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ABSTRACT: Employing the sys[ematic methods of che previous paper (1),

we derive the invariants and dynamical gcoups of [he time-de-

pendenc Schc;;edingec equation foc the two.dimensional

hannonic oscillator, and [he two and three-dimensional hydro-

genlike atam.

l. INTROllUCTIO:-';

The application of the systematic methods of the prevlous papec. to
sorne common Schroedinger equations is illustfateJ hefe.

Time-independent and time-dependent invaciants are sought foc the
two dimensional hacmonic oscillator. Using both time and space dilatations

From the M. Se. Thesis of Sukeyuki Kumei, Department of Physics. University of
. che Pacific, 1971.
• Sec (he preceding papec.
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we then unermine a ser of invariants of the tv.'o-dimensiona! Kepler prohlem.
A subs(.r of dIese gennates the dynamicalgroup which is shown [O be O U, 2),
An interesting feamf{' of the result is rhat all the () (3, 2) generaror-.; may be
constructed from furrher in\'ariants rhar shift the radial and angular yuanrum
numbers by one-half unir2.

C<licularion ...•similar to those performed on rh(, r\\'o-dim('nsional
systCffi yield the ¿.:encrarors uf rl1" ,Iyn:unical group uf {he rhree-dlmensional
KepJer .sysr(,/lls. We finJ rhis to 0(' () (f. 2) in agr<:emelll wirh rhe .lrlaiyses
of .\falkin and .\lanko

J
, BarLlt .tnd Kleiner(4 and Fron ....dals, The caicuiallons

un Kcpicr SYS(CIll,-'; prcsented heee obrain for the firsr rime rheir -.;pccrrum
gcneraring invariants as explicit functi(lns of the rime.

Finall)', in the appendix we dc,termine rhe spcetrum gef}eraring groups
of rhe radial equarions of [wo and rhrc('..,dimensionai Kcpler sysrcms.

2. TIIE TWO-DI.\lE:\lSIO!\:\L IlAR\10:\IC OSCILLITOR

The Schroeuingcr eqU<ltiofl is

\\.'c assume a Q operaror of rhe for:n

Q ~ QcP1'o O + Q''"o O + Q'o + 0'"0 + QIO + QO
1'1' '1' ,-'" I

ano choose the inJcpendenr funerions ro be

1'he Jerennining equ<lrion.s deriveJ from

"" 1, -2"" k 2 O"')" O(0,0, +,- 0, +,. 01'01>- , +_'0, Q/~

are

(2.2)



Invariant:s oi the equatinn ~. , .

'1'10_ oIQ'1o+ o'Q'.p +o.Q'.p+ 0'1)'1., "0' to(}1.~o
.¿" r , r 4>1J _1 t r \.: _r ... rp _ ....,

Thcir general soIution.s giv('

Q~
lb .

~ a'Q
i = I '

wh('re al's are [he int('gration COIl.stant.s and Q
i

'.0,,; are

Q
I

~ exp [t2iq,] (tiro'., d.pd,¡,+rold,d,¡, "iro1d,_ro'd.p:¡: dl)~ :¡:i Q
lI
'

l.'

5

Q, ~ exp [:¡: 2iVki ](:¡:ivkrd, + dI + ikr' ,l/k) ~
e
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t

;(.: r-' : /kr) 0, - (r-' : /k) 01>
_ t

. ,
!..(Qll)
2 12

13

••

ikr' } = t

t

Q, = expÜ ¡Z/kr; Zi<P}{ ; ir-' 04-01> +
8
9
10

Q'l = eXP{~i/kr ;i<P} (0,
"13
'4

flere Q
i
, i = l. 2, .... 10, are expressed in terms of Qn, Q12, Q13 and Q14 as

listcd <Uld Q is equal [O me operawr defined in (2.2)

3. TIIE TWO DlME~SIO"'AL IIYDlWGENLlKE .\TO\I

Thc two dimensional Kepler problemhas several interesting features2.

