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Integrals of the motion and Green function for dual damped oscillators and
coupled harmonic oscillators
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The application for the integrals of the motion of a quantum system in deriving Green function or propagator is presented. The Green function

is shown to be the eigenfunction of the integrals of the motion which described initial points of the system trajectory in the phase space. The
exact expressions for the Green functions of the dual damped oscillators and the coupled harmonic oscillators are evaluated in co-ordinate
representations. The relation between the integrals of the motion method and other methods such as Feynman path integral and Schwinger
method are also presented.
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1. Introduction variables. The Hamiltonian operator for a dual damped oscil-

lators can be expressed as
In non-relativistic quantum mechanics the Green function

or propagator gives the probability amplitude for a particle . Pips v, . o 2N L

to travel from one spatial point at one time to another spa- H(t) = e E(QZPQ — q1p1) + (k - 4m) 41G2, (1)

tial point at a later time. The propagator can be calculated

by the well-known methods of Feynman path integral [1]\yheref is the harmonic coefficients andis a damping co-
and Schwinger method [2-6]. In 1975, V.V. Dodonov, L.A. &fficient.

Malkin, and V.I. Man’ko [7] presented the connection be- The aim of this section is to derive the Green func-

tween the integrals of the motion of a quantum system and it on G(a1, w2, 2, @, ) of the Schbdinger equation by the

Green function that is the eigenfunction of the integrals of the ., 4 ¢ integrals of the motion [7-9]. The classical equa-
motion describing initial points of the system trajectory in thetion of motion for this system are |

phase space. In 1977, V.V. Dodoneval. [8] constructed a
new method of calculating non-equilibrium density matrices

with the aid of the quantum integrals of motion. D.B. Leme- may + 41 + ka1 =0, @
shevskiy and V.I. Man’ko applied_the integrals. of thg motiqn més — Yo + kqz = 0. ©)
method to the problem of the driven harmonic oscillator in

2012 [9].

. . . . The classical paths in the phase space under the initial
The aim of this paper is to calculate the Green functions " B o _
) -~ tonditionsq; (0) = qi0, ¢2(0) = g20, p1(0) = pio, and
for the dual damped oscillators and the coupled harmonic os- (0) = are given by
cillators by the integrals of the motion method. The orga—p2 P20

nization of this paper are as follows. In Sec. 2, the Green

. . . ) _ —t/2m P20 _~tjom
function for the dual damped oscillators is derived. In Sec. 3, ¢1(t) = quoe™” /2 cos Ot + el MM SnQt, (4)
the Green function for the coupled harmonic oscillators is ob- 4/ P10 /2
tained with the aid of the integrals of the motion. Finally, the ~ ¢2(t) = gaoe™/ ™" cos t + * =7/ =" sin (it (5)

conclusion is presented in Sec. 4. ) )
pi(t) = proe” /2™ cos Ot — gaomQe™/?™ sin Ot (6)

. _ —yt/2m _ —t/2m s
2. The Green function for a dual damped os-  P2(t) = p2oe™ /=" cos Ot — qromQe™ """ sin Q. (7)

cillators

whereQ = /(k/m) — (v2/4m?2). Now we consider the
The Bateman damped harmonic oscillator is described as a#ystem of Egs. (4)-(7) as an algebraic system for unknown
open system in which energy is dissipated by interaction withnitial positionsg;o andgzo and initial momentums;, and
a heat bath [10]. Bateman has shown that dissipative systen#so-
can be presented as a pair of damped oscillators, the so called The variablesy;, g2, p1, p2, andt are taken as the pa-
dual damped oscillators. This system includes a primary oneameters. The solution of this system can be written as the
expressed by; variables and its time reversed imageday  operator in Hilbert space as
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By modifying Egs. (17)-(20), the system of equation for

ST . P2 t/2m
G10(G1, P2, t) = G1e7/?™ cos Ut — —¢” sin Qt, (8) = :
1o(d )= ms2 deriving the Green functiot'(x1, zo, 1, 4, t) are

