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Weyl invariance in metric f(R) gravity
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We aim to derive the most generR) gravity theory, including the matter, so that it be Weyl invariant. Making use of the mathematical
equivalence of these theories with an type of scalar-tensor theory (which includes a scalar degree of @addroy imposing the Weyl
invariance for the pure gravity (under this label, we understand the part that does not involve fields of matter although it could include kinetic
terms linked tog) as well as for the matter sector, we obtain the fundamental equation that restricts the form: dkR¢ — f(R) (and,
accordingly, off(R)) so that the resulting action to be Weyl invariant in the Jordan frame. We show that this action is not other than the
so-called gravity-dilaton action with one scalar fididwhich effective mass i® and® dependent. In the Einstein frame, the action becomes

the Einstein-Hilbert action with the Ricci scalar being constant due to that the effective mass of scalar field in this frame vanish. So, we
can assume that the Ricci scalar, in the Einstein frame, is the true Cosmological Constant. Therefore, is not preposterous to guess that, «
least mathematically, all Weyl invariant metrf¢ R) theory in the Jordan frame is equivalent, at classical level, to the Einstein gravity, in

the Einstein frame, with a constant Ricci scalar. At quantum level, as it is known, both theories are not equivalent due to the presence of
anomalies in one of the frames.
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1. Introduction frame to the other is given by a conformal transformation

Iy — Guw = f(R)gu = ¢g,,, Where the prime denote
The f(R) gravity [1,2] is a modification of the Einstein grav- tﬁe derivaﬁve. (R g

itational theory and it is essentially based on a generalization
of the Einstein-Hilbert action:

S ~ / die/gR — / dr/=gf(R) (1)

The issue of distinguishing if the Einstein frame and the
Jordan frame are not but two different representations of the
same physical theory or, contrary, they are two truly differ-
ent theories, still has not been resolved. According to some
) ) o authors, the Jordan frame is the physical frame [13]. For oth-
wheref () is afunction of the Ricci scalar curvatufe Per-  o5114,10] it is the Einstein frame because of its resemblance
haps the more knowfi( ) theory is the model of Starobin- 1, General Relativity. There is also a third group integrated
sky wheref(R) = R +_(a/m2)32 [3]. The reasons for this  ,y the authors who claim the physical equivalence of both
(and others) modification of the Einstein General Relatlwtyframe& at least at the classical level, since the conformal
(GR) arise from diverse motivations and these are of differenf, 5 nsformations do not change the mass ratios of elementary

nature: astrophysical, cosmological [4-6], coming from high'particles; therefore, those does not alter physics [15]
energy physics, from the need to obtain a Quantum Gravity

Theory [7] and so on (see [8,9]) for instance).
It is well known that there are three versions &fR)

However, some authors claim a true physical difference
between both frames, [16-18]. At the quantum level, the is-

gravity, according to the variational principle used to derive>U€ 1S St"! more complicated (see [19] for a very interesting
the field equations: thenetric f(R) gravity [10] if the ac- general discussion).
tion is extreme with respect to the variation of the metric; the ~ On the other hand, from its birth, the local scale (con-
Palatini f(R) gravity [11] if the action varies with respect formal) invariant theories [20,21] have been considered in
to the metric and the connection, where both are consideredfverse contexts and to address different problems: cosmo-
as independent variables; finathye metric-affingf (R) grav-  logical [22-24] in the framework of the particle physics [25]
ity [12] if the mechanism of Palatini is used but the action©F in quantum gravity [26,27].
of matter is considered dependent of connection. For the In this paper, we consider the Weyl invariance (under-
Einstein-Hilbert action f(R) = R)), the Palatini formula- stood as a locally conformal symmetiyof a generalf (R)
tion and the metric gravity formulation are equivalent but thistheory and we establish the shape that their action must to
is not true for af (R) general theory. have to be Weyl invariant. We show that this Weyl invariant
Besides, both the Palatini action and the metric gravityaction f(R), in the Jordan frame, is equivalent mathemati-
action, can be written in the so-called Jordan franmewhich  cally to the so-called gravity-dilaton action. Given that, as
the scalar field is non-minimally coupled to the metric ten-it was said before, the passage from Jordan’s frame to Ein-
sor, or in the so-called Einstein frame, in which it is mini- stein’s frame is made by means of a particular conformal
mally coupled to the metric tensor. The passage from oné&ansformation in which a scalar field takes part, we ask our-
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selves if, for anyf(R) theory, it is possible to maintain the being:
Weyl invariance (and, consequently, the conformal invariant

because the Weyl invariance implies conformal invariance) in o2 — 9f(R) V(®) = > (R _ f)

both frames or, on the contrary, the passage from a frame to OR I’

another one implies to resign explicitly to her. We show that 1 dV(®)

the latter is what actually happens due that actif(i2) Weyl R(®) = 2% o 9)

invariant in the Jordan frame are equivalent, in the Einstein

frame, to the Einstein-Hilbert action with the Ricci scalar be-  The equivalent Lagrangian of the action (8) is named
ing constant. Helmholtz Lagrangian by analogy with the classic mechanic.

