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ABSTRACT: The Enskog's kinecic equation is generalized to a mixture of

rnodecately dense ~ases by introducing the sarne type of ansatz
u sed sorne years a~o by Sengecs and Cohen Coc a one component
fluid oC hacd spheres. A difference with Thorne's kinetic

equations is pointed out.

I. INTRODUCTION

The calculation of transpon propenies for moderately dense systems
of one or many species of molecules has been extensively dealt with in the
literature. AH of these treatments are based on the Boltzmann equation oc

generalizations of it such as Enskog' s equation. In particular the extension
of Enskog's method to a binary system composed of rigid spherical molecules
was done by H.H. Thorne, although tt was never published1 •
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On the other hand, Sengers and Cohell 2 ha ve shown in extreme dctail
ho\\' the ,gelleralized Boltzmann equation for a one component fluid of hard
sp!leres fits ioto the general scheme of non-<,'quilibrium phenomena from the
standpoint of staristical mechanics.

This paper contains the extcllsion of the previous papel' for the case
of a mixture composed of moleculcs of diffcrent specics (different masses
and radii of the ~phcrcs). In particular. lhe kinetic equations for such a
binary system of rigid spheres are explicitly obtained.

These kinetic equations are impouant because they are rhe startlng
poinr to obtain the transpon coefficients for a mixture of dense gases, as
was made by JI.H. Thorne. Actually the Thorne kinetic cquations for a binar)'
mixture were never publishcd. although wehave c\'idence rhat there is a differ-
ence betwecn them and the resulr given in this pape[.

n. ENSKOG'S EQUATIONS FOR ¡\ MIXTURE

Consider a mixture of V components.without chemical reactions among
them. composed by N particles interacting among themselves via potentials
which are spherically symmctric. monotonically decreasing and of fioite
range. \X,re shall denot<.' by cPij the potemial between two molecules of species i
and ¡.

The first BBGKY equation for this system is

d-J.(x., 1) + v.'o/ Z J t
(l)

whert' x. = (v., q.). v. and q. denoting the velocitv andposition ofamoleculet f I I J - ,

of the ith species. /i and lij are the one particle and t\\'o particles distri.
bution functions respecti\'ely! and

+
Om. v., ,

Following the standard procedure due to Bogoliubov 3 and Green 4

and Cohens we shall assume that the t\\lo-particle distribution can be written
as a time -independent functional of the ooe particle distribution function.
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Thus, we wrire

173

!,} ( 2)

(o)
where l .. contains [he contributioll which arise from hinar)' collisions onl)'.,]
Thus,

and

(o)
¡i¡ (""'jlj¡) JJi¡ ji (\, 1) j¡ (x¡ , t) (3)

é .. :;,]

wherc rhe curly brack(,(s in rhe ('xporl('ntials are rhe Poisson brackets and

11 .• 11. a (1(1 11 .. are (he hamihonians of one IJartic1c of species i. of species
1 J t J

j. ami of (wo partic1es of species i and j rc.:specri\'C:ly.

If \\'(' no\\' introduce a pair correlation functional Xij(xi, xi 1//) such

thar

( 4)

and \\'e substilU[C eyuadons (2) and (4) into eq. (1) we ge[ [har

d_j.(x.,/)+V.o/ t J J

(5 )

which is a c10sed {'quation for rhe one particlc distribution funetion, provided

we know the explicit dcpendcnce oC the pair correlation functional X .. on thar,]
function.

Before introducing an adJitional ansatz which will allow us to obtain
the dependence of X .. 011 l. and ¡. ir ¡s con\'cllicnt [O exprcss the right hand

t] t J
side of cq. (5) in a more rransparellt form, \'alid for rigid sphcres. Calling
r .. :; q. - q. \\'e have thar
JI J J
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'ZJ dK. e.. ~. [X .. (K., K.lf/) f.(K, t) ¡.(K., t)J = 'ZJ dv. J dr J dt J dt. e.i J '1 '] '1 ¡, t t 1 1 j 1 JI I !'1

(6)
Far rigid spheres (he following relacions hold true1

(7)

where

s~22,= lim exp - t {, H .. }
t -o 00 '1

Substiluliun uf (7) inlO (6) yields

(8)

Noticing that

we have the property,

{H .. , s(2) ~(v. -t.)<5(v. - t.)}= {s(2) H .. , s(2) <5(v. - ".)} = O'1 - 00 I I J 1 - 00'1 - 00 1 '=>,

which in tum implies (he following equation
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8 .. 5(2) Ó(Y.- t.) Ó(Y.- "'.)= (y.' ~ + Y.
IJ - 00 , I J S] 1 oo. J

qi

liS

Using chis resuh and denO[ing
eq. (8) mar be wriu('n as

v. - v. [he rela[ivc veloci[y,1 ,

/ = ¿JdY. J df ..J dt.J dt. x .. (q .• q + f. et 1//) j( q. e 1)j J ]1 1 J 'J I , J' 1 J 1 I ,

x 1 ( q. + f ..• t..1) g ..•
1 I 1'] ], dr":"d5(2) Ó(Y. - t) S(y. -t.)