The Schroedinger equation ¡s

where H
n

.. 1 '( I )-'IS glven by - _Z n - _
2 2

The transformatioo operator ()

lcadin,g to [he linear spectrum can be chos(:n [o be

/J = /J • /J, = exp {rO lag (- ~O,) }. exp {ro, lag [zz;l-2II']}
, r 2Z

(3.Z)

and rhe transformed equation is rhen



Invarianl3 o/ lb,. f!quQlion3 ...

where

/(r,cP,¡)= ~ e.m exp [i(n-!;)I;'JI (~r,cP).
nm nm 22

\X'e choose as independenr functions the ser

and lel ,he Q operator be

(3.3)
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(3.4)
Then the derermining equations for Q derived fram rhe equarion

are

Q' + .1Q'+ .2Q, .• IQ'+2' .1Q' .. 2Qr_O'T r r r 4>1J - Ir 1 Ir r - 1r -

Q'Pif> + .IQif>if> + .2Qif>if> .. 1 Qif>if> . 2 "Q' + 2 .2
Q

if> 2 .2
Q

, _ O
rr r r r 1J</J - 1 r t ,.. r r 4> - T r _ ,
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0° + -lOO + -'(JO _' -1 ()o + !..()' = O....." r ::oc, r __q:,~ Ir 'l..:., 2~

(J1' + -'Q1>+ -'()1> _' -1r¡1> + '-'r¡O + .!..Q'ep O
.•.." r , r 'x:. 4> rp 1r :..:.I - r '.<.." 2' .

Solnng (he,,(" equ,Hions. Orle obtains a 16 paramet('r ~('n(:rat()r

Q = "~ a'Q.
i "" 1 z

,
w!ler(' a .He rhe In{()~r.l(ion constants. and the 'Ji arl'

(),=<"'l,[+,"-, •.. ,.-I, , +," + i, 'r-'" t
;':-."', uj)0rp 0,04>'- 20~-2 0rp'

Q,= J ' ((J • Q - (J Q,,) .p 2 "'1.' 1. ' 11

Q = [lit] I !i,d + d, , t .!..)=-iQ .
Q"

exp - ._r• ,
~ 2 II

5 12 H

Q 0, '-IQ . Q" + \! 12 • Q" ).6 , 11

Q~ ('XP { ~ il i I }- , ¡!

8

":0 { + + + .t ++ -1 - \ .:.(I ~' ) _ .!. ( , -1 1) dep + .!.. d, .!..,}, , J11 + +2 ~ + .j

: ~



/11llariant." 01 ,J,,. "qua,i()n~,.,
.11

{

t-,
('xp .:1íl t. -., t= Ir 0rt

t
!..r'),Qs= d",d",.Q = l.
2 1 '+' '+' 16

Hert' Q 1" equell rn lhe operator definco in (3.-0.
U ¡.s inlnt',,,ting ro notice rhar aH rhe 0p('f<lwr" li ...•red abo\"{' can he

cransformed into thos(' of lhe harmonic oscillator in .',.('cli()1I fWo h~' rlJ('
nansformatinf1 r -, r2

, (P-' 24\ 1 -+ 2/. This is becaus(' undn (his rransfor-
marion rhe ('quarion (3.1) In'comes exaccly the same as equarion (2.1). A"
a result. v.'e can express rhe Q, U ::c::: 1, 2, ... ,10) in ({'[IIP" of Q () () and f)

r 11' -12' --1.1 ),,;'14as li.,'>ted* above as in £1)(' case of rh(, hannonic oscillaror.
As che Qi li ...,;red above wers obtained by using rhe rrimsfonlwd equellion

(j .3). the corresponding operarors Qi for rhe original ('quarion (3.1) are ,R:iven
b"

-1
D QiD

~ow we analyze rh(.'se operators. Thc commut.uion relarions of Q .-- ,... ,... - II
Q . Q and Q wirh Q and Q sho\\' thar these operators rai se or lower the12 13 ~ 14 _ J,... 6 _

eigenvalu{'s of Q and Q by í/2 Thc commutation relariofls al1l0fl~ Q .,... - - 3 6 11
Q 12' Q 13 and Q 14 are givcfl by

[ Q 11 • Q ,) = ° , r- - ]-0,QI1.Q" - ,

0,

From rhis and froln rhe {acr rhar Q. í ::c::: 1,2, .... 10, can be express('d in rerms-,... _ r _

of ºu' Q12, Qu and Q14, one can see rhat rhe S{'t {Q •.}í::c::: 1. 2, ... ,10. forms
a closed Lic algcbra.