We look for an action so that (8), and, accordingly the ac-

. i tion (2), becomes invariant under the conformal transforma-
2. The metric f(R) gravity tion:

Let us consider the covariant pure gravitational action, in the
Jordan frame, for the n-dimension@&lR) gravity theories:

20 (z)

Guv uv = € 9uv

1
mo@)g — 5 = > log% (10)

1 = g=ce
Sy = 5z | VI (E) @
The purpose is to determine the form th&®), and accord-
where k2 = M;(”‘Q) = 8rG,, being Mp the n- ingly f(R), mustto have for to make it possible.
dimensional Planck mass € /i = 1), G,, the n-dimensional

gravitational constany; = det(g,,,) and R the Ricci scalar: 3. Weyl invariance

! g“”@A(JTgFf;V) — 9%lny/—g — g“”Ffm %, (3)  Under the conformal transformation (10), the connection and
V=g the Ricci scalar do it as:

Obviously, for f(R) = R, the action (2) becomes the n- ~

dimensional Ein(ste)in—HiIbert action. F;\W — FIA“’ - Pl/\“f ™ 52v”0 ™ 5;}v“0 N g’“’vAU (11)
It is well known (see [28,10,29]) that a Legendre trans- -,

formation allows us to express the action (2) in another dy- = #¥

namically equivalent form in which the Lagrangian is linear and:

in the scalar curvature and where an auxiliary dimensionless

— T, =10, —6,V,o — 0)V,0 + G Ve (12)

scalar degree of freedom (not matter field,)js added: R— R=e2% {R —2(n -1V
o(r) =TI — 4y(R) = a(ro(R)) - aV(0(R)) (@) :
dR —(n—1)(n—2)(Vo) } (13)
being: . .
v (9) where the tilde refers to the metrig,, and we denote
R(¢) = b (B) V20 =y¢g"V,V,0=0,and(Vo)? =gV, ,0V,0 = 0o}
Therefore:

and where the condition(R) # Constant, that is to say
(d®f(R)/dR?) # 0, is assumed. Also, as it is usual, and R=e¢2[R—(n—1) (202 + (n—2)a?)] (14)
due to diverse reasons (see [10], for example), we assume the

conditiong > 0. orifn > 2:
In fact, V(¢) is the Legendre transform ¢f(R). There- 3 An—1) e i
fore the action (2) becomes: R=e¢? {R - ﬁe‘TV2 (62)} (15)
1 N
S9=53 /dnﬂ«“\/ -9 [qu - V((b)} (6)  So, for the action (8) to be Weyl! invariafit,R) should be

transformed under (10) as:
From¢ we can define a scalar field (wift] = M™~2/2)

as:= 1 f(R) —J(R) = (R(i)z a V(é))
b= (kD)2 V(D)= ?V(HQ‘I)2) @) = e " f(R) = e " [R®* - V(®)] (16)
?/n(?i;);r}g-refore’ the action (6)(from now ¢R) = R®* — = W words, under the Weyl transformation (1¢),R)

should be homogeneously transformed.
1 . ) In a analogue manner, from the above equation and mak-
Sy = 5 /d vy/—g [R2* — V(®)] (8) ing use of (9) and (15), we get the way such thandV ()
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should be transformed in order to get one Weyl invariant acForn = 4, by considering only the terms that are invariant

tion: under® — —®, and so (24) is finally:
<o Of(R) Of(R) OR _ / 4 {1
2 = —e O S, = [ d&*x/—g|=0,20"D
oR  OR oR ’ 2%
= 670172)0‘1)2 — (I) =e ("—22)“ P (17) + iRCI)Q o gm2q)2 o 8@4 _ 5m4 (25)
12 2 4!
and . . .
wherea = (C2/6), 8 = (Cy4/2) andw = (Cy/3)
V(B) — e~V (D 4(n—1) This action (except factors) was already considered
(@) =e (®) - n—2 in [32]. This action is the mathematical solution of (20).
Gn_2)0 (=210 However, in order for make the whole theory self-consistent
2v72 —_— . .
xe- Y ( ) (18) (that is to say, so that pure gravity plus the matter to be Weyl

