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The application for the integrals of the motion of a quantum system in deriving Green function or propagator is presented. The Green function
is shown to be the eigenfunction of the integrals of the motion which described initial points of the system trajectory in the phase space. The
exact expressions for the Green functions of the dual damped oscillators and the coupled harmonic oscillators are evaluated in co-ordinate
representations. The relation between the integrals of the motion method and other methods such as Feynman path integral and Schwinger
method are also presented.
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1. Introduction

In non-relativistic quantum mechanics the Green function
or propagator gives the probability amplitude for a particle
to travel from one spatial point at one time to another spa-
tial point at a later time. The propagator can be calculated
by the well-known methods of Feynman path integral [1]
and Schwinger method [2-6]. In 1975, V.V. Dodonov, I.A.
Malkin, and V.I. Man’ko [7] presented the connection be-
tween the integrals of the motion of a quantum system and its
Green function that is the eigenfunction of the integrals of the
motion describing initial points of the system trajectory in the
phase space. In 1977, V.V. Dodonovet al. [8] constructed a
new method of calculating non-equilibrium density matrices
with the aid of the quantum integrals of motion. D.B. Leme-
shevskiy and V.I. Man’ko applied the integrals of the motion
method to the problem of the driven harmonic oscillator in
2012 [9].

The aim of this paper is to calculate the Green functions
for the dual damped oscillators and the coupled harmonic os-
cillators by the integrals of the motion method. The orga-
nization of this paper are as follows. In Sec. 2, the Green
function for the dual damped oscillators is derived. In Sec. 3,
the Green function for the coupled harmonic oscillators is ob-
tained with the aid of the integrals of the motion. Finally, the
conclusion is presented in Sec. 4.

2. The Green function for a dual damped os-
cillators

The Bateman damped harmonic oscillator is described as an
open system in which energy is dissipated by interaction with
a heat bath [10]. Bateman has shown that dissipative systems
can be presented as a pair of damped oscillators, the so called
dual damped oscillators. This system includes a primary one
expressed byq1 variables and its time reversed image byq2

variables. The Hamiltonian operator for a dual damped oscil-
lators can be expressed as

Ĥ(t) =
p̂1p̂2

m
+

γ

m
(q̂2p̂2 − q̂1p̂1) +

(
k − γ2

4m

)
q̂1q̂2, (1)

wherek is the harmonic coefficients andγ is a damping co-
efficient.

The aim of this section is to derive the Green func-
tion G(x1, x2, x

′
1, x

′
2, t) of the Schr̈odinger equation by the

method of integrals of the motion [7-9]. The classical equa-
tion of motion for this system are

mq̈1 + γq̇1 + kq1 = 0, (2)

mq̈2 − γq̇2 + kq2 = 0. (3)

The classical paths in the phase space under the initial
conditionsq1(0) = q10, q2(0) = q20, p1(0) = p10, and
p2(0) = p20 are given by

q1(t) = q10e
−γt/2m cosΩt +

p20

mΩ
e−γt/2m sinΩt, (4)

q2(t) = q20e
γt/2m cosΩt +

p10

mΩ
eγt/2m sinΩt, (5)

p1(t) = p10e
γt/2m cosΩt− q20mΩeγt/2m sinΩt, (6)

p2(t) = p20e
−γt/2m cosΩt− q10mΩe−γt/2m sinΩt, (7)

whereΩ =
√

(k/m)− (γ2/4m2). Now we consider the
system of Eqs. (4)-(7) as an algebraic system for unknown
initial positionsq10 andq20 and initial momentumsp10 and
p20.

The variablesq1, q2, p1, p2, and t are taken as the pa-
rameters. The solution of this system can be written as the
operator in Hilbert space as
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q̂10(q̂1, p̂2, t) = q̂1e
γt/2m cosΩt− p̂2

mΩ
eγt/2m sinΩt, (8)

p̂10(q̂2, p̂1, t) = p̂1e
−γt/2m cosΩt

+ q̂2mΩe−γt/2m sin Ωt, (9)

q̂20(q̂2, p̂1, t) = q̂2e
−γt/2m cosΩt

− p̂1

mΩ
e−γt/2m sinΩt, (10)

p̂20(q̂1, p̂2, t) = p̂2e
γt/2m cosΩt

+ q̂1mΩeγt/2m sinΩt. (11)

