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2 Anderson e[ al

ourseh.cs for [he time h('in~ [o systems invoh'in,cor}{' non.relativisticpanicle

whose spin mar b<.'nq:dcct<-'d. For such ..••ystl'IllS rhe most ,general linear
operaror Q can bc wriucn in rhe form

º ( 1. l)

This is pos .•..ihleJbecau ....•c for su eh ."'ysu:rns the feprl'Selltacion of rhe canoni-
cal commutarioll [clarions

( 1. 2)

is irreducible in L 2 (R
n
). ,\lofl'over, (h<.: sel of all finit<.: linear combinarions

of c1emenrs

oí (his represellr;lrion i.'" stronJdy dense in rhe "pact.' of al! conrinuous lill('ar
•. 2 (") ,. h. l. b.. f 1 loperaror." In L U . SIflCl' ( 1.•• 111Carcom IIli.ltlOn o (' (,lTlellts can )('

formally t'xpandcd in (h (' seri l' s ( l.l) th Ís (orlO of Q ¡s g('llCra 1.
\Ve will Jeal in (his and (h(, f1('X( papef wirh rhe d('u'nninalion of invari-

anrs 2Q [har contain zew, first, and ."i{'cond order terms, aud we wi 11 also
dcscrib<.' and use a special method for dett:rminin~ a das ....•of Q operators,
~Q, whos{' expansion (1,1) is infinire.

lt is OUT purpose to dcmonstr,IH: dl,lr tht.s(' lll('rhoJ."i allow one to
systcmacically determine invariams rhar are of kllOWII physi('al importance.
invariants which hav{' not previou,"ily heen knowII. and invariants thar rh()u~h
previously knówn, WCf{' not found by .1 systcmaric and general method. Some
of thesc invariants will be showll to h{, l'xplicit fUIlUiolls of rirn(', aud sorne::
of these generarc rh<.' sp<.'ctrurn of rll(' ILlIniltonian.

The principal limir¡trioll of [he fntothods illusrrared her<.' i •• rhar rhe
special m<.,thod used for findill,'!: invariant."i ''''Q uf rile rirne.(kpcndenr
Schroedin~{'r t'quation requlr<.'s 011<.'[o firsr d<.'rermin(' the "'p<'°ctrulll of [h,O
Hamil[oniano



¡nvarianls 01 thr rql.iations ...

z. (;1':\1'1<:\1. CO:\SIIlER:lTlO:\S

L(:( 11 he dH.' ilamiiwllian opnawr describing a giyen dynamicaI
'\'S[(;'01 in rh<.-'posirion ...•pace r(.'presen[arion. Then we han:'

3

fur all allowed sure \'('C{lH.S ll/, In prac(íc(' 'l' may ha\"C sc\"('ral componenLs
.ltHl be ,1 funcrion of more rhan 011(' s<.-,(of ,"'pace-rime \"ariahIcs. ~ent'rally
d{'no (,d by (x. 1) i . e '. e qua rion (2, 1) i s in ~en era 1 a se r of pan ia 1 di ffererl( í -
,d equ,lrions inH)h'illf:,!l) 1 unknown funetinns in m ),1 independenr \",lriablcs.

\'ow all opn,Hor.s Q which correspond tu consranrs of (he mo(ion uf
rhe sysrt'm sarisfy tlH' reLuions

(2.2)

fur all allnw<'-'d sr,1te-\T("for.s 'IJ,
rhar if Q is ,1 solu(iOIl of (2.1)

Bccaus(' 11 - JOI is self-adjoinr ir follows
so is irs adjoin( Q+, The operaror

(2.3)

•is riJen sk('w-adjoinf. ,1nd (he oper<lwr iX is self-adjoinL Funhermore. (he
S(.'t of all skew-adjoill( or self.adjoinr opcrators represen(ing ("0I1s(an(s of [he
mo(ion forms a closed Lie al,gehra". From fhe producr of skcw-adjoin(
illyarianrs ont' can fmm furrhn ...•uch ill\'arianrs. Ir somerimes happcns (ha(
dH'S(' produc( e1ernell(S close wi(h rhe ori~inal e1emcn(s and so can sen'c as
~cncr,Hors of a finitc Lie ,croup largcr rhan rhar genera red by rhe simpler
el('ml'llts. In orher cases rhe.se produc( ckmenrs may not close unJcr enmmu-
(atlon.

Thus ir lTlay IL1prcn [har rhe ser of all polynomial in\"<lfianrs consti-
(U[l'S [h(' b,lSis for (iJ(' ('n\Tlopill~ algdHa of one or more finire-parame(er Lie
group"', i, l',. tlll're may ('xi .•.•( fifli[c seIs of in,'arianrs which clos(' under

~---~~~---~ ~ - ----- -

lll'nCt'forth ••••(.•••.dl u'>e tll(' l('t{('r (J 10 dt'nOlt" anv infiniu.'simal invariant of a differ.
ential e<¡ll<l(illll, and U,>(' ,he Ic[(('r.\ only wht'n WC' wish fa emphasizl' [hat .••.(' chn,l.'>c
10 deal •••..irh ,>kCW.,ldjoinl inv.niants, anJ hencC' with reail.ie al,l;;ebras.

I( is n t"cc.'> S;If)' 10 ;1110 •••• (he sll.callcd "infinicl' parame(er" Lie algebras.



.\

COJIIlllllt<ltioll and pin' rise ro cl1\'cloping ;11f!(:br~ls CO-(,XIU1SiyC' \'-¡lh tht su

of ,tll in\"arialltS of lhe diffclTlltial eqll<ltiorl. Fllrt!JerrtWf(', (Urllill.c lh(' ,H.eU-

llIellt ,\round. w(' S{,C rh;H if [hu(" {'xi.'-dS a finitc Lic algehra (lf ill\',-Hi;lIJ{~,

1.((;" thi, <lIso illlplic", l!Jat [he t:lcmC111S of [he cIlYt.'joping algdH<l of' ((,')
COIlQiCU1(' cl1e ~{.[Jcr,lllllS uf <I!l infinilt' dimcll,,¡ional !!fOUP \l( 11l\.,lrianl •.•.