----------------------------~----- --------
'1'0 derive (he expn'sslon foc rhe Q, one mus! use [he operawr idenrit)"

'O,d, = - ,.IO,_,.201jl04> + ".10, + ~, which holds in eh", spac('

{exp ['n' J 1j1 (.,'!--',1»},
nrn 2Z
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This se' contains two subalgebras U!"Q" QJ} and {Q., Qs' Q6},for which
rhe cornmutation rcIatioos are given by

[- -] i-Q¡,Q, =--QJ,2
[QJ' (2,] = - iQ"

Tht'se impI)' thar Q and Q, shift rhe eigenvalue of QJ' thar is im, by ooe,.. 1 ,.. ,..
unir. and a150 Q and Q shift rhe eigenvalue of Q ,in, by unir amoune. As___ " 5 _ 6

º1' Q2 and º3 cornmute with º6 1 which i5 a labeling operator of rhe energ~ ..

rhey comprise rhe Lie algebra of rhe degeneracy group, and rhe operator.s
-dQ - Q- ) and - (Q + Q-,) are identified' as A and A wbere A is ,he rwo

1 2 1 x y
dimensional analoguc of rhe Runge-Lenz vector defincd by

A=(A ,A ,O)=(-2Ilf'{!-(LxP-PxL)+Z~}
x y 2 r

flete \Ve ha ve defined rhe cross produet by, for example,

i j k
LxP = O O Lz

p p Ox y

Thc raising and lowering opcrators of rl, Q" and ºs' satisfy rhe equarions

Q. exp , ] (n+.)%{. ). [ ]l-iE / 'V =i -- (,,+I)(n-I) exp -iE +l / '1'.
n nm n _ ~ n.m n 1m

See appendlx I for (he analogous calcularion in three dim{'nsion~.
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- ( '/,)Qexp[-IEt}'I' =I~
5 n nm 11 _!
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,
{(n -1 +1) (n -l-I)} exp [-IEn.1t}'I'n'lm

Q exp[-IE ¡J'I' =Inexp[-IE t}'I'
6 rr nm n 12m

and

,
{

__ (n_+_I_m_I_-_I)_' __ } 1'(-n +Im 1+ 1121m 1+ 11 ar)

21T(2n -1)3(n -Iml-l)!

a = 2/-2/! ,
n

2 _2
I~ = - YzZ (n -Yz)n

~ow ro obmin the skew-adjoint operators under the scalar product

21T 00 •

(!,g)= J J ! .g rdrdep
o o

W'e define the new operator.s Q
i
by

The Q. and Q 5 then satisfy the relatil~ns

•Q. exp [-lE ¡J '1' = I {(n +I)(n -I)} exp [-il! +lt}'V +
n 12m n n 1m

- ,
QS exp [-lE t}'I' = I {(n -1 + I)(n -1-1)} exp [-lE I t}'l'

12 12m 12- n-1m

and the operators



.j4

J" = - !s(Q. + Qs)' J --'-W-Q)3-4 2.-4 5'

J12=Q\

J., = Q"

J" !s (Q - Q + Q - Q )
7 8 (j 10

are skew adjoint.