The operatorŝq10, q̂20, p̂10, andp̂20 are the integrals of
the motion because theirs satisfy equation of

dÎ

dt
=

∂Î

∂t
+

i

~
[Ĥ, Î] = 0, (12)

where Î may be q̂10, q̂20, p̂10, and p̂20. Then these
operators must satisfy equations for the Green function
G(x1, x2, x

′
1, x

′
2, t) [7-9],

q̂10(x1)G(x1, x2, x
′
1, x

′
2, t) = q̂1(x′1)

×G(x1, x2, x
′
1, x

′
2, t), (13)

p̂10(x1)G(x1, x2, x
′
1, x

′
2, t) = −p̂1(x′1)

×G(x1, x2, x
′
1, x

′
2, t), (14)

q̂20(x2)G(x1, x2, x
′
1, x

′
2, t) = q̂2(x′2)

×G(x1, x2, x
′
1, x

′
2, t), (15)

p̂20(x2)G(x1, x2, x
′
1, x

′
2, t) = −p̂2(x′2)

×G(x1, x2, x
′
1, x

′
2, t), (16)

where the operators on the left-hand sides of the equations
act on variablesx1 andx2, and on the right-hand sides, onx′1
andx′2. Now we write Eqs. (13)-(16) explicitly,

(
x1

(
eγt/2m cosΩt

)
+

(
i~

mΩ
eγt/2m sinΩt

)
∂

∂x2

)

×G(x1, x2, x
′
1, x

′
2, t) = x′1G(x1, x2, x

′
1, x

′
2, t), (17)

((−i~e−γt/2m cosΩt)
∂

∂x1
+ x2(mΩe−γt/2m sinΩt))

×G(x1, x2, x
′
1, x

′
2, t) = i~

∂G(x1, x2, x
′
1, x

′
2, t)

∂x′1
, (18)

(
x2

(
e−γt/2m cos Ωt

)
+

(
i~

mΩ
e−γt/2m sinΩt

)
∂

∂x1

)

×G(x1, x2, x
′
1, x

′
2, t) = x′2G(x1, x2, x

′
1, x

′
2, t), (19)

(
x1

(
mΩeγt/2m sinΩt

)
−

(
i~eγt/2m cosΩt

) ∂

∂x2

)

×G(x1, x2, x
′
1, x

′
2, t) = i~

∂G(x1, x2, x
′
1, x

′
2, t)

∂x′2
. (20)

By modifying Eqs. (17)-(20), the system of equation for
deriving the Green functionG(x1, x2, x

′
1, x

′
2, t) are

∂G(x1, x2, x
′
1, x

′
2, t)

∂x2
= − i

~
(mΩe−γt/2m cscΩtx′1

−mΩcot Ωtx1)G(x1, x2, x
′
1, x

′
2, t), (21)

∂G(x1, x2, x
′
1, x

′
2, t)

∂x1
= − i

~
(mΩeγt/2m cscΩtx′2

−mΩcot Ωtx2)G(x1, x2, x
′
1, x

′
2, t), (22)

∂G(x1, x2, x
′
1, x

′
2, t)

∂x′1
=

i

~
(mΩcot Ωtx′2

−mΩe−γt/2m cscΩtx2)G(x1, x2, x
′
1, x

′
2, t), (23)

∂G(x1, x2, x
′
1, x

′
2, t)

∂x′2
=

i

~
(mΩcot Ωtx′1−

−mΩeγt/2m cscΩtx1)G(x1, x2, x
′
1, x

′
2, t) (24)

Now one can integrate Eq. (21) with respect to the variable
x2 to obtain

G(x1, x2, x
′
1, x

′
2, t) = C(x1, x

′
1, x

′
2, t) exp

[ i

~
(mΩ

× cotΩtx1x2 −mΩe−γt/2m cscΩtx′1x2)
]
, (25)

whereC(x1, x
′
1, x

′
2, t) is the function ofx1, x′1, x′2, andt.

Substituting Eq. (25) into Eq. (22) to obtainC(x1, x
′
1, x

′
2, t),

the result is

C(x1, x
′
1, x

′
2, t) = C(x′1, x

′
2, t)

× exp
[
− i

~
mΩeγt/2m cscΩtx1x

′
2

]
. (26)

So, the Green in Eq. (25) can be written as

G(x1, x2, x
′
1, x

′
2, t) = C(x′1, x

′
2, t) exp

[
i

~
(
mΩcot Ωtx1x2

−mΩcsc Ωt(eγt/2mx1x
′
2 + e−γt/2mx′1x2)

)]
(27)

The next step is substituting the Green function in
Eq. (27) into Eq. (23) to obtainC(x′1, x

