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•.'IONTE CARLO S11JDlES OF A CLASS OF REAL SrMMETRIC MATHlCES

o Ilohigas". T. A. Ilrod)". J. Flores. P. A. ~lcllo.

1 -,' d l. \,1 •••an .... epez
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.\ BSTIL\CT: ¡\ class oí ensembles of real symmetric matricesl/ is ddined by
T r1/ = .11'-\1 + glA

2
A

2
where che Ai are real asymmetricmatrices

",hose eiements are indepcndent Gaussian random variables,
By means of ,\lonte CarIo calculadons we study the densicy and

spacin,g disrributions of the eigenvalues. For all values of.;2

cOllsidcred, excepc for a stacistically insignifican[ fraction,

rhe cige!lvalues all lic within a fi!l!re interval, ncar [he ('nds of

whieh che behaviour of che ICH~Idensity disagrees with what is
ohscrvcd for nuclear ¡cvels. On the other hand, che nearesl-
nt.'i,ghbour spacin~ di striburion corresponds [Q the Wignet surmis{',

The results for higher-order spaeings Me also diseusscd •

. "

..•rork supported hy che Comisión \;acional de Energía :-':uc1c'ar, \Ii-xi.co,. .
On lean' of absence from In<.;titut de Physique ~'ucléair(', 9J-Orsa}-, Franee.
:\ srholar"hip of rh{, Consejo :'\acional de Ciellcia y' Tecnología, -'léxico,
i s ackno vol ed,gel1.



218

1. INTROnUCTION

Hohigas t'( al

Fur thl' study of rhe specua uf complex quan[Um-mechanical systcms
ao ensembll' of tiermitian random matrices is introduced, with rhe hope rhar
such an ('nscmble can represenr rhe statisticalproperties uf rhe Hamiltonian2.
Averaging ov{'r dlC ('nsemble, one obtains rhe I('vel densi ty _ a global propen)' _
and the srncing distributions - local propertics .

.\fany difft-TCnt enst'mbles of random matrin's ha\'c beco proposed2. So far,
huwcH:r, nOrle fits the exp('rimental data more rhan partiall)', oor is rhere an

adc<..Ju.ltc rhc:orctical basis fOf choosing among thern. In chis papee we aoa.

Iyze numericalIy the propl,rti('s of a further ensemble recenlly proposed by
Wigner3.

A weakncss common ro most of rhe ens{'mbles sug¡.!;ested up to now

is that they do not take into account the fact that a quantum-mechanical

Hamiltonian has a lower bound 10 its eigenvalucs. Wigner' s proposal reme-
dies this defec[, by defining [he ensemble of matrices

11
+

Re A A (1)

where A is an asymmetric complex marrix. the real and imaginar)' parts of

whose eleme01s are independent randoro variables, taken from a normal distri-•
bu[ion of wid[h (lne If Al is [he real and ...1..

2
the imaginar)' pan of A, 11 can

also be wrinen as

where A ~ is the transpose of A .., ,
In [he next s('ction we gi" ~ the resuhs of a Monte Cario calculation

fOf the cns('rnhle (2). \Ve discuss both the levcl densit)' (which w(" compare

with the t1H:oretical resules •• ) and the spacing disuibutions.

In rhe SIA.\l He\'ie\\i, \l'i¡.:ner4 had proposed a simpler form: 11 :: A 2 where A belon}o:.c;
ro (he Gaussian ortho~onal ensemblc. lIowe\'('r. thl' density follow, ,he iaw
(F.-1_ 1);, which is not ('qual to rhe quarter-of-circlc law and does nOl agree with
the experimental dac .

•• S
~ee rhe followin~ papt'f by F. J. I))"son •
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In section 111 \Ve consider <l generalizarion of this ensemble: where

1/
T 2 'T IAA+t:A •.1
1 I S 2 2

(3)

This corresponds lO selecling the marrix cicmenrs of A from a normal distri-
• I

hu[ion of standard deYiarion l. and those of A2 = ~A2 from on<.' of standard

JC\"ialion ~ .

