exp [- j3U.] - I + j3U. ( 4)

\\'e will call w a "chain", and W a ububble".
1 2

Thus, we can look, among aIl the tenns of cq. (1), foc all those
diagrams .hat are fonned by Oln)'number of w and W bonds arranged in a

1 2
nng. The verdces of such a ring havc to be nodes, i. e .• a vertix cannot be
joined to others by just two UJ bonds, see Fig. (1). We will caIl those

1
diagrams -nodal rings". If a givcn nodal ring is identified by the numbers
e of Debye bonds and b of W bond s, its contribucion to the free energy is

2

Sb =, e
1 d 3 Xi--J_ ...

., /\;-1 417J.

~
Introducing in eq. (5) the Fourier transforms íll and W of

W
2

(X), the convoludon theorem allows to writc simply

(5)
w (X) and
1

j3F =b,c
_~ J íld 3k

., 3
J. (277)

'"\.o e "" b[N w(k)] [NW] (6)

where the number of nodes is j;:; b + e; Q;:; V /"-1 and N is the number of
particles in me system.

Now we must find the multiplicity of a diagram, i. e., the number of
different diagrams that have b W 's and e w' s. The multiplicity of a nodal

2 1
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riog is (he number of way s j nodes can be arranged in (he rioS, 1/2 (j _ l)! ,
tw''''s che numher of ways e chains can be pUl in between b W

2
' 5, so that no

c:.aios are consecutive. To obtain (he lartee wc realize that [he firs[ bubble
may be 00 any of i place s, [hen (he firsr chain has b -1 places to (it, [he
second has h -2, and so on. But [he final result must he independent of [he
order in which the chains and hubbles are arranged. Thus [he multiplicity is

j(j-¡)!(b-¡)!

2(b- e)! e!

Now we can add up [he contributions froro a1l nodal Clngs. \\'{' ger,
from Eq. (6),

Qd'k,
(m)

~ (b-¡)!
b,e(b-e)!e!

"ve --vb
(Nw) (,'0111') ( 7)

We still have to choose propedy [he limits of [he double surnmation
in Eq. (7). For b > 3 lhe allowed "alues of e range from O 10 b; but if b = 2
then e can only be I and 2, eorresponding lo lhe diagrams in Fig. (lh). Using
these limi [S, [he summation in Eq. (7) can he performed with respeet to e to
give

{3F
1

l .•.•b "",b+ ~ _(1'111') (I +Nw)]
b = ,b

(8)

To get the free energy to this approximation, we have 10 in elude [he
ring tenn, and Abe's 52 result,2

{3Fring
Qd'k--,
(277 )

[N{3;;-(k)-log (1- B{3;;-)]

where N¡r;¡ (k) = _1_is the Fourier transfoim oí the Coulomb potential. Therefore
k2

che nodal- ring approximation to che excess free energy is
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j3(1'_ 1')= -.!.J Qd
3
k [N/3~-NW + NW3(k) ó(k)+

o 2 3
(217 )

•..••.. •..••.. 1 •..••..2 •..••.. •..••..
+NwNW-_(NW) -log(I+N/3u-NW)]

2
(9)

The problem of ca1culating the free energy of the Coulomb gas has
been reduced. in our approximation, ro a quadraturc by Eq. (9). We will turo
our anention ro the relation between this result for the free encrgy and the
expansion of the pair disuibution function for [he same system.

III. CONNECTION WITH THE NODAL EXPANSION FOR TIIE PAIR

DISTRIBUTION FUNCTION.

The basic equation relating [he excess frec energy of the Coulomb
system to the radial distribution function arises in the Debye charging process.

We may write

/3(1'- 1')= ~NP{ da J d3r/3u (r) g (r)
o 2 o a a. a

( 10)

Eq. (10) gives the free cnergy in rerms of the radial disrribution, and should
also hold,erm by term if one expands both l' and g(r). The charging parame-

rer is such [har

2= a(Z.)
r

Nevertheless, ir is simpler if from rhe free cnergy we obrain the internal

energy

/3E = lim a.!.... (/31' )
a - 1 da a

and writc the intemal encrgy in cerros of the radial dis[ribution

(11)
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(lS)

Therefore, using Eq. (11) on che nodal-ring rcsult, Eq. (9), we can
obtain (he intcrnal energy. Comparison with Eq. (12) will give che equiva-
Ienr re5uft foc g(r). To b(" able ro do so we must find che eHect ofthe differ-
("ociatioo with respect to [he char~ing factor, which is acrually multiplying
(he Coulomb potential in aH places where che lance appears implicitly in Eq.
(9).

a b

2-

I + o-o + 0" ••_0 + [1 + C7WIMILOJ Cll> ~

e

Fig. I. (a)