′
2, t) as

C(x′1, x
′
2, t) = C(x′2, t) exp

[
imΩ
~

cot Ωtx′1x
′
2

]
. (28)

Thus, the Green function in Eq. (27) becomes

G(x1, x2, x
′
1, x

′
2, t) = C(x′2, t) exp

[
i

~

(
mΩcotΩt

× (x1x2 + x′1x
′
2)−mΩcsc Ωt(eγt/2mx1x

′
2

+ e−γt/2mx′1x2)
)]

. (29)
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Substituting the Green function in Eq. (29) into Eq. (24)
to obtainC(x′2, t), the result is

∂C(x′2, t)
∂x′2

= 0. (30)

So, it can be implied thatC(x′2, t) = C(t). The Green
function in Eq. (29) can be expressed as

G(x1, x2, x
′
1, x

′
2, t) = C(t) exp

[
i

~

×
(
mΩcot Ωt(x1x2 + x′1x

′
2)

−mΩcsc Ωt(eγt/2mx1x
′
2 + e−γt/2mx′1x2)

)]
. (31)

To find C(t), we must substitute the Green function of
Eq. (31) into the Schrodinger equation

i~
∂G(x1, x2, x

′
1, x

′
2, t)

∂t
= −~

2

m

∂2G(x1, x2, x
′
1, x

′
2, t)

∂x1x2

− i~γ
2m

x2
∂G(x1, x2, x

′
1, x

′
2, t)

∂x2

+
i~γ
2m

x1
∂G(x1, x2, x

′
1, x

′
2, t)

∂x1

+
(

k − γ2

4m

)
x1x2G(x1, x2, x

′
1, x

′
2, t). (32)

After some algebra, we obtain an equation

dC(t)
dt

= −C(t)(Ω cotΩt). (33)

Equation (33) can be simply integrated with respect to
time t, and one obtains

C(t) =
C

sinΩt
, (34)

whereC is a constant. Substituting Eq. (34) into Eq. (31)
and applying the initial condition

lim
t→0+

G(x1, x2, x
′
1, x

′
2, t) = δ(x1 − x′1)δ(x2 − x′2), (35)

we obtain

C =
mΩ
2πi~

. (36)

So, the Green function for a dual damped oscillator is

G(x1, x2, x
′
1, x

′
2, t) =

mΩ
2πi~ sinΩt

× exp
[

i

~

(
mΩcot Ωt(x1x2 + x′1x

′
2)

−mΩ cscΩt(eγt/2mx1x
′
2 + e−γt/2mx′1x2)

)]
, (37)

which is the same form as the result of S. Pepore and B. Suk-
bot calculated by the Schwinger method [5].

3. The Green function for the coupled har-
monic oscillators

Considering a system of two harmonic oscillators which
are coupled together by another spring. Assuming that the
masses of the oscillators and three spring constants are all the
same. Let their displacements beq1 andq2. The Hamiltonian
operator for the coupled harmonic oscillator can be written
as [6]

Ĥ(t) =
p̂2
1

2m
+

p̂2
2

2m
+ mω2(q̂2

1 − q̂1q̂2 + q̂2
2), (38)

whereω is the constant frequency. The classical equations of
motion determining the oscillator positions and momentums
are

q̈1 + ω2(2q1 − q2) = 0, (39)

q̈2 + ω2(2q1 − q2) = 0. (40)

The classical paths in the phase space under the initial
conditionsq1(0) = q10, q2(0) = q20, p1(0) = p10, and
p2(0) = p20 are

q1(t) = q10

(
cosωt + cos

√
3ωt

2

)
+ q20

(
cosωt + cos

√
3ωt

2

)
+ p10

(
3 sin ωt +

√
3 sin

√
3ωt

6mω

)

+ p20

(
3 sin ωt−√3 sin

√
3ωt

6mω

)
, (41)

q2(t) = q10

(
cosωt− cos

√
3ωt

2

)
+ q20

(
cosωt + cos

√
3ωt

2

)
+ p10

(
3 sin ωt−√3 sin

√
3ωt

6mω

)

+ p20

(
3 sin ωt +

√
3 sin

√
3ωt

6mω

)
, (42)
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p1(t) = p10

(
cos ωt + cos

√
3ωt

2

)
+ p20

(
cosωt− cos

√
3ωt

2

)
− q10

(
mω sinωt +

√
3mω sin

√
3ωt

2

)
−

+ q20

(
mω sin ωt−√3mω sin

√
3ωt

2

)
, (43)

p2(t) = p10

(
cos ωt− cos

√
3ωt

2

)
+ p20

(
cosωt + cos

√
3ωt

2

)
− q10

(
mω sinωt−√3mω sin

√
3ωt

2

)