Ilcnc('. il is ¡lpp.llt'llt (ha! thv CUIlC('PI (,( lile' "Iar~(' .•.;¡ pruup" llÍ d ddferuHi,t1

et¡U:ltioll i.'. col d P;HI:cuL'lI:, hclptul (111(' ILllhcr. WILll ¡ .•..lo 1\_. stlu,Lill ¡."

l!l(" :'>m~111(.•.•r l.il group ,,,hn<..;c ('ll\clopillj! ~llg('I)Ll COfl(,I;I1'" .111 polyntlllli,tl

ill\'ari.lllt ....nI tht ('(;','.11ltlll - ,.H pc'rh,lps ,lIt p(ll~'r!()¡l]i:ll 111\;l1i,lllt ...•""itl: "P/lH

:-'f)('cial propefn (lf illt('n"s{

.'. 1'11\ .~I<'.\I" CI.,ISSII'¡(ITI(l:\ (ll' .111" UF (,IHWI'S

Thert ,1ft' rhn'( distillCl rq)('s of cOllrilJuous group ... mm ,11<: OiC('Il

discusscd In rl1t lircraru,c dcalinv widl til{o symlTlur," proplrtu"S o(ind:\idual

d"'L.lmical sy, tt"lIls. TIH'st are [}lf' ,k.e(OllCracy. j!conletrit'a!. alld dynamical

groups, \\(' k ..l] adt)pl dt:IJ;iunns III [/¡l'St" ,210Ups \\IJich ¡imil thl'ir ",in
(;i\"('n a "';:"("1:1 dC .....Clib{d h~ (2.1), d I.ie f~í{)UP (; l,f operattlr:..; g, tbl.' ,1....."'OCl
¡ll('tI 1.1(" <111'( bl<l 1 «,1. illld :1 feprl ...•{ nra¡jl1ll {"I } uf (, liJen~ R

l. The de,L:t':ICr<ley ,en1up is the sm;1Ilcs{ ,C:l'OUp (, <]cring tlll ,In

(.ig('nsp,lce of b/: -::ll whefe I,£. = {IJI/, Ilf1I'/:, = {:'\I'[:} ...•lJch th,lf

. I (..[ '1' (. ) ",/ i
J) 01 RE" ;.: l~ ,\,1 C"~'/:' arH

il) llie gCllCratOIS 01 ;l0Y Luger group are IllUllll('l~ of lhe el1\("-

loping al!~t l)Ll df ; ((r),

The f',('(lrJlf't1icl! ...•\.IllIlH"ln grnup lS (h(' "om,l11csl ,grpup •.H ¡inf! oc
lhe spac('-U1llt' IlLln ¡(('Id suell thar

i) tlll l? E (,. r \('(.\.l 1 = lil f R - (x. 1))
R

l¡\ T!H gt'flcr,Hof

ot th \ /1\ ('j, l'

l( .Hl\. larj!.t¡ grnup stiti ....t\ irtg jI •.H( nHlllh~r"

'J .IJpcl1r" I (J.

'( IV (\ 1) - rl) ( \
P, ,

111\ rlH f!'lil.r:'1(\lr" t lfl.\ ilrp.(I ~rlJlIp '.;Ui ....t\Jll.l: i), 1') ~,rt
!Iltnlt , ....\~I '1, llveln¡ Illr llft'br n[' (,)



'ntlarianl~ ni thf' f'quation~ ...

\'ote tbat the definitioll of (he dynamical grnup of a sysr(,1Il implit's thar dll'
IIi1h<:rr "'1"';\('(' of rhe .sta[(' \'cctors of rhe system is a carrin "'pac(' for a
"ingle irr(.d'lcihle repres{'Il[<l[ion oC [he dynamical ,group.

í. I'IIY-;IC ..\1. CI...ISSIFIC\T10:\ 01' '1'111.OI'I.IUTOR-; 01' L1E
.\ U ;¡.: B1'.1-;

5

If [he lIalIliltonian Op('r¡HOr does nor dep<:nd explicitly 011 [he time,
[hen (JI = ¡(Jt COflllllllll' ...•wirh fI - id

I
and has rhe same speC(rulIl as IJ, This

.diows OI1C ro make a phy ...•ically meaningfll1 classific;lrioll of (he op('rarors
of a dynamical algcbra allalogolls to rhe Cart,lll classificariofl of the opcr-
arnrs of a scllli- ...•impll' ¡.!:roup. 1£ we 1et

Q = ir) . - 1a :....i. t - .. , !1 .

i\\'<: may f(:quire the a ro he so chosen thar

[º, .Q] = aQ .

wlH'fe a í s a 11lllllbcr . On in seuing

iuro rhi ...•equ;uioll 011(' ohtains

(.í.I )

( .1.2)

(',k._at)a, , , o .

(( (he a' .1f(' lincar!\' indepcndclll [!lis equarjon is equi\'alcll[ ro a ,,(,[ of
homo]2:('[l('\HJ'" linear equ<llioll." (ha[ may oe sarís£ied ollly LH rh() ....f~ \'alue ..•of
1.. f\.l[ whlch

o 1.1.5)



"

If r!le ..,<:cular equ<ltion ).:J\es fl. •..•( (0",,('\'("[;11 [lllH.'; Wl(h ~= () rh('l1 dle •..•~ .••(cm

llL\Y .tdrnit ~llllllltri\'ial dq.u-nn;lcy proup if [he cl1rr('sponding (J, '.,l'. . dn
11tHall UHllIl1U(e hu[ sa[isf~' condiliolls (1 - i) ¡lIhi \ 1- ii) of ~('<:tIUIl 5. Thell

[he dq.':{'IH'r.ICY grllup is lltHl.Lbcli.lll ,tlld rhe ....ll(.ctrulll of the s~ "dl'11l 111.1\'

Ctlllt,lin de,Cl'IlCT.I!L' Il '.l,] •..••..•imph heClll"{ dI' (!lt' Clllllllllll'U" •..•\I!lJll('[flt •.•rh,11

ir .ldlll1 t ...•. If rhe ....('j ULlf equ,\[i(lll h,I .....1 1l1l1l'¡,l'l'tl T()Or rh(1l Ih! ...•\ ...•(.m

,tdlllil. •..•,1 •..•1~{"C(rulTl ~{"n("r;¡[lfl.c 11[1t'Lllll]" ~!.,",ud: r!lar

.•.•0 tha ( if

(J'I' 1:'1'

,1 I ,1 (fJ ¡m'I'}\ I T 1/1 , .;~ ,,\

IIc[<: ,- .1ll<.1 lh{ _.1 ,1ft ("llfl ...•l,ll][ •.•. \\c ....h,dl c,t11 ....uch ....¡'{.crr,l ¡i,,,m ....P('( rr,L

"In •.•hPft. hl'cau ...•( ~ 1..... "'l1nph ,1 Tlulllh<:f. rhe 0[1l.Ll[tll- •..•'J .•. eH} Oflh f!l'IHf.tte

,t •..•pcctfUIll \lf ('ycnl\ ...•]' ••\ ed Il \(.1...... Ihu .....lt folltl\\ ....tl1 H .Ul\ tlnle-Uldl"p(/dl"llt

ILulllltolll.H1 \\-irh .1 dl,",Cfet, ...•\'('C(rlllll tlldl ha ...••1 ...•pC(tfUlll p,CIH.:ratlll,l! 1l1Y,lfl.lln

mu...,¡ h,l\t. d •..•[wctrulll (11 l"qILdl\ ....p.lce'! k\ch. If lhefl ;H(, ...•l\'l"Ld 111'("[-

,HOf .... (!"I" el... [he ....¡1Cl.tfUlIl \\dl c(1I1 •..•i ....t ut ('qu.1Ih ....Pd( {d l.lddlf .... uf

h,lrl,l ...•o!" l"qu.d!\ ...•p.l<-l",l (p(rh.lj) ...•dt¡¿:l'Il(l.ltl) k\cl •...("{l •.".

