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ABSTRACT: An ensemble oí real symmetric matrices H is deíined by
H = Rc(M+M). whcre Mis <ln asymmctric complcx matrix whosc

elements are independent Gaussian random variables. Using

the theory oí Urownian modon, the probability.di stribution oí

the ei~envalues of JI is determined cxactly. U-hen the order oí

the matrices tcnds to infinity, the density of eigenvalues in the
neighbourhood of E tends to x.1(6x_l_x2)!, where x = !(E/E)

and E is the mean of the eigenvalues. The density is zero in
,he intervalO < E «3/2 -12) E.

1. STATEMENTOF RESULTS

Bohigas et al (se(. the preceeding paper 1 ha"e calculated nurnerically
the eigcnvalues of matrices chosen by a ~tonte Cario technique from an ('n-
semble suggcsted by Wigncr2 as a possible statistical rnodel for a nuclear
Hamihonian. \\'e here analyze Wigncr' s ensemble by constructing a Brownian
motion rnodel for it, following the method of Dyson3• The Brownian model
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lcads tu a simple and exaCl determinaríon of [he distributioIl of ei,gcnvalues.

The results agre<.' in Jetad wüh rhe calculations of Bohigas et al.
\Vigner's ensemble consists of matrices 11 of [he form

where

11

A + iH ,

O.!)

0.2)

and A, B are real asyrnmcrric matrices whose cIements are indcpend('nt

Gaussian ranoom variables with ('qual varianc(' v. The ensemble (1.1) is rhe

case k = 2 of [he ensemble- Wk defincd by

11
k .,.
~ (A A
r = 1 ' ,

(1.3)

whefe k is a positi\'C intcf:.cr and [he A, art,.' k indcpendent real asyrnmctric
Gaussian random matrices. l.et S be rhe order of dH.' matrices A and 1/.,
Our resulrs are as (0110\\'5. The joint probability distrihution of rhe eigen-
"alues (El, ... , ES) of a lIlarrix 11 in Wk is

N
E,,)=c"l TI {E.<1exp(-E./2v)} TI lE-El,
jl ...:, j = 1 ] J i < j"

where

Q= I [(k-!)N+l]
2

(1.4)

and ck¡\' i...•a normalization constant.
sin~lc-eig{'nyaluc d('nsity disrribu(ion

The limiling
for Wk is

fmm as N - 00 of rhe si n~l e

x
. _ I 2 2 2

P(l:) = (27TV") (2(k+!) •. -(k-!) -x) ,a< •. <b,

p(E)=o, •.<a or x> b , 0.6)
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where

x;(E/Nv),

a;(¡¡:'1)',

b ; (vk+ 1)' .

The distribution '( 1.6) has its centroid at

E; kNv

and its peak at

,-
E ; (k -1) F./(k (k + 1)) .

m ••

( 1.8)

(1.9)

(1.10)

(1.ll)

( 1.12)

23.1

For k :::;:1 the density deer'eases monotonically from infinity at f! :::;:O to zero
at E :::;:4£. In this case, whieh was also briefly discussed by U'igner4, the
eigenvalue distribution is identieal to that found by Bronk s for the ensemble
of complex Hermitian matrices

(1.13)

When expressed in terms of the variable E! ¡nstead of f?, the distribution be-
comes a quadrant of a circle. For k = 2 (the ca~e suggesteci by Wign~r2 ~e
distribution is still extremeIy unsymmetrical with its peak at EMax:::;: 1/6 E.
When k is large the disrribution tends to a semi-circIe with ccnter at
E= (k + 1)Nv and eadius 2k'Nv.

Aceording {Q Bronk6, the probability that a single eigenvalue lies far
outside the limits of the allowed interval (1.6)'tends to zero extremel)" rapid-
Iy as N -<o oo. Bronk proved this fo; the usual Gaussian matrix ensemble for
which the dlstrihution of eigenvalues is a st."micircle. lIis argument extends
with onlr minor modification tO the cases considered here. Uencc the ratio
of the largest [O the smallcst eigenvalue of che matrix(1.3) tends with proba-
bility 1 {Q the definite limit
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as N -oo. In particular, fOf che Wigncc ensembll' (1.1) thi •.. ratio is

(b/a) = (12 + 1)4 = 33.97 .