~ oA A o—t/2m
p1o(G2, p1,t) = pre cos Qt G (21, 79, ) 2, 1) ; . ,
. —vt/2m = ——(mQe csc Q)
+ GamQe™ 7 sin Qf, 9 O0xa h
Go0 (G2, P1, t) = dGoe™ V2™ cos Qt — mfQcot Qta1)G(xy1, 12,17, 25, 1), (21)
5 0G (1, x2, T}, 25, 1) 1
D1 —~yt/2m it L ARVANS ——( Qe /2™ cse Qtal
- —e sin Qt, (10) P) 7 2
md T
ﬁ20 (leﬁ% t) = ﬁ2€7t/2m cos 2t —mf2cot Qt$2)G(‘r17 Z2, 1,/1, xIZa t)7 (22)
/ / -
+ G Qe sin Q. (11) 8G(m1,ag)2,lx1,x2,t) = %(mQ cot Qtx,
41
The operatorgo, §20, P10, andpoy are the integrals of i/
the motion because theirs satisfy equation of —mQe T s Qo) Glan, wa, w8, 1), (23)
A A OG (x1, e, T, xh, t) )
dl 0 .. - Rt it SRl S A r_
=t ﬁ[H’I] =0, (12) o) h(mQ cot Qta
~ 2m
where I may be g1, G20, P10, and pao. Then these — mQe™P ™ esc Uty )Glwy, wa, 2, 7, 1) (24)

operators must satisfy equations for the Green function'\I . Eq. (21) with h iabl
G, w0, 2, ) [7-9], ow one can integrate Eq. (21) with respect to the variable

x5 to obtain

qro(x1)G (21, 22, 2, 9, 1) = 1 (2) i
G((Bl,xz,l’/l,l'é,t) = C($1,£C/1,$/2,t) €xXp {ﬁ(mﬁ

X G(x1, 32,77, 15, 1), (13)
Pro(z1)G(x1, 2, 2], Th,t) = —p1(2)) x cot Qtzixe — mQe /2™ cse Qta:’lxz)} , (25)
/ A
X Gl1, 22,27, 25, 1), (14) whereC (z1, 2, 24, t) is the function ofzy, 2/, =}, andt.
G20(12)G (21, T2, 2, h, 1) = Go(h) Substituting Eq. (25) into Eq. (22) to obtaiiz1, 2}, x5, 1),
., the result is
X G(Ilyz%xlax%t)? (15)
ro - ro
P20(x2)G (w1, T2, &, x5, ) = —pa(ah) Clan, oy, 23,1) = C(a7, 25, ¢)
x G(z1, w2, 27, 75, 1), (16) X exp {—;ervt/Qm csc Qt;vlmlz]. (26)

where the operators on the left-hand sides of the equations
act on variables;; andx», and on the right-hand sides, oh
andz)}. Now we write Eqgs. (13)-(16) explicitly,

(an (e'yt/Qm cos Qt) + (T:ZZBW/M sin Qt) ai)
2

X G(w1, w0, 77, 15, t) = 21G (21, 12, T, T, 1), a7)

So, the Green in Eq. (25) can be written as

G(z1, w9, 2, 7h,t) = C(z}, 2%, t) exp [; (mS2 cot Qw25

— mQesc (e 2l + e‘”t/me’lxg))} (27)
((—ihe™"/?™ cog Qt)ai+x2(mge—'yt/2m sin t)) The next step is substituting the Green function in

T1 Eq. (27) into Eq. (23) to obtai®’'(z}, «5,t) as

0G (1,22, T}, 25, 1)

oo _ imS)
X G($1,$271’17$27t) ih 81‘/1 ) (18) C(xll,xlz,t) _ C(J?/z,t) exp |:Z’n;: cot thllajé:| . (28)
x (e_“’t/zm cos Qt) + ﬁe_“’t/zm sin Qt 9 h h function i b
2 ma or; Thus, the Green function in Eq. (27) becomes
X G(xhx%m/lax/%t) :x/gG($1,£E2,$/1,x/2,t)7 (19) G($1,$2,$/1,.1‘/2,t) :C(xé,t)exp [;(mQCOtQt
0
yt/2m s [ sp0t/2m v
(Cﬂl (er sin Qt) (zhe cos Qt) 81‘2) % (122 + 2 2h) — mSQ esc Qt(e”tmmxlw;
oG Lyaht
X G(w1, 2,2, x5,t) =ik (33'175223;;171'27 ). (20) + e“/zmx'lccz))} (29)
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Substituting the Green function in Eq. (29) into Eq. (24) we obtain
to obtainC'(z5, t), the result is

msd
/ = —. (36)
Kzl . (30) 2rih
] o ° So, the Green function for a dual damped oscillator is
So, it can be implied that'(z},t) = C(¢). The Green
function in Eq. (29) can be expressed as ms)