Calculating (he cornmu(ation relatioos directly.
generare an OU. 2) algebra

w(' (ind thar J .. ' s
, 1

wirh

t
gil =g22=g,,= -g •• = -gss= -l,(Jan) = -Jan

Therefofe (he ser {exp [-jI: tJ'JI } when' 11 and m are borh intq~crs oc burh
" ""'haH ocld inccg('fs form rhe basis for a UIl{ of 00, 2). <tnd m Of 11 specify rhe

UIR af an O(].~) or OC\) sub~roup af O(3,~).

lf we allow hurh intq!:ral and half integral Tl and m . rhen rhe ser
{exp [-il:' tJ 'V } will comprise (he hasis of a UIH of rhe group gen('r;.ued

" ""'b" ,be se' af ~en""ltors {Q ' Q ' Q" n , Q " Q .Q ' Q ' Q }. Fm ,bis case
- 1 2 . ~. 1 12 13 14 16

rhe sea lar product must be defined by

,rr 00

(l. g) =J JI" g rdrdj,
o o

1. IIYllIWGE:'>UKE ..\TOM

\\'e shall detennuw [he illvariants of th(. time-depdendenr SclIro{'dinger
equarion of rhe hydw,genlike ;Hom



l"variant3 o/ the equation3 ...

¿Cl 'exp[-iR¡]'I'¡ (r,e,cjJ)=o, (4.1)
,,/m n m n n m

where the: Cn1m are arbitrary constants, and
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with x = cose, y = sine.
The transformation operator D leading to the linear spectrum can be

choscn to be

D = D . /J, = exp {ro' lag (-~O,)} . exp {IO,
r r 2Z

where

lag (~)}
1_ 2//'

(4.2)

The transformed equation is then

w ith I (r, e, cjJ) = ¿ C ¡ e xp [in 1] '1' ¡ (!'-r ,e , cjJ ).
n/m "m "m 22

We choose as independent functions, the set

where x = cos f3, and let che Q opera tor be

(4.3)
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+ Q'O + QXO + Q<Po + Q'o + QO
, x <P t

The derermining equacions derived from (he equation

(00 +2,"0 -r"/.'-r.'o -~)Q'I=O
'" t4

are [hen found ro be

A. Q<P+2r.'y.'Qo +~O'<P= O A 'O'+2ir-'Q' -ir.'Q' = O
r:P 2-' '- , ,

2 -, 'Qx 7 -, x O+ r y +.r xQ = ,x

( 4.4)



InlJan'ant3 o/ th~ I'quations ...

A-.A-. -2 -2 r -3 -2 r 4.2 .04Q" 4 -3 -04Q'~A . Q"'''' - 2, Y Q, + 2, Y Q - 'ry ,+, x)'

O. "Q" . "Q'X+O.2 2Q'_ O 2" .IQ,q, .• 2Q,q,+ 2.2 .2
Q

' - O
~Jr r - tr _r y x - , Ir , - Ir r y 4J - ,

, 2Q'X + .2 Q'X + QXX _ O .2 2Q'q, + QXq, + .2 .2
Q

'X _ O
r- y A- r x r - ,r )' x r r y 4J - ,

47

QA.A. ., '2Q'q, .2 "Q'X_O 'Q'X+.l 2Q'X+ 'QXX+
2

QXX_
O"'''' + r)' q, -, ry -. -)' r ')' )' x x - •

•2Qrq, + .1 .2Qrq, + .2Qq,q, "QXq, _ O
-)' r ')' )' q, -x)' -,

wher('

Q' = Or '

Solvin~ rhesc equarions, ooe obrains a 22 pararncrer generator.

22
Q= :i.aiQ

; = 1 r

wherc (he ai,s are integradon constan(s anJ rhe Qi'5 are

Q, = exp [íicP] (y Clx:¡: ir¡"Clq,)' Q, = Clq,,
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48 Anderson et al

Q. = 2i exp [ :tiq,] (xy a, ax t ,-1YJ ax ax:¡: jy -1 a, a", t , -1Y-1 a", aq,
s

+ ya - 2, -1 xya - ~ ya)
, x 2 t

º7 = exp [tu] (ti,a, tal -f,tn, Q9 = a"
8

't t }f -
Q 10 = 2j exp { ~ jI ; jq, l xya, ax t , -1YJ ax ax ~ jy -1 a, a", t , -1Y-, a", aq, t

11 t

12

"

Q" = 2j e x p [ t ji] { - y' a, ax + , -1 xl ax ax t , -1xy -, a", aq, + (¡ t T') xa,
IS