11 rl1l'fl' ,lft'lhlll-/lftl d'):llll'Lltl Ill,l[ •..•Q. rl1ln rhc 1ll111llltf,,1 Itrlc.nl\

Irhj'I't'llt!t-nl (!.;:¡: d'[I'rmil1t,(II,\ 1."11.1.1\ b(
1111l',trh lfl..!l"I'l"lldtll[ (J' •..•111.1\l'l lh, ..~t'l1 1,1

hl ~,lH h tlLlt

ic lh,trl 1.'

••••Ul •..•J\ •. 1' \

I I,K)
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Ir') te. (J ,bell (he ('((el r of Q' ul1 <i \\:1\'(' í\llll [1(111 11', 01 dcfini{('
'1

1" {n COI1\("[[ 1( tl).1 mixture uf funclÍoll ..• lit" tllfkrnll tl1t'r¡.:\

1) I qJ _
- f.

\\t lt IJlI '!JI h .111 !11\.HJ.\lI~.1 miXlll,C OpeLltllf.

l! lhe t!' n.lllIlt ,tl ~rllUp c(llltain s <lH (ll't"f.HI1I fJ "1I("h (h.l!

1l1ell fJ 1', dl(' t:(,Ilt'f,lllll uf ,1 CO[nillUOUs ••.•p<.ctrlllll II('ClU.',{' ¡.í.IO) illlpli("

r!J,ll

¡(i ('X¡'/)O)IJ't ...•. (1

J P ',1:111IIp. \\IlI'1l da Il.llllill(lni.H1 dl}t"" I1tl! d('¡'(,lId t'xpllcl[ly llll lhe

111l1c. l Pll"'ldc'f,ltlllll {Ir lh(, fll(l[ \ ('Cll)L'" ,d ¡ c( kad ...Id" 11'( fuI cl.l ..•....ifíCl{itlll

lIt dw 11l\-,¡rr,lllh lIt .1 (hll.lIllII',ll ,ti ¡':('hl",l illto: .¡) ,1.:t"llt'Ll(pr •.•uf 111("dt'.c("llt'r.1C~

,~I(lUI'. Id .¡r •..elt!l - •.•pt'( {[11m ,l:t':H r.HIl,f.: (Jj'!:r Hlll'''; 1) CtlllllllllllU"'-"¡'t'ClfUIll

j.!"I1' ¡,!flnp \II'CI".IIPI •.... ,1) IllJ:\lll,t: .ct"Ilt"Ll[(lr ..•. I)f l"nllr •.•c, lt d~It,,,, llO( foll(l\\

{b,l! "'¡:1\1'1\ 1" \ ,IU"'l (!l(, tlll:{ ('\'njUUllll lqtLIU~I11 .1,lml{'" ,1 (\lllllllllOU'" IIr

(ll •.•trl [(.••.•"t rrulll ,C<'llt'r,lIlll,C (ll'('" LtlOr. rh,l[ tile \\,1\'(' fUlInjoll'" ,h,\{ ,1f(' oh.

t,IIIl(',1 frpm.1 1'"11)('rh h('I1,I\Td Ijl h>' 0f'{'rauPIl \\ilb rhi ..• "'¡l("ClrtJIll-.c('IH'r.l(1I1,C

,lllt'r,d'll \\ill ¡bt 1ll"'1.1\1'" •.••tti, •.•h til(' htlUllll.H\ cdlllliri\lll'" .ll'pr\11'11,lIl' to tll('

"'\ "'((,lll. I pr (\.,IlIl¡J!C. dH lrl'( panlC'" :111.1 (11(' I).lfllcl(, III 11)(1:'<. (Ir lhe

p,lrI'll, \111,1 'lrele. ,tlICI\I' 11"'1' (O (he ..••lIlIe (llH(IIII/OU •.•p:r(lUp 11'{l1J{' (gll{lrt' •.•

dll' h,llllld,\r\ llllldi{ll1l1 •.•. 11,1\\ ('\('r. Wht'll dH' hOUI1lLll'\ COlldi(illlJ'" ,11"('Llk(,fl

Il!(,l ,lCI¡llJll! !he P:IOUP'" ,liT quj(t. differcflL .\'l'\'t.I't111.k •.••.•. 1I 1'" ~ k,1r (hal dI{'

:11"'( ..•111' 111tlll,Lllg Pp( r.ll\lr •.• {h<lr "."IlI1\('f! t'lgl"Il-"'1I1tltIOll'" llH(1 el,Cl'Il-"'lllUllllll'"

1'" (<1 tllld f!lll"" Ill'l'f.ll\lr •.•which 11<1\'(' rhe 11('C{' ..••.••lf\ Ill(.;lll'roj'l'rtit .•.• f~l do "'(l~



8

5. TIIE DETERM[~NG EQUATIONS

Andecson {'t al

\Ve n 01,1,' considcr (he problem of actually finding rhe operators Q rhar
are invarianrs of a time-dependenr wave equation. For simplicity of ex po-
sition w(' restrÍet ourselves in (his papee to Schroedingcr'.s equations. Ler

K = - 2(1{ - ¡o,) = aiio.o. + bio.+ C; ¡,l', = 1, 2, ... r¡
1 J 1

and 1('[

so that rhe differcntial equaüon of intcrcst hecom{'s

(5.1)

Ka = aiju .. + biu. + cu
'. 1

o . (5.2)

Herc ir is assumed rhar rhe aij (::= aji), anJ bi, e, and u arc funcrions of

(5.3)

An opcrator Q will be rhe gencrator of a onc-parameter continuaus group rhar
(caves cquation (5.1) invariant if

(exp!3Q)u=O (5.4)

foc alt valuc ...•of che pararncter ,13. On scuing f3 infinitesimal In rhe usual
way. une finds rhar chis is equivalent to rhe rcquirem<:-Ilr

KQ" = O . (5.5)

