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Newton’s law of cooling with fractional conformable derivative
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The fractional conformable derivative and its properties have been introduced recently. Using this derivative we obtain a new class of smooth
solutions for the Newton’s law of cooling in terms of a stretched exponential function depending on the fractional order parameteri.

In addition, the convection coefficient of fractional ordery) can be calculated easily. Also, it is shown, that in the particular gasel

these solutions become the ordinary ones.
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1. Introduction law of cooling. In addition, the convection coefficient of frac-

tional orderk(~) is found.
Fractional calculus (FC) is the natural generalization of the

ordinary calculus involving derivatives and integrals of non- Basic results on fractional conformable
integer order. During the thirties or so, FC has attracteaz' o
much attention due to its powerful and widely used tool for ~ derivative
be.tter modelling 'and FoerI of processes in many areas qfri the paper [14], a new definition of fractional derivative is
science and engineering [1-3]. Nowadays, there are severa o . L .

L ) S : given, it is calledconformable fractional derivativedefined
definitions of fractional derivatives and integrals [4]. These” : .

- . : L . as: Letf : [0,00) — R a given function, then, the con-
definitions include Riemann-Liouville, Grunwald-Letnikov, ; S : .

- formable fractional derivative of the orderis defined by

Caputo, Weyl [5-6] and, more recently, Caputo-Fabrizio [7] .
and Atangana-Baleanu [8]. The most used definitions are . (f)(t):de(t) fE+et™7) = f(1) )
the Riemann-Liouville and the Caputo fractional derivatives. ~ ' dtv € ’
There are classical applications where FC has shown its grefar all ¢ > 0 and0 < v < 1. This expression is a possible
capabilities, such as: the tautochrone problem [9], modelgeneralization of the standard definition of derivative. When
based on memory mechanism [10], fractional diffusion equas = 1 from (1), we obtain
tion [11], new linear capacitor theory [12], the non-local de- flt+e) — ft)
scription of quantum dynamics like Brownian motion and fr=1lm ———————.

. . e—0 €
anomalous diffusion [13], to name a few. Although the fractional conformable derivative is easily com-

All d'efiniti.ons of fractional deri\{atives satisfy the prop- Puted, it is not conformable at = 0, namelylim.,_ T, #
erty of linearity. However, properties, such as the producf_ If f is y—differentiable in some0,a), @ > 0, and

rule, quotient rule, chain rule, Rolle’s theorem, mean valuehmt o (1) exists, thenf(0) = lim, .o+ £7(¢) holds.

theorem and composition rule and so on, they are lacking ifhe most important properties of this conformable fractional
almost all fractional derivatives. To avoid these difficulties, derivative are given as theorem in [14].

in [14] it was proposed an interesting idea that extends the or- - Theorem:Let ~ € (0,1] and f andg be~-differentiable

dinary limit definitions of the derivatives of a function, called at a pointt > 0, then

conformable fractional derivative. This definition allows for

many extensions of some classical theorems in calculus, for 1+ T5(af +bg) = o™ (f) + T, (g), forall a,b € R.

which the applications are essential in the fractional differ- o T, (t?) = pt*=7, forallp € R.

ential models that existing definitions do not permit. It has .

attracted the interest of researchers, as it seems to satisfy all 3- 75(}) = 0, for all constant functiorf (¢) = A.

the requirements of the standard derivative. Also, the com- 4. T, (fg) = fTy(9) + 9T (f).

puting using this new derivative is much easier than using

other definitions of fractional derivative. Therefore, there is 5, Tw(i) — w_

a large number of works carried out using this new definition 7 g?

and its generalization, [15-24]. o dntt )
Motivated by this new conformable derivative, we apply ~ ©- Ty(N)(t) =t =g vy € non+ 10 f(2) is

it to obtain new class of smooth solutions for the Newton's (n + 1) differentiable at > 0.

=f(t)=lim
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3. Newton law of cooling proposed a systematic way to construct fractional differen-

tial equations using the fractional Caputo derivative, which
Temperature difference in any situation results from energyonsists of the following:

flow into a system or energy flow from a system to surround-
. : d 1 4
ings. The former leads to heating, whereas the latter leads to — = (6)
cooling. at gy dt

Newton’s law of cooling states that the rate of change ofwhere~ is an arbitrary parameter, which represents the order
temperature of the body is proportional to the difference beof the derivativep < v < 1, o, is a parameter representing
tween the temperature of the body and that of the surroundinghe fractional time components in the system, its dimension-

medium [25], ality is of time s [26]. It is interesting to note, that depending
JT on the system the; may be done in terms of the physical
= —k(T —T,), T(0) = Ty, (2)  parameters of the system, for example, in our case it is con-

venient to taker, = 1/k, becausék] = [s~1]. Then, in our
whereTy, is the initial temperature of the body at= 0, T,,, particular case, to obtain a fractional derivative we must re-
is the temperature of the medium, which is considered to b@lace the ordinary derivative by the fractional one as follows:

constant, and is the cooling coefficient (or convective) de- d L d
fined as M @Zk ’7%7 0<y<L. @)
[0
k= mC’ ) so, substituting this expression in the ordinary differential

equation (2), we have the corresponding fractional differen-

wherea is the heat transfer coefficient for convectioh,s . .
tial equation of ordety,

the heat transfer surface area,is the mass of the body;
is the specific heat. The coefficiehtis measured in inverse arT