Q 16 = exp [ t2jq,] {y' ax ax :¡: 2jxax aq, - x'y -, a", a", :¡: jy -, (l + x' ) aq,} = (Q 1)' ,

17 ,

Q 22 = 1 .

anJ Q is the operator deftneJ in (4.4).
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,\" (hese are ohraincd fmm (he transformed eguation (4.3) rhe
~pondjng operators. Qi. lor the uriginal ('t.¡uatiolJ (.1.1) ;uc ,givcn by

corre -

Thl S tLlIl ~f{)rmatj(ln c.1Il he carricd through ('asily for Qi ¡ = 1, 2, .. " 6, as
demonstrated in the aprendix 1 .

~O\\ wc dnah'ZC' those 0r<.'fators. Firs~QI6' º17'" º::'l.:lf(, (':'1>
prL'sscJ in tcrln.'> of 'th(' 0p('r,-HOrs 12 ,Q and Q" LIS 1tsted. LInd Q" is a_ 1 ,

unit opcrator. Q. i ~ l. 2.,." G, cornmute wüh Q or the Hamiltonian,and
• ' 9

are identified as

1)~.dA +iA ), Q,
x )' "

i(A -iA J, Q
x )' 6 iA z

whef(' L+. L_ and LZ are the usual angular rnornentum operators and

A = (A ,.:l . A ) is the v.'e;} known RUHD('-Lenz vector defined byx ),. :l' t" ,

:\.5 is well knowll, A and L generate an 0(4) algenra.
Furthermore. Q

7
• Q

8
and Qq compris(' a c10sed ••L ie algehra

From lhe~e it i ...•

by unir alllount.
ckar rhat Q7 ilnd Q 8 shift the cigenvalue nf Ql¡' that is ;'l ,
The\ sarisf" rhe reLHions

~--- -~~-------~-_._---- ----~~------- --------- ------
• ~•••CL~ apf"enJi xl.

By usin~ a dummy \'aria~lt. t.-\nns(ron,l;7 obtained (he iden(ica! g-eneralOrs in his
tfea:mC'nt of the radial funetioo. Our rcsu[( shnws (ha( his t is in faer (he physieal
ti m (',



50
.\nder~n ct al

º7 2 "ex1' [- iF ,jo'V 1 ~ i!¡ +!J (¡n+l+l)(n-l)}
n nm rz 'cx1'[-if' ,j"'V

n+1 n+11m

Q 00.1'
8

2 ~
[- if' 1] • '!! 1 = ¡( ¡-!J {(li -1 - 1)(Id I)}

n n m 7l • ('xp [-i/! ¡J "1'
n-1 n-11m

º oexp [-i/' ¡J .IV = n oex1' [-il' ¡J .q' I
9 • .Im • • .."

where l.JI1 is a normalized h"dmgt'oic \\'<lVC funcrion and E = _ Z2/2,,2 .n m . 2 - n
Bccau.sc of lhe factor (1 ~ ¡In) ~n rhe above cocfficients, no linear combi-

narions of rhe opcrators º7 aod Qij are ••k{,w '~djoint under rhe usual .scalar
product

27'1 TI "'" 2
(l,g)=[ [[ j"'g, sin Od,d Odcj;

o o l)

•To remove [hese fa<..'tors '~'edefine rhe new operator.;¡ Q
i
by

Using lhe nc\\' opcrators, W( 'ave

,
[-iF ¡J.,!! 1 =i{¡n~l+l)(n-l)} 'exp [-iF + ¡Jo,!! +,1

n nm ni n m

¡º. oo.1'[-iE.I]''!!.lm~i{¡n-l_l)(1i+I)} 'exp[-il!'_II]''!!._I1m'

A straighcforward analysis rh('o show.'> rhar

-Ir is clear that tlit' new set (Q.} satisf}' the same cornmutarion relarions as che set_ l _ __

{ti), anJ as Q£i = l, 2, .... 6.9. commUlC with Q
g
we have ºi = Q

ifori= 1,2, ... , (J,C),

--~-----~-~._-~-~~-- -_._~-----------~---_.-



Invarianl3 o/ thr equalion3 ...