A.<; w(' may ."iuppose char Q is of [he forrn

Q (5.6)



Invat1',. ,ts o/ the equations ...

we must then have, if º 1S an invariant,

ii, , i, k, kl, , ) = O(a 0i 0i + b (Ji + c)( q + q 0k + q 0k o, + . . .. ti . (5.7)

9

Equarion (5.7) is sohed by the classieal rnc(hod of expanding it and
eollcctif'g l("rrns that multiply the functions TI, 1I¡, u

ij
, etc. Thcse functions

would all be linead)' independent w('re ir not for the identities contained in
rhe original differential equa(ion (5.2). On subsrituting these idenriries in
the expanded form of (5.7) and again collecting rerms rhar mulriply a lineady
independenr ser of functions, one obrains a ser of simultaneous differenrial
equarions derermining rhe eomponcnrs q, qi, qij ,etc., of Q. The proeess
may be ne<:tly formulated with lhe aid of Lagrange'sundcrerminedmultipliers.
lIowe\'(~r, in rhe actual calcularions of inreresr (O us here (he use of unde-
rermined multipliers only complicares (he compUlarions, so we will nor make
use of them in this paper.

On integraring rhe ser of differential equations, arbitrary constants
of inregration appear. Because uf the interdepel.Jence of (he equarions, rhe
samc consranrs mal' oeeur in the final expressions for q, and rhe qi, qij , etc.
\'('e shall denore (hese consrants of integration yO, yl ... , and write

q = y'"q
'" (5.8)

(5.9)

(5.10)

and so forrh.

The general result of solving equarion (5.7) for any system IS thus of
rhe form

Q = y m (q + q' (). + q ii().().+ ... ) .
m m: m J J (5.11)

Beeause rhe "1
m are lineadr indepenJent one defines rhe operators

Q", (5.12)
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so that

Andcrson e[ al

(5.13)

In shor!, [he search for a particular Q rhar satisfje ...•('5.7) yjelds a "ce
of such Q' s. che Qm .

6. :\:-1 EX.\IIPLE: SOLUTIO:-l eH TIIE LJETEl'MI:"ilt\C EQU:\TlO:-;.s
FOl' 'Q \l'IIE:'\ TIIE POTENTIM. IS A TIIIE-INlJEPENDL,;-r
FU"CTION 01' ONE VARL\JJLE.

lf W(" 1("(

Q=q+qid.
J

and chc" wave equ<llion is rhe time-Jepcnd('t1t Schroedin~('r eqmllion

which \(' aIso wrÍt{O as

rhen we muse r('quire

(6.l)

(6.2'1)

(6.2b)

(d d + 2id, - 2v)(q + qid.) " = O;1 , J

This becomes on expandinR

i := 1,2 . (6.3)

O q 11 + 'q U + 2iq,,, + qí u. + 2qiu . + 2iqju.
11 - 1 1 11 ] 1 I} 2 J

(6 ..í)



Invariant~ 01 the equation:s, , .

The fJ ;¡, lh, are sub)' eet lO the condition
, t' '""'1 '

11

o :::;11 + 2i1l, - 2vu
1] (6.5)

,Hhl rht- ',1' furthe-r conJirjons obtain(,d by diffcrcntiating this equation

o lt + 2iu - 2r..' 11 - 2vu
1J 1 2! 1 1 (6.6)

o = u + 2iu - 2vu :::;O ,
112 22 2

( olJecting terro ...•in (6.4) gives

o =u(a +!.iq )+11 (2q +ql +2iql_2vql)
"11 2 1 I 11 2

+rs..,(q~_ 2vq2)-t u""(2iq2) +1112 (2q~ + 2iql). . "

(6.7)

(6.8)

('hoo~:ng tht ;ndepcndcllt fUIlction.s to he 11.11
1
, u

2
' u

12
u

22
' the depend('nt

fUflClions are 'lit' 11111, anJ UU2. Eliminilung mese Ia.st [hree by means of

eyuatlOn ..•(6,5), (G.ú), and (6.7), w<: (i" ',ar lhe last three [('rms in (6.8)
ht,COOl{'

(6.9)

16.10)

(6.11 )

SubstituTing [hese re!arioo,> ioto Ib.H) anJ coJlecrio,R ferms givt.::..•.
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u(q +2iq +4vq +2vq')~O
11 2 1 1

u (2q +q' +2iq')~ O
1 1 11 2

u (q' + 2iq' - 4iq ) ~ O
2 Il 2 1

u (2q') ~ O12 ,

Anderson et al

(6.12)

(6.13)

(6.14)

(6.15)

Thcse cquations are idenrical [O [hose obtained by Osvjannikov's formularion
of Lie's m(.thod'. if one identifies -q wirh his a.

From equarian (6.15) ir follows [har q2 is a funcrion of x2 ooly. Thus
(6.14) becomes

q' ~ 2q', I

or

wirh

a ~ a (x') .

Hene{'

Therefore (6.13) beeomes

or

q' ~ O
11

q =_~(xlq2 +a).
1 2 22 2

(6.16)

(6.17)

(6.18)
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Thus

so

13

(6.19)

with

Ilence

"{X(')22 +x'a +b}q2 = - 11 "X q222 22 2.

This implies lhat (6.12) ean be written as

(6.20)

(6.21)

(6.22)

To sum up then to this point we have

(6.23,a, b, e)

(6.24,a, b)

(6.25)

These relations are onIy compatible if in the "last equation the coefficients
involving the same powers of Xl are separately constants. Equation (6.25)
mus gives rise tu several further equations whose foem will be quite differ-
ent for different potentials. We Hrst treat the system with v = d(xl)~2 as an
exampIe. In tbis case the coefficient q~ becomes zero, while that of a is
-2(x1r'. Separaring equarion (6.25) rhen gives



a~O

2 Oq" 2 ~ •

Abo

b ,. o
2 ::; ~J'y

In...;,rrint! rhe-;(' rC:,'1lr~ .l1to equ<ltions «(¡.~.J and ó.24) OIle obtains

1= ~(yOxlx2+ylxl)

~lnd

-' .,0 ( •. ')2 + 1/ 'V0 •..2 _ X .'V3¡ I Y 14 1.... 2 r I .