/ /

i G(ml,xg,xl,xz,t):m
G(x1, 2,27, 7h,t) = C(t) exp [h ;
X exp {h (mQ cot Qt (129 + 2 2h)
X (mQ cot Qt(z129 + 2 2h)
— mQ cse Qt (e ah + e_”’t/zmx’lxg))] . (37)

— mQ csc (e 2y 2l + 6Wt/2m.’£/1$2)):| . (31)
which is the same form as the result of S. Pepore and B. Suk-

To find C(t), we must substitute the Green function of pot calculated by the Schwinger method [5].
Eq. (31) into the Schrodinger equation

oG ) ) /a lvt h’262G ) ) /7 /7t .
ipdG@L e 21,25, 8) B 97G (@, 72,27, 25, ) 3. The Green function for the coupled har-

ot m 0x129 . .
monic oscillators

Zﬁ’j/ 3G(x1,$2,33/1737/27t)

- —X
2m"? 0 Considering a system of two harmonic oscillators which
iy OG(xy, 39,2, 24, 1) are coupled together by another spring. Assuming that the
om L o1y masses of the oscillators and three spring constants are all the
) same. Let their displacementsdeandq,. The Hamiltonian
+ <k _ 7) 212G (21, 2o, 2, Th, 1). (32) operator for the coupled harmonic oscillator can be written
as [6]
After some algebra, we obtain an equation 2 9
dc (1) A =L o D 2@ — g+ @), (38)
—5 = —Ct)(Qcot Q). (33) 2m  2m

. . . . wherew is the constant frequency. The classical equations of
Equation (33) can be simply integrated with respect to L X o
. ; motion determining the oscillator positions and momentums
time ¢, and one obtains

are
C
Ct) = ——, 34 .
() sin (2t (34 i+ w’(2q1 — ¢2) =0, (39)
where(C is a constant. Substituting Eg. (34) into Eq. (31) .. 9 _ _
and applying the initial condition G +w (20— @) =0. (40)
lim G(z1,z9,2),25,t) = §(x1 — 2))d(xe — ), (35) The classical paths in the phase space under the initial
t—0t

ConditionSql(O) = 410, QQ(O) = @20, pl(O) = P10, and
I p2(0) = pyo are

coswt + cos V3wt cos wt + cos /3wt 3sinwt + V3 sin V3wt
a1(t) = quo + g20 + P1o
2 2 6mw
3sinwt — \/§ sin \/gwt
+ P20 ( 6 ) , (41)
mw
coswt — cos V3wt cos wt + cos /3wt 3sinwt — V3 sin V3wt
72(t) = quo + q20 + P10
2 2 6mw
3sinwt + /3 sin \/gwt
+ P20 < 6 > ) (42)
mw
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cos wt + cos \/gwt cos wt — cos \/gwt mw sin wt + \/gmw sin \/gwt
p1(t) = p1o 5 + p20 5 — q10 5 -

mw sin wt — v/3mw sin v/3wt
+ q20 ( 5 > ) (43)
cos wt — cos \/gwt cos wt + cos \/gwt mw sin wt — \/§mw sin \/ﬁwt
p2(t) = p1o + P20 — q10
2 2 2
mw sin wt + v/3mw sin v/3wt
— 420 9 . (44)

Now we consider the system of Egs. (41)-(44) as an algebraic system for unknown initial pagi§ianslg.o and initial
momentumg andpsg. The variables, ¢2, p1, p2, andt are taken as the parameters. The solution of this system can be
written as the operator in Hilbert space as

cos wt + cos \/gwt> np (COS wt — cos ﬂwt)
q2

Gro(q1, G2, P1,P2,t) = 1 (

2 2

V/3sin \fwt + 3sinwt R V3 sin V3wt — 3sinwt
+ P2 ) (45)
6mw
cos wt — cos fwt R cos wt + cos \/gwt
G20(q1, G2, P1, P2, t) + G2 B
V3sin \[wt — 3sinwt R V3 sin V3wt + 3sinwt
— P2 6 ) (46)
mw
mw sin wt + v/3mw sin v/3wt | mwsinwt — v3mw sin V3wt
P10(d1, G2, D1, P2, t) = 5 + 42 5
cos wt + cos \fwt R cos wt — cos \/gwt
o mw sin wt — v/3mw sin /3wt [ mwsin wt + V3mw sin V3wt
P20(d1, G2, D1, P2, t) + G2
2 2
. cos wt — cos \/gwt R cos wt + cos \/gwt
pl( i) (s i)