11. ~tO~TE C.\RLO C.\LCUL:\T10~S FOR ,; = 1

\\'e firs[ generare a numbn of matrices according 10 rhe prescriptiol1
(2) ¡lIId rhen diagonalize dH'm by lhe llouseholder-Gi\'Cns m('{hod.

To determine a suitable yalue for the dimensionality 1\', the density
disuibutions for various choiccs of N were fitted to rhe thcoretical curves
for ,\' --+ ~; the probabililies of the corresponding values of X

2
are showll in

Fig.l. Since Dyson's theorr predicls ahrupt limirs ro lhe rcgion wherc the

P(x'¡
10 x_x_x x

/
x-

x

05 I
/
x

/
O 20 40 60 80 N

¡:i,l.:, 1. 1'(1..2) (rom [h(, .;2 f f I> '
f

•. 11 o. yson s [hcore[ica! di ..•[ribution lO [he I('\'l'!-
'{'IISi[y histo~rarn<; tot dlffctent Jim('nsiona!i(i(':-, S.
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rheorerical frequency differs from zero, we have used only the
falling within this region for the calculadon of X2. The two
outside the aIlowed region

221

eigenvalues
lails falling

(4)

correspond for aH N ~ 5 to approxiP1atelr 0.12 eigenvalues per matrix; this
numb('r is independent of N. This, as asserted by DysonS, is in qualitative
agreemcnr with rh~ result found by Aronk6 for the semi-circlc distribution of
the Gaussian orthogonal ensemble, exeert thar the probability is in our case
rwÍce as high. Ir is rhis faet which enables us to ignore rhe tails and to ob-
rain the data of fig. 1, from which we may con dude thar N = 30 is airead}'
and exeellenr approximadon to rhe limir N ....•oo. The Kolmogorov-Smirnov 7

resr applied ro the data eonfirms rhis conclusion. We have rherefore used
rhis \'alue N = 30 for more exrensive calculation.

\Ve show in fig. 2 rhe histogram for rhe level density from a set of
800 matrices with N :::;-:30. The units used \\'ere € = R/(2N). '.Ve can see
rhat the Monte Carla data follov,' the theoretical cun'e rarher wel1.

\Ve now tuen our attention ro the k-th neighbour-spacing distriburions
p (k; s) for the same data as aboye. 1'he hisrograms for p (k; s) were ob-
rained numcrically by selecring only one k.rh neighbour spacing from each
marrix oi rhe scr of 800.

Fo( k = O rhrec difíerenr cases were considen'd. In rhe first one,
we construcrcd P (O; s), with s bcing the difference in energy between rhe
ground and firs[ excired states of each marrix. 1'he result is shown in fig.
3, where the hisr'..lgram is compared ro rhe Wigner disrriburion

P(O; s) = TI S cxp [- ~ TIS']
2 4

( 5)

which is obered very closely by rhe Gaussian and circular ensemhles8 . For
our data, rhe (ir is such rhar P (X2) = 0.15. (Mosr of the discrepancy arises
from the (irsr rw() classes; if rhcy are join(.d, P(X2) = 0.82.) As a second
ca,'ie we eonsider [he spaeing between rhe first and second excired srates,
which yicld a similar result (sc(' fig. 4).

As a rhirJ cas(' wc ha\'(' c\'alu;.lled p(O; s) in the region near € = 1/6,
which corr('sponds ro lh<.'maximulll in lhe le\'cl (k'nsiry. 1'hc distanc(;' con-
sidered was (hc onc hc{\\'c('n lh(. 1\\'0 eigen\'alues immediatdy abo\'c E = 1/6
for ('aeh malrix. Ag,lin rhe \\'ign('r distribution is followed rtlther dosely.
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09

as showll in fi,g. 5. lIe[(' 1'('1.2) = 0.6,1. ()ver rhe 800 matric('s considl'fed,
[he spacing is [har betw{'('n (he (3.05 1:O.(5) dI st¡uc and rhe f)ex( onc.