, -

(6.2'))

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)

On coJ!<:ct¡nL: {( rm .... l.•••indi( '<"',1 in equation (5',12) one ohrains (he invariants

.,! X 2 .•. 14,t'2+~XIX20 +"';(x2)20
1 2 (6.36)



l'Al aria •." ,f t' (' ('.¡~ati(ll'l~,

(¿
1

(6.37 )

1),=;). ,

Q = - ~i
3

«, ..\8)

16 ..\9)

:\0\' kt ll~ fcturn tu ('tIlladon (6.15) and yi<.:w i[ n,,¡ a ....,111 <"(pliltillll

dctcrmillrn,!; 1'2, a and b, hUI rather as no differenria1 egu<lrioll t/('[<.'nninillJ.;

che pOr('Il(I~ll uf".!) rllat corfC'sponds [O a gi\'en scc of fUIlC'cions 12, a. b.
\\c, thu<:lore. rcwri[c ir ¡l ..••

16..il)
The consranrs afC fe1a[cd tu q2, a. b as fo110\\'s:

2C,=(a/q') .(a /q')"lb -iq' )/q'
- 2 22 2 2 22 2

'(' '. / '
j, .• = .. j~22q7

a/q',

((l.!¡\ )

(()"l.í)

((,..j '; )

(ó ..í(,)



TABLE I

Firsr-order Invaríants lQ, uf ,he Equatíun (d)lx + 2id, _ 2v)u = O

O-

Qi v= O
V = 1cx _2

v= 1kx2 '( -2 2)v= ex v = 1 ex + kx

Q. 1 1 1 1 i

Q2 Id - ix tox -ix + 1ict 2 - (dx +vkx) exp [ivkl] J;; exp [2ivkl]{ vkx2x

+J;;+Xd-ik-'d x}
I

Q3 d d + iet - (dx-vkx)exp [-vkl] J;; exp [- 2i vkl]{ vkx2x x

+ J;; +xd +ik-'d}x I

Q. di = J;;i(Q
3
)2 d, = J;;i(Q} + cQ2 di di d,

Qs
1 2

%(Q/ J;;(Xldx + 12 d,y, (Q2)

+~t-~ix2)

>o% Q3Q2 _.~ Q, %Q3Q,- J;;Q, to, + 1XOx "-Q6 - - ~•oo
~
::.
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TARLE 2

B.lsie Cornmutation Relations of [he lnvariants oC TabIe 1

17

a). v=O:

v= ex:

e)
'1 _ '2

fJ= ~cx

[Qs ' Q6 J = Qs

[Q"Q3]=2vkQ,

[Q" Q.] = i vk Q,

[Q3' Q.] = - ivk Q3

[Q" Q3] = k- ~Q
I •

[Q"Q,] = 2i Ik Q,

[Q3,Q,J - 2dk Q
.1

•
In th<:sl' cases the commu(ution rclations of (he remainin,i;: IIHarlUnts in [he corn-
spondin~ colulIlns of Table 1 may be obtaincJ u ...•in~ lh(, relal"IlIS hctwl-'('n invari-
anto.; ,i;:ivt'll lhcrt'in. In hoth cases all invariants c1os(" un,kr commutaUon.
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The compatible "óoluriolls of [bese equarions determine [he port 0[: 1 ~

!'(.' 1) dl.lt ,gin' rise [O Schroedin,gcr equarions \Virh in\'ariall(~ of rhe h)J'J~l

(Ú.1). The invarianrs of several such systcms are lis[cd in Table l. r
Ct1mmurarlon feiarions wil! be found in Table 2. The allo\\'cd (!a'):,- '.J r,

{ll,(i,d ..•{lcarly Jocs nor inc!ude many sysrcms of physical in[(,ll',

lllUq c,';'c!ude rhar mall\" quanrurn mechanical consran[s of rhe mO(I\.ms

nn! uf lhe form (G.l).

TI.\IE DILATlO:" TRA:"SFOR\IATIO:" FOH LlI\EARIZI:"G
';')\'-LINEAH SPECTI{A

'rhe ~,'n('ralization which alIows constants of rhe morion [o cOIlLlin

....ccnnd ordLt [l'rlllS qij-a. o. has irs simplest in[er('stin~ app!icarions whefe, J
rhe WitVC cqu,ttlons are rhose of syslcms wirh scveral sp~l(ial dq;:recs of

frced\Hll. Tht'~t' ,He discussed in papef 11 of rhis serie,'i.* The de[erminin~

cqU,HI{)Il" .Hld lile proces.'iC'.'i in\'ol\'~d in solving th(,1ll are there shown ro l.l('
<lllalngoIJ ... tn lh(l,,(' jUS( illustrated. Here we shalI proc('ed directly to (he

discu ....',lt)fl llf a m(.~hoJ for determining rhe constants of rhl' motioll of tim('-
dq)(,lldt:lH ";;,hrr\('clillger equarions which allows one ro find in\"ariants whos(
O.jJ.lfl<;;IOP (l.' :Ilvol\TS an infinite series of deriv;llives.

(\)Il"lllt-r dl(, 1..:1a of eigef}vaiue problems which are [he fllrm

(/f -A(IJ)~I(x)= O, (7.1)

\\'heft' x= (\.1. x2. ". "n) repfes(,llts 11 indepenJent variables,

11 = 11 (x'. a. ' a. a¡ .... )

¡¡erc \('1) '~:(11l j" one-to-one. and the ser

Ctlll"(ltUf(,,: a l'lmpleU ",l'! ll" ,ll! square inteJ!rahle funcrions L2(u(x)) wirh

------- --- -- --------------



[e"'p('c( [o tbe IIIC'd,,,Ure j.-L(X).

Thl'" ~1.1"'S can be thou,¡:ht

equatlOn.

of <.1" artsin~ from rhe Schrot'din~l'r-type

]'1

(/J - id,) /'XI' [- ,A!fi 11)

q' (x) EL 2 (1-'(..-» .
n

(7.2)

Ikrt 1 lIliH" Uf may noc correspond [() rhe physical time, t'. F.., in rhe cast- 11
1.....1 11.1I11iltonian. t corresponds to rhe physical time, whe[eas, ('. g., in rhe
(~h(" tlf /h~ classica/ orthogmlal pO/)'llomia/s, has no dir('C1 intl'fprt..'t<ltion

,Uld. ;1'" wilJ he indicaccd latero ir desir('d, ir can be elimilltl[t'd (ron¡ ,Iny f('-

"'\111.

The mcthod. we shall describe in [his and rhe Ilext two .....uh ....e<..¡ucflr

"'h [Itlll. •.•yil'lds spcc(fum ¡?('IH.'rarill¡? l.it' al¡;chras (or llH' equarilln.