invariant), not all the terms are physically acceptable. If the
This equation provides restrictions for the shape of the scalajiey| invariance condition for matter is assumed also, as it
functionV'(®). After of some algebra (see the appendix),(18)yill pe seen below, the field equation & along with the

can be rewritten in the form: constraint of tracelessness of the energy-momentum tensor,
. An—1) 2=y~ imposed by the Weyl invariance, strongly reduces the num-
V(®) - g Ve ber of allowed terms. In particular, the mass terms are re-

A . moved. The same happens if there is no present matter (in
=" V(D) — (n:Q )<I>V2<I> (19) the vacuum).
beingV2d = §(9,0,% — 3,0, ®) 5. Fields equations

The Eq. (19) claims that’( )—(4(n—1)/n —2)0V20

should be some functiop(®) of such way that, under a Weyl Letus consider the matter action:

transformation, it is transformed as: Siatt = / d"2r/ =g Lenatl( Vi, Gy (26)
Weyl ., = o
X(®) == X(®) = e " x(D) (20)

beingy; the matter fields. The matter action is not generi-
cally Weyl invariant. Nevertheless we will assume as a work-

Thatis o say: ing hypothesis that the matter (exotica or not) action of our

) A(n — ) ) model of the universe effectively is it. It is to say, it is invari-
R®” — f(R) - ———~®V @ =x(®)  (21)  antunder the transformations:
should be transformed homogeneously. G — Guv = €D g,,
P — Py = e N7y (27)

4. lution . :
Solutions From the actiors, + Smarand by using (24),(26) and the

Taking into account dimensional arguments fqf®) identity

([x(®)] = M™), the most general polynomial expression V20?2 = 2(0, 000 + OV?D) (28)
which verifies (20) is: it is straightforward to derive the field equation fgr, :
2(71 k) 1 2 2 2 14
chm n=z (22) Ryy = 50 R | 9% + g 20V20 — ———0,00°®
~ 1 2n
being C;, a dimensionless constar®{ — C), = C}) and +ox(@) ) + mf’uq’arxq’
mk N mk — efkamk
If we define¢ = (4(n —1)/n — 2)) and by using of the —-20V,V,® =T (29)
identity: wherex(®) is given by (22) and being
/d"a:\/—gq)VQ(I) = —/d”x«—g@lt@&“@ (23) pmatt _ _ 2 OSmat Weyl Tmatt o~ (n—2)opmatt
224 \/7 59“” pv ot
then, the most general Weyl invariant action becomes: By taking the trace in (29), one gets:
1
Sy=5 [ a3 [0,00°0 + R (@) (@4) RO 4 BVID 4 oy (B) = 2T (30)
n — n —
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On the other hand, by varying the action (24) with respect tahis action turns into other one in which the scalar field
®, we obtain the field equation : appears minimally coupled to the metric. Making use of
1 (37,15), we arrive at the Ricci scalar in Einstein frame :

GV21%—X@0¢:0 (31) ) \
20 R=(k®) 7= [R— 0-'V20] (38)
where the prime denote the derivative w.dt.

Putting together (30) and (31), the following equation is The resultant action in the so-called Einstein frame (the bar

derived: refers to Einstein frame) is finally:

(2 =)Dy (®) + 2nx (D) = 4T™" (32) S
g =

/J%J[R C} (39)

22 Kn—2

It is well known (see [31], for example) that one im-
portant features of the Weyl invariance of any acti®ns
that the trace of their associated energy-momentum tens
T = (2/v/—9)(6S/6¢"") is identically zero, on the equa-
tions of motions (on shell). It is to say;"” 7}, = 0. Indeed
because of the assumed invarianceSgfi under the trans-
formation (27):

where the identity (23) was used. As it is seen from (39),
e scalar field does not appear in the action when this is ex-
pressed in the Einstein frame. What happens truly is that the
transformation (17) is verified and then the fidlds fixed:

d— &= (kD) D= 1 (40)
Sw Stmatt = —209“”‘25—”;‘3“ — Ao 5‘; T =0 (33) i
g i Given that (35) should be verify toe2(®) = 0 and then
For any matter field (it is to say, for all i) its field equa-
tion is (0Smar/0¢;) = 0, and thenl[}2"g"” = 0. Obviously o _" Cn (a1)
for the case in which there are not matter (the vacuum ) also n—2 s