For [he highcsr-dellsiry regioo wc han' also analyzcd p (k; s) fOf

k = 1,2.3 and .1. 1.arg('r vaiu('s of k \\'l'f(' 1I0( considcfed sine(' rhen rhe
density ,"aries appreciably. ':-ne fesuhing hisrograms are gi,'cn in fig. G.
wher{' (hey are comparcd \Viril d)(, rheOfl'tica! di .•;tribution ...•(or lhe Gaussian
l)rthogonal ('f}scmhle. For all k, rhe sp,lCing.'" \Vere adjus(ed by a pararnct('f
,\k So dIal thcir C1vcrag<' valul' i..•('quai [o k + l. as ir should bl' wcre rhe
d(.'nsity constant. The vaIlles of Ak are al..;;o givcn in fig. ó.

P(O,S'

06

03

o

P, (X', =015

P, (X', =0 82

2

:\(.ar('s[.pej.~hbour spacin~ distribution p({);.5) for 800 matric('~ with
S :: .~O anJ oS egual to th(' diff('rcnc(' lH'lwccn the ground alld flrst
{'xcit('d Mates in units of [he mean sracin~. '111(" smooth {'U~\'l" i",
thc \li,o:ncr distribution (5).

s
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Fig.4. The disuibution p(O; s) {oc (he same ser oC matrices as in fig. 3 but
with .s equal to the difference between (he f¡est and second excited
states. The smooch curve is (he '\-'¡goee distribution (S).
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~Fíg.5. The disrciburion 1'(0;05) for the same ser of matrices as in Hg. 3. lnt'

smoorh curve is (he 'll'igncr disrriburion (5). Hece 1'(0;.5) is e-valuated
in the highest..density region, as defined in (he texto
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Fi~. 6. Th(" distrihurion p(k;!J). k = 1,2,3, .1, foc the same ser of 800 matcices
as in fi~. 3; rhe [heorerica! disuiburions correspond ro the Gaussian
ortho~onal ensemble, lIece p(k; 3) is evalua(ed in (he hi~hest-density
region and Ak is a parameter whose \"alue is adjus(ed (o corree( foc \"ari-
ations in rhe density.
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Ill. MONTE CARLO CALCULATIONS FOR (= 1

Bohigas er al

Two cases, (= 2 and (= 5, are eonsidered. For bo,h a se' of 400
matrices with N = 30 was analyzed. In figs. 7 and B we show the cigenvalue
dcnsity foc,;= 2 and,;= 5, respectively. Thedcnsityisshownasa function
oC E, where

E = (6)

which was found ro give the centro id at E = l. Wc can see rhar da' general
behaviour oí the densiry is like char fOf ,; = 1, execpe that (he maximum oí
(he deosity ¡nereases and shifts towards smaller valucs of E, as t ¡ncreases.

Valucs oí t < 1 have nOl becn considercd, since (he resules {oc ,;

are equi\'alent to those {oc lit execre foc a change of scale in [he abscissa.
Ilenee ,he eonclusions obtained from (= 2 and (= 5 hold also for (= 0.5
and,;= 0.2, respectively. Furthermore, as,;-o 00 rhe densiry tcnds to [he
sume limit as foc t .....0, a case foc which theoretical results have beco de-
ri y(.d 5.

We ha' e also analyzed che nearesC. ncighbour spacing distribucion for
rile Cwovalues of~, for che regiDo around che second eigenvalue. The
rl'sults are shown in figs. 9 and 10. As we can see, che Wigner distribution
is followed quite wdl.

IV. O-,-,CLUSION

As can be secn from rhe resu1ts we have given here, che ensemble
of matrices (3), for aH valucs of.;, uoes noC reproduce che nuclear global
densiry of levels. The local propcrtics, on che ocher hand, are similar to
(hose predicted by the Gaussian onhogonal ensemhle which, ic :-;cems, are
in rcasonable a~recmen[ with the experimental dataQ•
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Fig. 7. Le ••.c1 density foc a set of 400 matrices with N := 30 and ~ == 2.
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Fig.l:L Level density foc a set of 400 matrices with N ::: 30 and ~:= S.
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Fig.9. :"'earesr.neighbour spacing Jisrribution píO;,,) foc a ser of .iOOm:luices
with N = 30 and ~ = 2, compared wirh the \\'igncr disuiburion
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F.', 10. flistogram foc t(fi;,,) ohl..tineJ foc a set of 400 ma[rice~ with N = ;O
anJ ¿- = 5 t corr.pared with the Wignec di ~uiltution.
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