111- id,)'Vtx.I); O

whefe

17.4)

undn (he assumption rhar rhe sp('C(rulll 1\(11) is knlHdl. Bl'<..',lU....{' th<.'st, alge-
hras .Uld ehejr enyelopin~ .ll~cbra~ uansform rhe "cr {exp r - i)..Jn) t} '1' (x)}

n
amon,cs[ ¡[seif rhey can be uscd tn construcr rhl.. dyn,lInic.d ~rllup f(lr (- .3l.

if tdTl) ¡...•a suffici('IHiy simple functioll ,_d '1.."l"Lll illtl';ccrs 1. (>.,

I 2) . l. . . . h I
1J={fl ,TI ,'" e,g,.lnar(.¡ltlnStlC wa"t- (</11,1[(11£1, 1 (, U'CllllqU( w(

shall describe is applicilble by cOllsiderinc \..Idl lIltq::U 1111(_,lt a [ime. This.
of cours(', means rhar some, if 1l0[ all, rht (ofTespon,ltllg (.., ulll be ,lUx¡¡¡a:\'

variahlL':'>, and thar rhe dynamic.li group'.., 1.;(' alg< ha Jit . .., III the dlrect "lITr, d
spccrrurn gcncrating alg<:oras for all the inrl','!ers rJ¡. The [CCilnlllul" IS, .1lso
dircetly applicahle to any scr of parti,tl dlflt relltí.tI t'<'plarlllfl' which c . .c. ,
might ari:'>t, in rh(, scpararinn of yar¡ahlt.., approach, and {ht. 'ptctrurn p,ener-
ating ,ll,gchras fOf rhe separa[(' ('qU,ItIOIl' e.in be m'Jltipllnj [o ~1"(' dl(' dy-
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namical group for rhe original unseparated equation.
In general, rhefe are two types of dilation uperations iovohTd: orte

dilating t, and rhe other dilating sorne sub ser of rhe x. The key opcration
is rhe dilarion oE t, which transforms tú a space whefe (he specrrum oí ¡rt r
i5 linear in n. Thc dilation of x transfurms ro yet anolher spacc, anJ ir i..•
Ilccessary in sorne cases in order to avoid extcnding infinitesimal rncthods
ro include other rhan nonnegativc integral power-; of (he partial deriv<lri\'{;<.:.

Because DE (his aspecr of rhe method, we shall pre.<¡eot rhe mcthod in [wo

steps - [irst rhe dilation of t and rhen, in Scction 9, [he dilatioll of rhe x.

We shall procecd 00 rhe assumption rhar a11 oper;ltors are we!l defincd 1. c. ,
we shall not examine heee quescions concerning (he domains and ranges of
oue mapptngs.

We subjecl the operation (11 - ¡o/) and the space L~(n)(f1(x) to the
time dilaúon

lJl=eXP[ln( n(lI) )/o/J
A(1/ (//)

(7.5)

where n (lf) IS (he operatoe solution of (7.1) foe 11 Itl terms of 11. l. e ..

(,,(11) - 1/) ljI (x) = O
n (7.6)

2 2
Therefore, we pass from the space L')Jn)(¡L(X) and e~uation (7.3) to L

n
(¡L( x)

rll- { A(n (/1) } ¡Ol] ljI (x, t) = OL 1/ (/1)

where

2
in [he space Ln(I ...¿(x», [he following equation is equivalent [o (7.7):

(7.7)

{1I-A(1/(iO/)}ljI(X,t)= O (7.8)
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This is pos~'¡bl( bl-cause in L~(U ..(x». we ha,'c.

('1 (/1) - iO,) '/1 (x, ¡) = O (7.9)

B. ,I\; I:X.\\IPLi: (JI' Tl\IE-DlLATlON. TIlE CEGE)'/BAUER EQUATlO:-;

,\s an c)(ampk dlustraling (he use of (ime Jila(ions as an aid in

finding .••pcnwrn'gt"ncl,~ ting invariants we con si<!cr Gcgenbaucr' s di ffercnt ia l
(oqllatioll

{(¡ - x') O O - (21'+ l)xo + ,¡(u + 2v)}g (x)= Ox x . .\- n

\I,:hich ¡>r¡'H'S by sepalating the equation

(8.1)

{II- x2
) o,ox- (2,., + I)xox + iO,}:Scn exp [- iu(u + 2v)t} gn(x)= O.

n

(8.2)
'1n get a linear spcctrum for <\ we transform equauon (8.]) with the dilator

where

ll=

IJ= exp [,o,IOg __ ií . ]
11 (11 + 21')

X2
- V + {v2 - 0- x2) O O + (21' + 1) xo }x x x

(8.3)

The transformed ('quation loS

{O-x')O O -(2v+l)xo + (ií+2v)io. }2:c eXI'['in,'.,., ¡'
.\ X x t n •.. -~n

•
n~cause of che identity exprl:ssed by (7.9), we can sUl.'ititlltl' f()f al! ü( au\ ~uh~et
oí the nun in A(n(H»/n(H); hence we see tbat there are, i,l genera!. c!:lS"Sf ~ of
Iltime-dependent" partial diffelential equations which from :h( point-of-view;)f
squarc •.integrable soIutions, are indeed equivalenc{" cla ~.f'S in th( <;fric-r <;f~:l '/:' al
possessing "(he same general solution".
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Wirhin (he basis ser exp [- inl] g,,(x), we have the operator identüy

U sing rhis identity we get
iO, = ñ .

••.here /(x,t)=¿exp [-int]g (x). From (8.4), we have
n n

(1- x2) / - (2v + 1) x/ -/, + 2iv/ = Oxx x t t '

and differentjacing rhis by x and t, we get

(I - x2
) / - (2v + 1) x/ - / " + 2iv/ , = 2x/ + (2v + 1) /xxx xx x x xx x

(8.4')

(8.5)
and

From (8.4'), (8.5) and (8.6), we can choose

/ , /, , / x ' /x, ' /It

(8.6)

(8.7)

for (he indepcndent functions. We seek an operator Q 1Nhich satisfies me equatioo

{(l-x')o o -(2v+l)xo -o o +2ivo, }O¡(x,t)=O (8.8)
x x x t I --

of the form

Substituting º ioto (8.8), we get

{(l - x2) o o - (2v + 1) xO - o, o, + 2ío } (qX / + q' /, .¡. qO f) = Oxx x t x

(89)

(8.10)
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Expanding it, using (8.4'), (8.5), (8.6), ami collccting tcrms multiplying
(he funcrions (8.7), wc ge( (he dctermining equarions

s (1 ')-' x I Oq +x -x q -q =x ,

(1 - x') q' - q' = O
s s

(1- x') q' -(2v+ l) xq' - q' + 2ivq' - 2qo - 4ivqs - 4ivx(1 - x'r'qS = O
xx x tt t I z