(b)

(el

General fonn of a term in the nodal-eing summalion. The doubk fine
represenls the W -bond and the wavy line che Debye bond.,
Special cases in [he nodal ring surnmalion.
Representation of [he ri.'l:ht hand si de of EQ. (70). The single salid
¡ioe is a Wtbond, (he curly lioe is [he firSl llodal chalO h,'

Diagrammarically, rhe differenriarion wirh respccr ro a corresponds ro
cutting off rhe frcc-energy graphs in aH possibJe places. Thus, broadly
speaking, a frce-encrgy 'lring" diagram corresponds ro radial-disrriburion
"chain" graphs. More precisely, \Ve wrirc Eq. (9) in rerms of W and o(

1

B(x)= -Nf3u(x)+ NW,(x), (13)



We obtain

f3 (1' - l' ) = - !..J Q d
3

k [B (k) 8 (k) - log (1 - R) - B (k) _ !.. (NIr )2]
O 2 3 1

(217) 2
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where we have made use oí [he neuuality condi tion [O cancel one terro oí [he

integrand proponinnal to ~(k) 8(k). FlOm Eq. (11)

(3(E- E)= -!.. J Qd
3
k {Ó(k)

023 (217)

lt is easy lO see mat

~
dB +
da ~

1 - B

d~B }- "íf ~NWda . 1 da I

(14)

dl!'2

da

and that, in momentum space,

(15)

~
d U' ••••.• "-' 2
_, = - f3u (1 + Nw )
da 1

FlOm Eqs. (15) and (16)

( 16)

and

~ 2~ ][8(k+k")+(1+ Nw) I!' (ktk")
1

(18)

Substitution of Eqs. (17) anJ (18) into (14), and comparing with Eq. (12) we
find
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3
g(k)=fQd k" [8(k+k")+W(k+k")][8(k")+M(k")]

3 ,
(217)

3
+ 1(k)'f Qd k"

3
( 217)

~ ~
W (k + k") \f (k" )
I '

(19)

where we have defined

~ ~ ~
NM(k)= B(k)-NW,(k)+

""" •.•••••• "'v 2
l(k)=-2Nw (k)+(Nw), ,

B (k)'
~

1 - B (k)

We may naW compare (he result Coc g 7 Eq. (19), wich chose obrained by the
d¡rece expansion using che ~fayer~ontroll theorem 5 foc the radial dí stribution.
There ir is shown thar che sum oí the Debye result foc (he potencial oí aver.
age force, ha' and the firse nodal chain, i56

~ ~
h + ho ,

~ ~
__ W_, _-_f3_u W

~ ~ ,
1 - (N W, - Nf3u )

From rhis equacion and ,he definicion of B (x), Eq. (13),

M (x) = h,(x),

Therefore we may write Eq. (19) in configuradon space as

h d3 ,
g(x)=,o(l+h)+f_x_1(x-x1)W(x')h(,,'). (20)

1 1 ,
Q

Fig. (le) shows ,he diagram foom of Eq. (20). Nevertheless, in regard lO

previous results6, one should oodee thar Fig. (2), represents an approximation
ro g (x) bUl not ro che potential oí average force.

We have beeo able (o obra in a divergence.free result for che free
energy, Eq. (9), and shown its reladon to similar expansions for the radial.
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,

1+ c>---o + 0•••_0 + O+~!O+ ...

Fig.2. Diagrammatie representation of the g(') when the potential of
average force is ealeulated up to the fint nodal ehain. The
tenn s are to be eompared with those of Fig. (le) showing the
first nodal tÍng resulto
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distribution. Eqs. (9) and (20) are equivalen, to eaeh other. This fae, throws
light into [he summation procedure lO ob[ain [he nodal-ring expression, For,
[he nodal-ehain approximarion is jUS[ one s[age in solving the hipernetted-
chain equarion for [he sys[cm7, and as rhe nodal ehain has beeo shown8 to
give a meaningful approximarion in [he region 1\ < 7, one can expect [he same
order of accuracy from the nodal ring resulr for rhe free energy. Furthermore,
chis connection is use fuI if one [hinks of improving che approximatioo: one
onIy needs to build up nodal rings of grea[er complexity, in [he same manner
as [he IINC equa[ion is ob[aincd.
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RESUMEN

A partir del dcsarroIlo de Abe, Friedman y Meeron para la energía ti.
bre de un gas clásico de CoulomD, se obtienen resultados que deben ser sig-
nificativos en la región donde el parámetro del plasma toma valores del orden
de la unidad. El'problema se simplifica hasta una cuadratura y no aparecen
divergencias. Se muestra explícltamente la equivalencia entre el método usa-
do y resultados similares que se han obtenido para la distribución binaria en
equilibrio.