X . . . . — =—k"(T-T,), T0)=Ty, 0<y<1l (8
unity of time, s~!. Equation (2) predicts that the difference  dt¥ ( ) ©0) 0 K ®)
between the initial temperatufle and surrounding medium This equation has been solved in the case of the fractional

temperaturd’;, drops exponentially derivative of Caputo, having as a solution the Mittag-Leffler
C function [27-28]. However, using the Caputo procedure it
T(t) = Ton + (To — Trm)e ™. (4)  is not easy to calculate the convective coefficienDue to

) S _this, in this work we apply the recently introduced fractional
Many experiments seem to support the applicability of this,qnformable derivative [14].

simplified theory for temperature difference [25]. From this

equation we have thatif— 0, thenT' — Tp, and ift — oo, formula 6 of the above theorem, when= 0, we have

thenT — T,,, the body and the surrounding are in the ther-

mal equilibrium. 4 _ I&*Vd—7 = k1*7t1*7£. 9)

Now, suppose that after some given timethe tempera- dt dtv dt

ture changes frort’ to 73, with these conditions we can find Recalling thatk] = s~ and[t] = s, thenk!=¢!=7 is di-

the value oft from (4), mensionless. Substituting thisne fractional conformable
transformin (8), we obtain an ordinary differential equation

(5) dT

— = kYT - T,
dt ( :)7

This result is well known and can be found in any physical TO)=Ty, 0<~<L (10)
textbook.
The question here is; what happens in the case of fracFhis equation has the particular solution
tional conformable calculus. Which of the two models gives K
the best result for the convective coefficiénand therefore, T(t;y) =Tm + (To = Tm)e” 7", 0<y<l (11

for the behaviour of the Newton’s law of cooling? The an- gpserve that in the case= 1, the Eq. (11) transforms in (4).
swer is the main result of this short communication which iSSuppose now, that after a timewe have a temperatufg
given in the next section. then, from (11) we have

For this, we take into account the expression (7) and the

Ly, (Tom Ty

k=1
i\ -1,

kY _~

. . T1 = T, + (TQ - T, )6777 . (12)
4. Newton fractional conformable cooling law ! "
From here we can calculate the fractional convective coeffi-
Usually, authors replace integer derivative operators witltient easily,
fractional ones on a purely mathematical basis. However, N
. . . . . I Y TO — En 5
from the physical and engineering point of view, this is not  k(vy) = [7 In (7)} ,

completely correct, and some dimensional corrections in the T T —Tn
new equation are required. Having this in mind, in [26] we Figure 1 shows howi(+) depends on the values of

0<~y<1. (13)
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FIGURE 1. Shows the behaviour of cooling coefficiehty) for
different values ofy, whereTp, = 100°C, T7 = 60°C, Ty, = 5°C
andr = 600s.
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FIGURE 2. Shows the behaviour of the fractional Newton’s law of

cooling (11) for different values of.

A. ORTEGA AND J. JUAN ROSALES

are local. However, the behaviour of the system, in general,
is similar [27-28].

5. Conclusions

In this short communication we started with the ordinary dif-
ferential equation for the Newton’s law of cooling, then, we
used the method given in [26] to obtain the corresponding
fractional differential equation. After that, we applied the
conformable fractional derivative to obtain a first-ordinary
homogeneous differential equation with non-integer power
variable coefficients. When solving this equation we obtain a
new class of smooth solutions for the Newton’s law of cool-
ing given by stretched exponential functions. In addition, the
convection coefficient of fractional ordg(-y) is found easily.
This conformable fractional derivative definition is a conve-
nient definition in the exact solution procedure of fractional
differential equations. Conformable fractional derivatives are
easier to use when compared to the other fractional deriva-
tives, as its derivative definition does not include any integral
term.

Newton’s law of cooling is invoked in a wide range of
contexts in applied science, for example, in materials sci-
ence, high temperature superconductivity and atmospheric
physics [29-30]. We hope that the way of analysing the frac-
tional differential equations using the conformable fractional
transform (9) will be of great help in solving fractional equa-
tions that represent more complex systems. Of course, it will
be interesting to compare the theoretical results with some
experimental data.

Figure 2 shows that ag decreases the steady state so-
lution is reached at longer times. Besides, in the case OAcknowIedgments
fractional conformable differential equations (10) we have
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