+ (2v + l)(I+ x')(I- x'r'qs+ 2(1- s')q~ = O

(1 - x') qO - (2v + 1) xqo - qO + 2ivqo = O .
xx x II t

Solving (hese simulraneous equa(ions, we have, for V 0# 0,1,

qX = a(l- x') ,it + b(l- x') ,-ji

aix~it _ bix~ - il + e

qO = _ 2bvx. - ji + d

(8.lla-e)

(8.12a-c)

where a, b, e and d are integra(ion constants. SunS(iruti£lg these into (8.9),
we get

Q = a' ¿', {(I- x') 0+ ixo } + b. ,-" {(I - x') O-iso - ?vx} + c • O + d
"" t .1. t - t'

(8.13)
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.\s a. b, e ,Illd d are arhitrary*. \\(' 11<1\(' fpur jn~lt-r(,fl,-kn[ {lJwr,lrtH'" "hi, h

•.•.l[isf~. (he cqu<lriull (8.H):

-i/~ í.! 1 -\

')
"1 di , J

e , Id

rJ¡ - ÍIJ(J2 . W(' (lhtain [he CUlllllnll.l[I,1I1 !{ LUdlll"

- 2 i!J _ [') _ () ]
(¡ -0 ..••.\

Thes(' •.•how rhar ºt or º_ shifrs rhe l'igelly,llu(' nf (_1'1 :"1" - 'l. h\" \IIIJ[

,llllount

( inl (_)_ (' ( )~i(n t 1)/" ().Ji~ gn." - '.t,1J 6;.:ti ,- (~.l(,,

.\s rhe Casimir 0pl'f,1tor 1;; (Q +Q _ + Q _º+)

V specifics rhe (r¡!{ of rhe gr(lllp.
C4: has fh~ l'¡~('Il\"lllJt" ¡J _ ! 1 .

, ,. ta i{ti I ,- { Fa+ .• ~ 2)
• I ¿'1. i '::.t '1v = O. q ~ p q = 1 ,I I ,- , a_ -/ 1,

~.\..a=_ ...... a~() i ll.

N
iaJ I { a 2, _ 1 a ,> ,- , ,- e ,

" = (1 • .¡ = ~ " .¡ = + ,( I - , I f . "o,
-.1.= -, a;¡:. n 1 :1.

n
.¡ = - {_a ,.I'}'al

.-:, +(a+ j1x(1-,) t; r' -),.

.,
~11l'rC 1.,<1,h are .trhitLH\' ,Ind .::

')
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This eigen,'alue vanishes when v = O or l. In these cases a subsct

of rhe ilHariancs of che Gegenbauer equarion still generate an () (2,1) suh-

algdHa, hut as indicated in rhe footnore, the C"ompkte ser of ,gencrators of

the algcbra is infinite.
~o\\', we shall ruro ro the problem of eliminating the auxiliary varia-

hle t, if desired, in chis discussion of rhe Lie alg('braie properties of rhe

Gl'gl'nha.uer polynomials. This is accomplished as follows: define {xa}
",bef(' a = +. -, 1,2. such that

thco

x g (x)= ¡im Q exp [-ill¡]g (x)
(In 1-""0(1 n

(8.17)

x = (1 - x') d + XII+ X

X (1 - x2) d - .\"71 - 2vx (8.18 a-d)x

x -l7J
1

X = l,

\\'e see here elcarly thar [he Jisad\'alltage of eliminating the auxiliar)'
\'ariahle t is thar rhe generators arl' 11 dependent, ('. g. ,rhe x+' s involveG, in

say x+gn + l' are not idcf}cical in rheir 11 dependen ce [o (8.18), bu[ this can
lH: o\'(.rCOJ1le by suhsrituring ñ for 71 (cq. (8.3)).

We note that this methou of taking lim is complctdy general.
J - o

9. SP ..\CE llILATIO:-.l TRA~SFOR\I;\T10:\'S

In m<1ny cases. e. g., the rigid rotator or dlC elassical orrhop:onal poly-
nomials. the ddation of t is sufficiellt, i. c .. equation (7.8) has invariants
of the f"rm discusscd in Secrioll Ó. But. in othn cases, c. g" the hy •.hogcn
arom, rhc direct applicarioll of infinitc ...•inl<ll methods would rcquir{' rhe ex-
tCllsitlfl nf (h(, method ....to orh{'r than nonne,gari,'e inr('ger powers of the

partial deri\';lti,"cs. In ordcr lo a\'oid this pos ...•ihilily. W(' shaIl no\\' di ...•cuss
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rhe dilation of sorne Of all of rhe x variables. Fur clarity and simplicity. wc
shall discuss in dctail rhe procedurc {or dilating one variable and then

indicare rhe geflcralizarion {oc dilating mOfe rhan one variable. Therefore,
in dI(" following assume x cepreseflts ane variable.

\X'e ilHcoduc(' a ser of "special fUflClions" such thar by definirian

where g i..••arbitrary foc rhe presclH and will be chosen la[c[ foc convenienc{' .

.\Jo\\'. we introduce rhe dilatioll opcraror f),,; ,,,,heTe

takes us (rom L~(J.l(x)) ro a llew spacc, which we shall denote as 5, i. e ..

and

() exp [- iTl¡j IV (x) = exp [- iTl¡j <1> (x) E S
x n n (9.3)

- 1 O11 (g x, g x' ... , (9.4)

",here g = g (TI Uo,)).
~OW, we use rhe alIowed fccedom in choosing g (.) su eh rhar c. g. ,

equarion (9.4) dnes flot conrain any flegarive powers of di' (An example of
just such el cas(' is the hydro,gen atoro, e, f. paper 11 of this series8,)

Th(, ]l(.ncralization to the dilation of k x's then follows dirccdy .111d
rhe dilarion ope[aw[ in rbar ca ...•e is ,gi\'(:n by

() 1 k
x .,. x

k { h , -I}
.7T exp x 0i In gi ('J (i 0/))
1 = 1

(9.5)

wh(,[(" the gi' s are defincd such rhar
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'V" (Xl, ... , k
X , ••• , " l k + 1

X )=<P"(glx " ... ,gkx , ... ,

(9.6)
An extremeIy important aspect of these dilatioo transformarions is

rhar rhe algebraic strucrure of the dynamical algebra for [he transforrned
equation is rhe same as [he original one, even rÍlough when X dilation is
employ('d adjointness properties are changed. 111 o[her words if

represenrs the L ie algebra of [he dynarn ical group foc rhe eran sforrncd
equation, [hen the algebraic srructure foe [he dynamical group oí" rhe original
equation is given by

where

lO. AN EXAMPLE OF TIME AND SPACE DILATION:
ONE-DI~IENS[ONAL KEPLER SYSTEMS

To iIlustrare [he combined use uf time and space dilations as an aid
In finding invariants, we consider the one-dirnensional Kepler problem.