− q20

(
mω sin ωt +

√
3mω sin

√
3ωt

2

)
. (44)

Now we consider the system of Eqs. (41)-(44) as an algebraic system for unknown initial positionsq10 andq20 and initial
momentumsp10 andp20. The variablesq1, q2, p1, p2, andt are taken as the parameters. The solution of this system can be
written as the operator in Hilbert space as

q̂10(q̂1, q̂2, p̂1, p̂2, t) = q̂1

(
cosωt + cos

√
3ωt

2

)
+ q̂2

(
cos ωt− cos

√
3ωt

2

)

− p̂1

(√
3 sin

√
3ωt + 3 sin ωt

6mω

)
+ p̂2

(√
3 sin

√
3ωt− 3 sin ωt

6mω

)
, (45)

q̂20(q̂1, q̂2, p̂1, p̂2, t) = q̂1

(
cosωt− cos

√
3ωt

2

)
+ q̂2

(
cos ωt + cos

√
3ωt

2

)

+ p̂1

(√
3 sin

√
3ωt− 3 sin ωt

6mω

)
− p̂2

(√
3 sin

√
3ωt + 3 sin ωt

6mω

)
, (46)

p̂10(q̂1, q̂2, p̂1, p̂2, t) = q̂1

(
mω sin ωt +

√
3mω sin

√
3ωt

2

)
+ q̂2

(
mω sinωt−√3mω sin

√
3ωt

2

)

+ p̂1

(
cos ωt + cos

√
3ωt

2

)
+ p̂2

(
cosωt− cos

√
3ωt

2

)
, (47)

p̂20(q̂1, q̂2, p̂1, p̂2, t) = q̂1

(
mω sin ωt−√3mω sin

√
3ωt

2

)
+ q̂2

(
mω sinωt +

√
3mω sin

√
3ωt

2

)

+ p̂1

(
cos ωt− cos

√
3ωt

2

)
+ p̂2

(
cosωt + cos

√
3ωt

2

)
. (48)

The operatorŝq10, q̂20, p̂10, p̂20, are the integrals of the motion because their satisfy Eq. (12). Then these operators must
satisfy Eqs. (13)-(16) and can be explicitly written as

[
x1

(
cosωt + cos

√
3ωt

2

)
+ x2

(
cos ωt− cos

√
3ωt

2

)
+ i~

(√
3 sin

√
3ωt + 3 sin ωt

6mω

)
∂

∂x1

− i~

(√
3 sin

√
3ωt− 3 sin ωt

6mω

)
∂

∂x2

]
G(x1, x2, x

′
1, x

′
2, t) = x′1G(x1, x2, x

′
1, x

′
2, t), (49)

[
x1

(
mω sin ωt +

√
3mω sin

√
3ωt

2

)
+ x2

(
mω sin ωt−√3mω sin

√
3ωt

2

)
− i~

(
cosωt + cos

√
3ωt

2

)
∂

∂x1

− i~

(
cosωt− cos

√
3ωt

2

)
∂

∂x2

]
G(x1, x2, x

′
1, x

′
2, t) = i~

∂G(x1, x2, x
′
1, x

′
2, t)

∂x′1
, (50)
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[
x1

(
cos ωt− cos

√
3ωt

2

)
+ x2

(
cosωt + cos

√
3ωt

2

)
− i~

(√
3 sin

√
3ωt− 3 sin ωt

6mω

)
∂

∂x1

+ i~

(√
3 sin

√
3ωt + 3 sin ωt

6mω

)
∂

∂x2

]
G(x1, x2, x

′
1, x

′
2, t) = x′2G(x1, x2, x

′
1, x

′
2, t), (51)

[
x1

(
mω sin ωt−√3mω sin

√
3ωt

2

)
+ x2

(
mω sin ωt +

√
3mω sin

√
3ωt

2

)
− i~

(
cos ωt− cos

√
3ωt

2

)
∂

∂x1

− i~

(
cos ωt + cos

√
3ωt

2

)
∂

∂x2

]
G(x1, x2, x

′
1, x

′
2, t) = i~

∂G(x1, x2, x
′
1, x

′
2, t)

∂x′2
. (52)

By modifying Eqs. (49)-(52), the system of equations for deriving the Green functionG(x1, x2, x
′
1, x