11 = - 1 (Q + Q) \1 = - ~((j - Q) ,\13 Q
. 1 '2' 7' 8" 2 2 -7 B' '}

51

¡he "kt ..'W adjüint t.:nder the abu\'e 3l'alar produc(. They satisfy the relatioos
uf the \\.:eII kllown 00.2) algebra

[,\1 ,,\1
1
J = M o

3 •

The remaininJ! opcrators can be idelltified. as

by direet cak'ulation. lt is ck.lr then thar él particular cOlllplex extention of

rhe set {Qi} i = 1. 2, ...• 15, cumprises rhe w(;'ll kno\'-'n 0(4,2) algcbra of the
<.!ynamical group of rhe hydrogenlikt.. atom . .}'''''~ and (hat the hydrogenic wavc
functiolls form the basis uf a UIR of 0(4.2).
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:lPPE:'-IIlIX 1,
TIIE I:'-IVEKSE Tl,/\!\SFOR.\L\T/O\, OF CO\'ST:I\'TS
OF TIIE \IOT/O\' TO TIIE 01\1<;1:":11. PIIYSIC:lL SP:lCE

\\'e ¡Ilustrare rhe process of inve[s{' rransformarion by using the
opcrators which arise in (he trearment of rhe hy'drogenlike aromo

The inH:rse tran .••fofmation operator [).¡ is given by

•01= (li,)"1 (IJ, ),1 = cxp {/d/l()~ (2Zr' (-2/1) }

ex¡, {rCl log (:-.!.- Cl,rl }
r 2Z

and (he transformed operator Qi will be

(ji O-IO,V=({) rl(V rIQ,V[),-, t r .,

1 ,...,... ,...
as Q1, º2 and º] cornmute with n- , º¡, ºl. and º3 have rhe sanH: forrn a.O;¡

Q ,Q,and Q", -
\Ve next calculare {he transfOrm¡Hion of Q

6
explicitly. (The trans-

formation of Q and Q cao be done in a similar manncr.) Performing rhe
• 1 5rransformacion (1) r 011 Q ' we get, 6

(1 )_1 ( J' 'e> e> J' -1 2e> e> ,,-1 -2e> e> ' e>) - _/).' o () + ...11" x}' U o + Lrr x)' a () + 21 xu, - rx .:4'X eJ:;cP r

_ 4¡,-'x'Cl + •.Cl jo = [ICl (-),'Cl Cl + r-Ix)'Cl Cl
x Ir I TX ),:X

-1 O" e> , -1 'e>+r X)/ .o-J,.o,,.,+"'o -2,. x O +7x).
- '+' '+' r :-.

fine we have used the rela(ions

(1)



~.ex[ Wt' P('rfOflll eh,,' time dilation (f)().1 011(1) to t!('c

after u.sing [he [('latioos

53

,/,
; 2/:(- 211f '(J,

As ","e han: all opef,ltnr iJcllli[y 11 = jo, in (he ori~inal spaC<.:

{t'xp [- i1'" tJ 'l' 1 }, [he last ('quation can he rcwrirten as
" 'J m

(l ; ,. (_ 7 1)- ¡( 2 --. ~ - 1 2, --. -1 - 2 --. ,....,. -1 -) o 0.+, x)' (J o +, --") OJO';"
r:JO xx ~)'P

+-xd _2r1,?c +Zx).
, x

This IS ,1 Z Cllmpnnt'l1r of [he weilknown Run~e-L('nz vector [o wirhin rhe
phase fanor i
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,\PPUlf)lX 1I

Andefson ('r ,11

SOmC(lnH,':-' \\(' h¡H'C tp make use ofan oper<lror iclelltit:: implicJ hy ¡he

lHi,ginai (iIfit'tf'nrjai cl.Juation :0 ohtain a closed tic a1t'cbra. \re Jl111Slrdr('

¡Ii( rroct'~s b~' uswg rhe twu ..•iirncTlsional hydrogC'1l1ik.: afotn. Llkir;¥ ¡h(

C(lJHrnUL1tlH [(l .!J_] ,1:-' an cxam¡,le
'1 ~'1

B;.- c<llcuJ,1~i"r tJ¡( ("ul!lrnulatof '_xr!icicly. \~( gel

r <) Q ] = ," I
. ~ l' q f. I (,.