Tmatt: .
In agy case, wheneveF™ — 0, the solution of (32) Therefore, the action in Einstein frame finally becomes :

is x(®) ~ ®27/7=2)_ |n this case, the scalar field equa-

tion, (31), is simply the trace of the gravitational field equa- = /d”a:FR (42)

tion (29), as it is well known. ne
Therefore, the most general Weyl invariant pure gravity

action,(24), physically plausible, namely compatible with the

Weyl invariance ofSmay, finally, is given by the expression:

being R constant.
Making use of the (39) and (41), (29) becomes:

1 2n _
S =3 / d*zv/=g [&9“@3“@ + R®? — cn@m} (34) Ry = —Guw (43)

This action describes the so-called dilaton graVity and, Waﬁ'his is the field equation of a maxima”y Symmetric space-
already considered in [27,19,23] and, for= 4, derived  time of constant curvature:
in [21]. ~

The (31) is the one of an scalar field: K- R _ 1 Cn (44)
Weyl TL(TL - 1) K2 (TL - 2)(” - 1) .
(V2 + mgﬁ) =0 —

I It to say, R seems the true cosmological constant.

xe 29 (@2 + meﬁ) d=0 (35)

with the effective mass squared: 7. Conclusions

1
2 frd n— 2 . . .
Mefi(P) = §<n_ 20 o=z We have considered the behavior of metficR) gravity
(with matter added) under Weyl transformations. Taking into
— R> n=4 1(2(;4<p2 R) (36) ~ account the well knqwn property that states the mathemati-
cal equivalence of this theory with a scalar-tensor theory, we
_ _ studied the behavior under the Weyl transformation of the ac-
6. Einstein frame tion
n 2
The action (34), in which the scalar field is non-minimally /d ay/=g[R®" = V(®)]

coupled to the metric, is named Jordan frame action. By car-
rying out the following transformation: and we derived the necessary condition for the action to be

., Weyl invariant. The most general Weyl invariant action, in
v — Guv = (KP) "2 g, (37)  the Jordan frame, includes both the degrees of freedom of
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the gravitational field as well as the scalar field whose efand:

fective mass (by this we understand the parameter that is in-

volved in the Klein-Gordon equation) consists of two com- PPV2 (<I><i>‘1) = V2P + 2010V
ponents: a term of self-interaction of the scalar field and the

scalar curvature of the space-time. The Weyl invariant ac- % (é—lq)vé _ Vq)) 5192V (A3)
tion for the metricf (R) theory we obtained is the so-called

) . / i 3 R 9
dilaton gravity action. When we carry out the transformation S lovd — " dVo + VO (A.4)

Juv ~ @29#1,, going from Jordan frame to Einstein frame,
the scalar field becomes massless and fRéurns out to be

constant and it arise as the true cosmological constant. ANd therefore:

this way, the symmetry is broken and the action, in Einstein 3 L 3 (n —2)2

frame, is the Einstein- Hilbert action with a pure cosmologi- 201V (<I>_1<I>V<I> — V@) =

cal term. All this gives us reasons to assume that, despite how 2

surprising it may seem, every invariant Weyl metfi¢R) x (Vo)?®? — (n —2)8VoVP (A.5)

gravity theory in Jordan frame is mathematically equivalent
to a theory of type Einstein-Hilbert, in the Einstein frame,  On the other hand:
with only one cosmological term where the Ricci scalar is

the cosmological constant. —_o1P2V2H = —e"PV2D
If the physical equivalence is given too, it is something )
that should be studied in depth. _ =2 01202 4 (n— 2)0V0VE (A6)
5 .
Appendix Finally:
A. - - -
PHV? (cpcp—l) — OV2P — V2 (A.7)
Starting from (18), we can see that the Weyl invariance con-
dition is given by (19). Therefore (29) become:
The (18) can be expressed as:
(7 (H) — ,—no 4:(77‘_]‘)~ 2 F—1 Véena|:vq)4(n_1)
V() =e {V((I)) - eV (<1><1> ) } (A1) (®) (@) - ——
~ - ~ - 2 noe F Hvr2 &
v? (9371) = 471V%0 — 2072VaVE < (#V20 — 79V ‘I))} (A-8)

+207%0VOVE — 29V (A2)  whichis no other than (19).
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