′
2, t) are

∂G(x1, x2, x
′
1, x

′
2, t)

∂x1
=

i

~

[
x1

(
mω

2
cot ωt +

√
3

2
mω cot

√
3ωt

)
+ x2

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

)

− x′1

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

)
− x′2

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

) ]
G(x1, x2, x

′
1, x

′
2, t), (53)

∂G(x1, x2, x
′
1, x

′
2, t)

∂x2
=

i

~

[
x1

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

)
+ x2

(
mω

2
cot ωt +

√
3

2
mω cot

√
3ωt

)

− x′1

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

)
− x′2

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

) ]
G(x1, x2, x

′
1, x

′
2, t), (54)

∂G(x1, x2, x
′
1, x

′
2, t)

∂x′1
= − i

~

[
x1

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

)
+ x2

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

)

− x′1

(
mω

2
cot ωt +

√
3

2
mω cot

√
3ωt

)
− x′2

(
mω

2
cotωt−

√
3

2
mω cot

√
3ωt

)]
G(x1, x2, x

′
1, x

′
2, t), (55)

∂G(x1, x2, x
′
1, x

′
2, t)

∂x′2
= − i

~

[
x1

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

)
+ x2

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

)

− x′1

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

)
− x′2

(
mω

2
cotωt +

√
3

2
mω cot

√
3ωt

)]
G(x1, x2, x

′
1, x

′
2, t), (56)

Now we can integrate Eq. (53) with respect to the variablex1 to obtain

G(x1, x2, x
′
1, x

′
2, t) = C(x′1, x2, x

′
2, t) exp

[
i

~

(
x2

1

(
mω

4
cot ωt +

√
3

4
mω cot

√
3ωt

)

+ x1x2

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

)
− x1x

′
1

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

)

− x1x
′
2

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

))]
, (57)

whereC(x′1, x2, x
′
2, t) is the function ofx′1, x2, x

′
2, andt. Substituting Eq. (57) into Eq. (54) to findC(x′1, x2, x

′
2, t), we get
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C(x′1, x2, x
′
2, t) = C(x′1, x

′
2, t) exp

[
i

~

(
x2

2

(
mω

4
cot ωt +

√
3

4
mω cot

√
3ωt

)

− x2x
′
1

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

)
− x2x

′
2

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

) )]
, (58)

So, the Green function in Eq. (57) can be written as

G(x1, x2, x
′
1, x

′
2, t) = C(x′1, x

′
2, t) exp

[
i

~

(
(x2

1 + x2
2)

(
mω

4
cot ωt +

√
3

4
mω cot

√
3ωt

)

+ x1x2

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

)
− (x1x

′
1 + x2x

′
2)

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

)

− (x1x
′
2 + x2x

′
1)

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

))]
, (59)

Substituting Eq. (59) into Eq. (55), we obtain

C(x′1, x
′
2, t) = C(x′2, t) exp

[
i

~

(
x′21

(
mω

4
cot ωt +

√
3

4
mω cot

√
3ωt

)

+ x′1x
′
2

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

))]
, (60)

Thus, the Green function of Eq. (59) becomes

G(x1, x2, x
′
1, x

′
2, t) = C(x′2, t) exp

[
i

~

(
(x2

1 + x2
2 + x′21)

(
mω

4
cot ωt +

√
3

4
mω cot

√
3ωt

)

+ (x1x2 + x′1x
′
2)

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

)
− (x1x

′
1 + x2x

′
2)

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

)

− (x1x
′
2 + x2x

′
1)

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

))]
, (61)

Substituting Eq. (61) into Eq. (56), we get

C(x′2, t) = C(t) exp

[
i

~

(
x′22

(
mω

4
cot ωt +

√
3

4
mω cot

√
3ωt

))]
, (62)

So, the Green function in Eq. (61) can be written as

G(x1, x2, x
′
1, x

′
2, t) = C(t) exp

[
i

~

(
(x2

1 + x2
2 + x′21 + x′22)

(
mω

4
cot ωt +

√
3

4
mω cot

√
3ωt

)

+ (x1x2 + x′1x
′
2)

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

)
− (x1x

′
1 + x2x

′
2)

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

)

− (x1x
′
2 + x2x

′
1)

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

))]
, (63)
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To find C(t), we must substitute the Green function of
Eq. (63) into the Schr̈odinger equation

i~
∂G(x1, x2, x

′
1, x

′
2, t)