(i) Linearization of spectrum

by

where

The Schroedinger equation for the ooe dimensional atorn is givcn

I _ ~iE t _
(-~o O -Z' -iO,)2 C. n '1' (2r21' r). (r~ O) 00.1),. r n n n

n
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Tu lineariz(' che spectrurn of id, we perforrn che time dilarion

\\'here

D (- ~o o _z,_l, , ,

/J, cxp {lO, In 27:1- 2/1- 3 } ( 10 .2)

with /1 - ~od - Zr-1• The transforrned equarion is rhen, ,

(10.3)

In chis basis ser we have an operaror identíry

.¡ . - 1
(- 2/1) = iZ(2

1
)

whích allows one (O rewrice (10.3) as

No\\' ro eliminare'" che negadve power of 0t we perforrn rhe space ditaríon

f) = exp {ro log (aio )}
r r' t

whcre a is an arbirrary consrant.
The transforrncd equation will be

(lO .4)

Although we can eliminate ne,gative powcrs by multiplyin~ through((jt)2, we gcr a

founh order diffcrential cquarion.
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•. 2 -.. )"}, •• inl"/( 2" )-0-t- Z (a ...,e ~ 't - a"r -
I n n

n

,lfId Clll he rt'writ{cn .1'"

By chlh)~in,g _(2.1.')-1 for a. we pur rhe equarion in (he standard form

00.5)

whre

"1'0d('[Cflllill(: [he intie¡lt'ndeflr fUlletions, \l,'e differcntia[(' (10.5) with rcspect

ro r and t to ~{'(

2
- Ir /,

IJ .

(!O .6)

( 10.7)

From (lU.5), (¡Ufl), .lIld 00.7), w{' Can c!Joo,-,;t' I.f, 11" ¡Ti and lit for rhe
indepent!cllt fullniofl .

\1,'(' ...•t:ek <ln opcrator Q uf [he form

Q = '1'C, + q'd, + '10

whích ....lti.dies lht. equ<lTion

00.8)

(10.9)
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Using (10.5), (10.6), (10.7) and (10.8), (10.9) beeomes

0= (a, a, -i,-'a, -'I,)(q'l, +q'I, +qOI

Anderson et al

( O • -, O , ') 1 (' . -" . - 2 ') += q,,-zr qt+1Q, + q,,-tr qt -tr q

2h-'q'll + (1/' -i,'q,'+2q")1 +2q'. 1, •
r t -rr r r r r

Using [he linear independ{'nce of 1, /[,1, and Irt• we have

t . - 1 t ..2 r . _1 r Oq" - Ir qt - Ir q + alr q,:::;

(10.10)

(10.lla-d)
r . _1 r J)

qrr- Ir qt + 2'ft = O

q' = O,

Solving [hese equarions, we have

i t .
q' = iOff! _ ihr~ ~,t

(10.12 a-e).

qo __ 1, il 1" 'h .jt + '2'd- ....2 a,r - '2 t r~ /.

wh~re a, b, e, and d are arbitrary conscants. Puuing [hese solutions in[Q
(l0.8), and collecting Cerms with [he same con'stant coefficient, we get

Q= .il(" ." ')Ozr ro -la -1', ,
(10.13)



'tt'ariant'J o{ the l'quati(,n'J ...

\s a. b. e, and d are ,Hbirrary. the opcrarors

Q _i~-it(,a +io +1')
2 "

Q = 1,

will satisfy rhe condiliofl 00.9) ind<:peodclldy.
These iovaríanls sarisfy lhe cornrnurarion rclalions
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(10.14 a-d)

( lO.15)

From rhese ir is CI(';H thar º¡ and º2 shift tia: cigcllvalue 11 hy on(' Ulllt;

( lO .16)

'1'0 obrain lhe shift op<'rarors for rhe eigl'llfunctions oC [11(, original equation
( 1), wc must pcrform rhe iovcrse lransformatíon :

.1 .1.1 { .. I} { .l¡_,}
ti = ti, ti, ='"'1' rd, ¡"g 27.(-¡d,) • exl' Id,log(27.) . -2/1' .

(10.17)

rhcn rh" corr('spondín.c operators Q¡. º2 and Q.) wiJI b{,

ti'IQ.D, ¡. = l' ,,. , ~,.J . ( 10.18)

In thi ..• ,lfld hit:her .lim('n ..•ional K('pl('r prohkm ..• rhe t.IH'rgy ",hifl opcr;lrors are
hcsr kit in rhe form (IO.18) as \.("r~' complicated ('xprl".<;:..ions are obuin('d 00

explicitly curying ou( rhe indica red rransforrna[Jon ..•.
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11. CO:-JCLUSI0N

Anderson et al

\\le have seen thar rhe pania! differeorial equations oE quanrum mc-
chanics can be invariant undec continuous groups of rransformarioos whos{'

gCllcrarocs contain decivarives nf arbitrarily high ordcr. The curccntiy ac-

cepted methods of finding [he infinitesimal invariants ofdiffecellriai equarions,
which are due primarily [O dl(' works of Lic Ion ocdioae)' differential ("qu<lriorls

nf Osvjannikov7 00 panial diff<,'rential equarions, do flor allow fOf rhe ex-
istence of group generarors inH)lving deriv<lrives of orJ(:'f gce<lte[ (han [hose

conta.incd in the differential equation ¡(scif. lt tllrns out thar thi ...•is of no
consequencc (oc ordinary diffuelltial equations, bu! for partiaJ differential
equations the acccpted view is, in gencral, lIluch too res([icri\"c. \X/e have

therefore in rcfercnce (2) generalized the concept of form-invarianc(' of

differentia! equations by gCfleralizing the coneept of a point transformation

upon wh ieh Li e foundcd h is grou p theoretic ([eatment of di fferefl [ial equa tions.

The reader is referred to this re(erene(' (2) fOf a more dctaileJ diseussioll of
the relation of the work h('fe to the works uf Lie and Os\';anllikov.
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I{ E5U~IEN

~e ~eneraliza el llIc:wdo de Lie para encontrar las invarian(e:-, de ecua.
::iones diferenciales; la ~(,Il('ralización se aplica a la eCU,lClon (1('

;chrüedin~er independil'lH<: y dependieIl[c del tiempo Se obtienen IOv,Hian.

[es que contienen derivadas con resp{:'cro a las coonknada..; tanto de orden
finito como infinito. ~e indica una clasificación física d(, los invariall[{:,s y

de los ~rupos <¡ll(' forman. El mi-'todo se ilustra aplicándolo a \"arlas ecua-

ciones dif('renciales int('resant('s en Física y que contiell('n una coordenada
espacial.