-00 , , 1 1
f ..
l'

( 10)

The in[egra[ions over (he angle dependence associa[ed wi[h [he vector
r .. are straigh[forward and are given in [he Appendix. The resuh is
1'

(ll)

where we see appear u,.., [he distance bc[wcen i and i panic1es al collision.
Thus eq. (S) is ¡inally cas[ imo [he form:

(12)

where an ¡n[egra[ion over [he g's has becn carried out.
N'odce chal in chis expression the correcdve~pair correla[ion funnional

X.. is srill undetennined and an additional assumption is required ro extraer
'1

from it [he kinetic equation.
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Following Sengers and Cohen2 we shall assume chat che paie corre-

lation funcriunal X.o is a (uncriana! of the same structure as rhe equilibrium
'1

radial distribution function, but with local mennodynamical paramcrcrs; thus

[or (3)

This assumption mal' be casily understood through a very simple
argumento

In equilibriuffi, eq. (3) reads

and also eq. (2) reduces to

Sincc
fined by

we have rhar

rhe radial distribution funcrion In equilibrium g~:)(r .. ) is de.
t1 JI

foc a11 'ji' In (he case uf rigid spheres (he exponential is equal tu one fOf

aH physical configurations and (hus (he [WD ~,ctions are equal. Furthermore,
since

for 'ji = Uji we condude thar
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and lhus the validity of eq. (13) is plausible, not too far from equilibrium.
With this assumption eq. (12) can be now written in the following way:

. () 1.(q,v.,t)='£fdv.Jdka.2g .. 'k [g(,')(q.t <:fU k,a .. )
~' t 1 j J !J J! 'J' 2 'J

I

It is important to notice that for 1J:;;; 1, a single component system,
this is identical to Enskog' s equation for rigid spheres. For V = 2 we get a
set of coupled kinetic equationa which are explicitly given by

() () 2
"""tI2(q ,v, t) + v • _1 (q ,v, t) = '£ fdv.fdka'g. 'k [g(~)(q +
01 2 2 2 oq 2 2 2 j = 1 1 21]2 2J 2

2

(15)

III. DISCUSSION

These equations could be the starting point ofthe type of calculation
extended by Thorne for rigid-sphere binar)' mixtures. Although they are the
exrension of Enskog' s equation for a one component gas, it is shown here
how (hey fir lnto a more basic scheme of the staristical mechanical theory
of non-equlibrium systems.
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The derivation of transp:Jrt coefficients from equations (15) for such

systcms is weIl known 1 although Thorne's calculations were ne\>erpublish-

('d. ;\ surnmary uf Thorne' s results appears in Chapman & Cowling book.1

By fepeuring Thoroe' s calculation ir was possible to determine rhe kinctic

cquations ncccssary to deduce [he results given by Thorne. \Ve found, in

our no«uion, Thornc' s kinetic equations to be as £ollows:

o O 2
...,.,-//¡(q¡,v, /) + v '..,-1 (q , v ,/) = 1 Jdv,Jdka'g, ,k
01 1 1 oq 1 1.1 j=l J 1111

¡

~ 1,( q" v2' 1) + v 2 JdvJdka' g, 'k
1 J 2} J 2

(16)

( ) 0".. '" '"[g,~ (q,+ ll.,k)/(q"v ,I)¡.(q +a,k,v"I)-
-1 - 2 2 - 2 J 2 _ J ,

Thcrc is a diffefellC(:, bctwcell Thornc' s cquations í:llld our ser of

couplcd equarions (15) at rhe poiflt \\:hefe Orle enl1uates rhe correlation

funetions. This small diffefcIlcc influcnccs all of(hcThofllc's calculations
for transpon codficicn(s. Some pedagogical and fine pans of(his work are

wonh considering bUl (his wilI be (he subjcct of a fonhcoming paper6 .

.\('I(:\O\\'L EGBIE:\T

The authors are much indebtcd ro Professor L. S. García-Coi jn for
suggesting [his problcm and for many stimulating discussions.
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RESUMEt\

La ecuación cinética de Enskog se generaliza a una mezcla de ga-
ses moderadamente densos introduciendo el mismo tipo de ansatz usado al-
gunos años por Sengers y Cohen para un fluído simple de esferas rígidas. Se
encontró una diferencia entre nuestras ecuacIOnes y las e("uaciones cinéti-
cas de Thorne.
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APPENDIX

Consider the integral given in eq. (10) namely

x I¡( q¡, ~,t) 9¡i • t. s~2~ Ó(vi - ti) Ó(V¡ - t¡)

l'

Firs[ consider (he integral over ';i ' namely
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t' = J d,. 3(,..)9 ..• ~ s~'~ 3 (v,, - f
i
) é (v

J
' - t;J )

JI ]I]Z or ..
JI

IRI

Introducing cylinorical coordinates (b, cp, 1) chosen so rhar (he / axis
is in the direction of g .. (see figure A.l) we have thar

J'

In figure A.l we show two collisions between the rigid spheres i and
j and these are oenoted in the same manner as Chapman and Cowling 1.

The behaviour of the integrand along the /-axis can be obtaineo from
the figufe so rhat

á(v.-f.)á(v. -f.) in(-oo<I<i"b,ep)
I t ] ]

S(2) 3(v. - f.) 3(v. - ,oc.)
- (X,) I I ] S, =

ü in(l,<t<ü,b,ep)'

• •Ó(v. - f.) 3(v. - f.) in (11 <1<00. b. ep +17)
I I 1 ]

• •
where v and v. are the vclociries afrer the collision rakes place with, J
coordinates (12' h, <p).

Integration over / yields

t' = JJ9 .. bdbdep [3 (,. (/ ,h, ep + 17» S (v' - f. ) 3 (v' - f.) -
JI ] I 1 I I ] ]

-3(,(1 , b,'ep» ó(v.-f) Ó(v. -f
J
)]

] I 2 I I ]

\\'ri ring

'¡i (/,. b, ep) = - ,¡i (/1 ' b, ep+ 17) = - ai¡k
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whefC a.. 15 rhe radius of (he associated sphere we have (hat,
, J

l' = J dkCT' 9 • k [3 (CT.. k) S (/ - t. )S( / - t.) -
J] JI t] l t J !

.3(- CT. k) S(v. - t.) S(v. - "'.)]
J} t! J sI

which is (he sought resulto