_7 n J
, "

- 2¡(Ci Ci + ,-l(¡ + r"Ci d", - ,r-1 CI - .jl):'J,}
, 7 t r:p 'F r 't"

", 1-'
2

(d d, , +r-la , -2" . - 1 " 1)+ r 0q;0cj:.-ir 01 -_
i

(-. -1-0 -2e, " . _1" 1)"-"Y-i {~d 1" 1 C' 1-, ui-,O..¡.,- Ir 0, - _ UA-
r 7 r '/--' 'r- .i '+'

, _ 1
- _. r

2
+ L rd

2 ' +~}
Bu! as we l1a\"c an operator idcntity (see equatioll 3.3)

""-",-l-cl -2-"" __1"u o T +r 1.J .•. u.-ll' v7' , y_ ,r l

in thcuansforrnedspace {exPi.i(u--"2)t]lV, (!!-.-r.4J)}. rht:aoove
n m 27

equ.Hion reduces [o

. 1
LQI'(J-.~.: i il (. , +" i1': ¡ro _ u - r

2 r f :: 2
n~.



IPP¡'::'-:lJI\ II1

r'l li!u~,lr,ltt. rhl_' I.\a\ in .\'hi,h ',ll1l' C,lll !~r\'C(.{"'1 111 d<..tt:nnilllll]! rh._'
:"':-(1\1\'-'; ¡J! ('c.¡lLllj(1I1S Wlllch arl""," ¡In ,"'''paLltllln (ll '. .lll.lhles \\{: C,\ll ..•"icr rhl'

f,t'.llll qa,lf .• ,1'-; fOl be '\1.0 ,tlld dlf('t'4dlnlCn ..•inn.l: l\(-p!cr rr;l!l1cll'

T!l(' rh:¡al l'(lll.1'!llll,'" ()f :w(' and ,hn,(,-dilllt.'n"wn"l hydr')fullike <lr(llll~;

.Ht

wherc

" f._. (.); P L - :' F t 1 J:: ,( r) = O
..~ ~I" ¡

n

fur 2-dimensions Uf

p i, q
2 ,- 2-:Z (n-"í)

fl.lf ~-d¡lllens"ons

IlIt!),!'
n

. -J2!i-~
2 "

rbc :ppropriar •....compoulld di Lu;()n lllw[,lIor /) i ..•

"
Wh(,fC

n• (J,

iI , (;) a + ~'r 1";4 _ :1'
. r' -,

, ,
;. ~/r

',\he[(

, 1 ~
-1T 'i, _ 1.1 Ir. t ~ u
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j("t)=¿C exp [i(-21' )-'ZI]U I(_~'~)
n ,., "1--

n N- 2 E
n

We choo~e [he inoependenl functions [o be

and let che Q operatO! be oi rht, form

The determining equation~ lhen are

Q' = O Q' _p,.IQ' - i,.IQ' + p'.'Q' + 200 = O
r • r.. T / -r

Q' + . ! r¿;' .. 1Q' .., Q' t o. .1 Q' - Ohr -11" -11' .!.lr _". r / .,

The solurion is

whcrc " lnrcgrarion anda s are constanrs,

(¿, ti!!!!/I1'3 :¡: id, :¡: ~r + ~p),
2

Q, () Q, = 1I

Anderson et al

Q, and Q2 are rhe same as [he,. shift operators obtained in section 3 and 4.
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Usando los mÉtodos sistemáticos del artículo previo (0, se obtienen

los invariantes y los grupos dinámicos correspondientes .l la ecuación de

Schroedinger dependiente del tipmpo, para el oscilador armónico en dos di-
mensiones y para el átomo hidrogenoide en dos y en tres dimensiones.