11. PROOFS

I>y son

(l.l!¡)

( 1.15)

The matrix elements of 11 are given by (1.3) as quadratic forrns

11 ..
'1

k N
L L A .A .

r = 1 m = 1 rm I rm J
(2.1)

in the random variables A
'mn

state of rhe Brownian process

ating according to lhe rules

Thc ensemble Wk ¡s lhe uniquc stationary
in which cach A ís indepcndcndy flUCIU-

'mn

- 1 S- v Armn t (2.2)

(2.3)

'Ilte f1ucruation of the cigcnvaluc
hation theory,

li. of JI IS gl\TIl hy scconcl-order pertur-
1

=011 .. +
JI

- 1:s (I!. - El) 1311 .. 3111,
I 1i 1 l' 1

(2.4)

In (he rcprcscntation in which 11 is diagonal. \\'e suhstj(U((. (2.1) ioto (2.4)
and calculare lhe ensemble averagcs to f¡rsI arder in SI using L!.2) ,1nJ (2.3).

In this way we find
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<oE.oE. > = 801 E. O ..
'! ! '!

The Brownian process ddinui by (2.5) and (2.6)
scrihed by the Ornstcin-lJhlcnh('ck ('quatioll
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(2.6)

can ('lJUi\'illently be de~

I op
¡di ¿-ª-[ZI! d~

¡dI, . ) lo" •
} }

-((k-l)S t 1- ,"".1
1

(2.7)

for lhe time-dependent jOll1r disHibution fllllnioll p (':1' .. " I:'t'o,¡" /) of lile

eigenvalues of 11. The starionary solutiol1 of (2 ...•) IlJust :"'llisfy

(
. _ 1 I • I(dplor:.) = al,. -_1

J ! 2

,
, '1 1

, 1
I

_ 1 )
1:,) p, (2.8)

widl a given by (1.5). The disuibutioll (lA) is uniquely detcrmined by
(2.8). This proof of (1.4) succ('cds bu:au,><.' l!t(- ('us('mble averages (2.5)

and (2.6) involvc only the eigenvalues of 11 and nor lhe individual matrices

A,' If for example rhc variou,," A, had occurred in (2.1) multiplicd by un-

cqual coefficicnts, w(' could not h,l\'C ('llIllinatcd the A, from (2.5), ana
this mcthod of deducing rhe eigenvalue distribution would have failed,

1'he distribudon (1.4) is Ihe canonical equilihrium statc at tempcra~

(Ur<' '1 = 1 uf .1 classical Coulomh gas of S point char~cs, wirh the potential
uKr~y

N

U'= ¿ ((Ej2v)-alogE.)-¿¿logIE.-E.I,
j = 1 1 i <j I!

(2.9)

ft( (" to mov(' 011 rhe semi.infinit(' line O < 1:, < DO. As.\J -o DO rhe Coulomb
1

g.lS cal"' be approximatcd by a (,:'l)ntinuous chargc-distribution p (E) with
l:ll('rgy
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IV = !-J(v.1r: - Ik -l)N log E) p(!:") dE
2

-!-JJ log lE - 1,'1 p(E) p(J;') dEdE' .
2

Dy son

(2.10)

The singlc-cigcnvaluc distribution-function p( 1:) is rhe uniquc non.negativc
function which minimizes (2.10) subject to (he constraint

Jp(l!) dE = N

Suppose that p(E) is non-zcro in (he ¡nterval

.'Iva < E < Nvb

(2.11)

(2.12)

In (his iotceval ir must satisfy rhe condition obtaincd by minimizing (2.10) ,
namely

(2.13)

But (2.13) is prcciscly rhe cquadon which defines rhe scmi-circlc distribution
for ,he fuoctioo Epi!:"), regarded as a fuoctioo of the variable (J; - (k + I)Nv).

(scc \\'igner 7). Thus

",(y) = J (y - zrl zp(z) dz

1 .1= _v
2

1:: ~
[y _ () _ Nvb) '(y - Nva) '] - !-(k + l) N

2
(2.14)

is un analyric function of [he complcx \"ariable y in (he plane cut along rhe
ínterval (2.12). Its imaginar)' pan on rhe cut 15

In. 'fU! :!:i E) = '+ 7T Ep (1') (2.15)
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L{'1(ill~ Y - .• é'O in (2.14) \v{' find

a+b=2(k+I).

L~ttill¿':)' = O and usin~ (2.11) \\'~ (¡nd

/,
(ah) =k-I

(2. 16)

(2.17)
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Fy. (2.1(;) "nd !2.17) ¡mp!l' ,1.~) "nd 11.10). hnm (2.14) "nd (2.15) il fnIlnIVs
rhar p(/:') has thl' fortn (1.6) Thi •. cOlllpll.-le..¡ rhe prouf 01 the statements
Ill,Hi<: in S('C(ion 1 and in liI{- J-..:I."(r.iCt (,f lhi'. p~I't:r.
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