The operatorg1g, 20, P10, P20, are the integrals of the motion because their satisfy Eq. (12). Then these operators must
satisfy Egs. (13)-(16) and can be explicitly written as

2 2 6mw Oz

cos wt + cos \/gwt cos wt — cos \/gwt \fsm \fwt + 3sinwt 0
Z1 + X9 +1h

(\[bm\[wt—{&bmwt) 0

6mw axz]G(xlaxZaxllvx/%t) = 'rllG(Ila'Ian/hx/%t)a (49)

mw sin wt + v/3mw sin /3wt mw sin wt — v/3mw sin \/gwt . coswt + cos V3wt 0
T B + Z2 9 —ih 2 or
1

0G (1, x2, T}, 25, 1)
oz}

b (coswt—cosﬁwt) 0 ’ (50)

5 %]G(xl,xg,xll,xé,t):ih
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2 2 mw 8TU1

[ (coswt—cosﬁwt) <coswt+cos\/§wt> . (\/gsin\/gwt—?)sinwt) 0
T + 2o —1ih 5

_(V3sin V3wt + 3sinwt | 9
ik ( 61w 3@] G(x1, 0, 27, x5, 1) = 25G (21, T2, T, T, 1), (51)

mw sin wt — v/3mw sin V3wt mw sin wt 4+ v/3mw sin /3wt . coswt — cos V3wt 0
. 2 + %2 2 —in 2 RS

OG (1, x2, T}, 25, 1)
ol ’

(52)

Oy

5 (cos wt + cos \/gwt
—1
2

) g ]G(xhxg?x’l,xé,t):ih

By modifying Egs. (49)-(52), the system of equations for deriving the Green funGtion, x», =}, 24, t) are

0G 1 ah,t ; 3 3
(1, ?’xhx% ) _ % [ml (n;w cot wt + gmw cot \/§wt> + 2 (n”;w cot wt — gmw cot \/gwt>
T

G(xlaanx/la'r/%t)a (53)

3 3
— <m2w cscwt + gmw cse \/gwt> — ), (m;u cscwt — gmw cse \/gwt>

A / t .
0G(z1, 25,21, 2, ) . 1 MY cotwt — émwcot V3wt | + 29 %cotthr ﬁmw cot V3wt
0xo h 2 2 2 2

3 3
— (W;w cscwt — gmw csc \fSwt> — (me cscwt + gmw csce ﬁwt) G(z1, 22,27, 25, t), (54)

oG hoah t ) 3 3
(:El’xQ’lxl’I% ) S 1 ycsemﬂr £m(,ucsc V3wt | + 29 Y escwt — £Truucs,C\/g(,ut
o, h 2 2 2 2

3 3
— (W;w cot wt + gmw cot \/gwt> — <me cot wt — gmw cot \/§wt> 1 G(x1, 22,27, 7h,t), (55)

oG roah.t ) ) 3 3
(21, xQ’lxl’x% ) S 1 Y escwt — £mcu cse V3wt | + o M escwt + £mw cse V3wt
o, h 2 2 2 2

—zh (n;w cot wt — ?mw cot \/gwt> — ), <ﬂéw cot wt + ?mw cot \/gwt> ] G(x1, 22,27, 75, t), (56)

Now we can integrate Eq. (53) with respect to the variahléo obtain

i 3
G(xq, w0, 2, 2h,t) = C(2), 22, 25, 1) exp [;_l (xf (niw cot wt + %mw cot \/§wt>

3 3
+ z129 <m2w cot wt — gmw cot ﬁwt) — :1:135'1 <m2w cscwt + gmw csc \/gwt>

— 117 (m; cscwt — ?mw csc \/?:wt> )] , (57)

whereC(z}, z2, 24, t) is the function ofr), x4, 2%, andt. Substituting Eq. (57) into Eq. (54) to fird(z}, 2, 25, t), we get
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; 3
C(xy, x2,25,t) = C(4, 25, t) exp [; (m% <771w cot wt + %mw cot \/gwt>

— 297} <m2w cscwt — ?mw cse \/gwt> — ToTh (m;} cscwt + ?mw cse \/gwt> )] , (58)

So, the Green function in Eq. (57) can be written as
G(z1, 22,27, xh,t) = C(2), 24, t) exp l; ((z% +22) (Tr:u cot wt + ?mw cot \/gwt>

3 3
+ 179 (77‘;4) cot wt — gmw cot \/gwt> — (212} + w1}y <n“;w cscwt + gmw csc \/gwt>