∂t
= − ~

2

2m

∂2G(x1, x2, x
′
1, x

′
2, t)

∂x2
1

− ~2

2m

∂2G(x1, x2, x
′
1, x

′
2, t)

∂x2
2

+ mω2(x2
1 − x1x2 + x2

2)G(x1, x2, x
′
1, x

′
2, t). (64)

After some algebra, we obtain an equation

dC(t)
dt

= −C(t)

(
ω

2
cot ωt +

√
3

2
ω cot

√
3ωt

)
. (65)

Integrating Eq. (65) with respect to time, we obtain

C(t) =
c

(sinωt sin
√

3ωt)1/2
, (66)

whereC is a constant.
Substituting Eq. (66) into Eq. (63) and applying the ini-

tial condition in Eq. (35), the constantC is

C =
3(1/4)mω

2πi~
. (67)

So, the Green function for a coupled harmonic oscillator
can be expressed as

G(x1, x2, x
′
1, x

′
2, t) =

mω

2πi~

[ √
3

sin ωt sin
√

3ωt

]1/2

exp

[
i

~

( (
x2

1 + x2
2 + x′21 + x′22

) (
mω

4
cot ωt +

√
3

4
mω cot

√
3ωt

)

+ (x1x2 + x′1x
′
2)

(
mω

2
cot ωt−

√
3

2
mω cot

√
3ωt

)
− (x1x

′
1 + x2x

′
2)

(
mω

2
csc ωt +

√
3

2
mω csc

√
3ωt

)

− (x1x
′
2 + x2x

′
1)

(
mω

2
csc ωt−

√
3

2
mω csc

√
3ωt

))]
, (68)

which is the same form as the calculation of S. Pepore and B. Sukbot by the Schwinger method [6].

4. Conclusion

The method in calculating the Green functions with the aid
of integrals of the motion presented in this article can be
successfully applied in solving the dual damped oscillator
and the coupled harmonic oscillator problems. This method
has the crucial steps in deriving the integrals of the motions
q̂10, q̂20, p̂10, andp̂20 and implying that the Green functions
G(x1, x2, x

′
1, x

′
2, t) is the eigenfunctions of the operatorsq̂10,

q̂20, p̂10, andp̂20.
In fact, this method has many common features with the

Schwinger method [3-6], but the Schwinger method uses the
operatorq̂(t) and p̂(t) in calculating the matrix element of
Hamiltonian operator in deriving the Green function

G(x, x′, t) = C(x, x′)

× exp


− i

~

t∫

0

〈x(t | Ĥ(x̂(t), x̂(0)) | x′(0)〉
〈x(t) | x′(0)〉 dt


 . (69)

In the Feynman path integral [1], the pre-exponential function
C(t) comes from sum over all fluctuating paths that depend
on calculation of the functional integration while in the inte-
grals of the motion method this term appears from solving the
Schrodinger equation of Green function. In the Schwinger
formalism [2-6], the pre-exponential functionC(t) arises
from the commutation relation of [x̂(t), x̂(0)]. These differ-
ent points of view may show the connection between classical
mechanics and quantum mechanics. It can be conclude here
that the integrals of the motion method in this paper seems to
be more simple from the viewpoint of calculation.

1. R.P. Feynman and A.R. Hibbs,Quantum Mechanics and Path
Integral, (McGraw-Hill, New York, 1965).

2. J. Schwinger,Phys. Rev.82 (1951) 664.

3. S. Pepore and B. Sukbot,Chinese. J. Phys.47 (2009) 753.

4. S. Pepore and B. Sukbot,Chinese. J. Phys.53 (2015) 060004.

5. S. Pepore and B. Sukbot,Chinese. J. Phys.53 (2015) 100002.

6. S. Pepore and B. Sukbot,Chinese. J. Phys.53 (2015) 120004.

Rev. Mex. Fis.64 (2018) 150–157



INTEGRALS OF THE MOTION AND GREEN FUNCTION FOR DUAL DAMPED OSCILLATORS. . . 157

7. V.V. Dodonov, I.A. Malkin, and V.I. Man’ko,Int. J. Theor.
Phys.14 (1975) 37.

8. V.V. Dodonov, I.A. Malkin, and V.I. Man’ko,J. Stat. Phys.16
(1977) 357.

9. D.B. Lemeshevskiy and V.I. Man’ko,Journal of Russian Laser
Research33 (2012) 166.

10. H. Bateman,Phys. Rev38 (1931) 815.

Rev. Mex. Fis.64 (2018) 150–157