— (z12h + @) (W;w cscwt — ?mw csc \/gwt> >] , (59)

Substituting Eq. (59) into Eq. (55), we obtain

C(ah, 2h,t) = C(xh,t) exp [; (x'? <rr;w cot wt + ?mw cot \/?Lﬁ)

3
+ a2l <rr;w cot wt — gmw cot \/gwt> )1 , (60)

Thus, the Green function of Eq. (59) becomes

) 3
G(z1, 22,2}, 75,1) = C(x5,t) exp 2@+ a2+ 27 %Cotwt—l—imwcot\/gwt
1, T2 2 7| @1 1 1 1

3 3
+ (2129 + 2] 2%) (m; cot wt — gmw cot \/gwt) — (z12] + 227h) (rr;w cscwt — gmw cse \/gwt>

— (z12h + wo)) (TT;W cscwt — ?mw csc \@u)t) )] , (61)

Substituting Eqg. (61) into Eqg. (56), we get

C(z45,t) = C(t) exp l; (az’g (WZ‘] cot wt + ?mw cot ﬁwt) )1 : (62)

So, the Green function in Eg. (61) can be written as

; 3
G(x1, 0,2, 7h,t) = C(t) exp [; ((x% +22+27+22) (T’ZU cot wt + %mw cot ﬁwt)

3 3
+ (2129 + 2] 2%) (m;u cot wt — gmw cot \/gwt) — (212 + 227h) (rr;w cscwt + gmw cse \/gwt>

— (z12h + wo)) (777;] cscwt — ?mw cse \/§wt> )] , (63)
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To find C(¢), we must substitute the Green function of  Integrating Eq. (65) with respect to time, we obtain
Eq. (63) into the Sclidinger equation

C

0G(z1, wo, T, h, 1t h? 02G(x1, 0, 2}, 2h,t C(t) = , 66

5,961 :vgtml x5,t) _ — (21 ;;2961 5, t) (t) (Sin wt sin v/3i00) 12 (66)
1
h? 0%G(z1, 2,2, 7, 1) whereC is a constant.
- 2m D2 Substituting Eq. (66) into Eq. (63) and applying the ini-
tial condition in Eq. (35), the consta6tis

+mw? (2?2 — x129 + 22)G (21, T2, T, 2h, 1). (64) a. (39)
After some algebra, we obtain an equation o 31/ mw 67)
dC t 3 2mih '
# =—-C(t) (L; cot wt + gw cot \/gwt> . (65)

t So, the Green function for a coupled harmonic oscillator

|  can be expressed as

Vo1 T V3
G Lty = 3(2 2 4 g ’2>%tt— tv/3wt
(z1, 22,27, 25, 1) 2mih | Smotsin Vawt exp 5 x] + a5+ ']+ 25 1 cot wt + 1 mw cot V3w

3 3
+ (x1m9 + 2 7h) (n”;w cot wt — gmw cot \/gwt> — (12 + wo1)) <me cscwt + gmw csc ﬁwt)

— (z12h + wo1h) (m; cscwt — ?mw csc \/gwt> )] , (68)

which is the same form as the calculation of S. Pepore and B. Sukbot by the Schwinger method [6].

4. Conclusion

The method in calculating the Green functions with the aidj the Feynman path integral [1], the pre-exponential function
of integrals of the motion presented in this article can bec(¢) comes from sum over all fluctuating paths that depend
successfully applied in solving the dual damped oscillatoryy calculation of the functional integration while in the inte-
and the coupled harmonic oscillator problems. This methogyra|s of the motion method this term appears from solving the
has the crucial steps in deriving the integrals of the mOtiO”%chrodinger equation of Green function. In the Schwinger
G10, G20, P10, @Ndpzo and implying that the Green functions formalism [2-6], the pre-exponential functiofi(t) arises
G(x1, 22,7, 75, t) is the eigenfunctions of the operatdis,  from the commutation relation of[t), #(0)]. These differ-

G20, P10, @andpao. ent points of view may show the connection between classical

In fact, this method has many common features with thénechanics and quantum mechanics. It can be conclude here

Schwinger method [3-6], but the Schwinger method uses thg, gt the integrals of the motion method in this paper seems to

operatorg(t) andp(t) in calculating the matrix element of pe more simple from the viewpoint of calculation.
Hamiltonian operator in deriving the Green function

Gz, t) = C(z,2")

t A

i f (] H(2(),2(0)) | 2'(0))
X exp _ﬁ/ ) | @ d

t]. (69)
0
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