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This review article has the antecedents of Jaskolski’s 1996 Physics Report on “Confined Many-electron Systems”, the fifteen chapters on the
“Theory of Confined Quantum Systems” in Vols. 57 and 58 of 2009 Advances in Quantum Chemistry, and the nine chapters of the 2014
Monograph “Electronic Structure of Confined Quantum Atoms and Molecules”. In this contribution, the last two sets of reviews are taken
as points of reference to illustrate some advances in several lines of research in the elapsed periods. The recent progress is illustrated on
the basis of a selection of references from the literature taking into account the confined quantum systems, the confining environments and
their modelings; their properties and processes, emphasizing the changes due to the confinement; the methods of analysis and solutions,
their results including confiability and accuracy; as well as applications in other areas. The updated and current works of the Reviewer are
also presented. The complementary words in the title apply to the simplest atom in its free configuration and to the harmonic oscillator
quantum dot, because they admit more exact solutions than the number of their degrees of freedom; and to their many-electron and confined
counterparts, due to their additional interactions and changes in boundary conditions.
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1. Introduction

This invited review article is written against the background
of W. Jaskolski´s 1996 Physics Report on “Confined many-
electron systems” [1], the fifteen chapters of “Theory of Con-
fined Quantum Systems” in Advances in Quantum Chemistry
(AQC) 2009 Vols. 57 [2-10] and 58 [11-16], with S.A. Cruz
as Special Editor, and the nine chapters of “Electronic Struc-
ture of Quantum Confined Atoms and Molecules” [17-25]
edited by K. A. Sen in 2014. It is interesting to contrast [1] a
review of the state-of-the-art in that year by a single author,
with the two sets of reviews of specific topics in the field,
twenty two and twenty six years later, illustrating advances
and the diversification of the field in the respective periods.

The readers can get an idea on the physical systems and
confinement conditions in each review from their respective
titles in the references. Notice that [2-8] are restricted to one
and two electron atoms, [9] and [11] to many-electron atoms,
while [10] treats confined atoms as open systems, [12] re-
ports on the photoionization of atoms encaged in spherical
fullerenes while [13] a Density Functional Theory Study of
Molecules confined inside fullerene and fullerene-like cages,
[14] deals with the Spectroscopy of Confined atomic Sys-
tems: Effect of Plasma, [15] characterizes the Energy Level
Structure of Low-dimensional Multi-electron Quantum Dots,
and [16] is about Engineering Quantum Confined Silicon
Nanostructures: Ab-Initio Study of the Structural, Electronic
and Optical properties. We may add that in [2,3], [5-8]
and [12] the atoms or molecules are confined inside spheres,
while in [4] the confining boundaries are conoidal, and in [9]
they are spherical, prolate spheroidal, and plane.

In the Monograph, its Editor pointed out in the Preface
that, it deals with the simplest among the quantum confined
model systems, recording the significant developments in the
field subsequent to the two published volumes of Advances in
Quantum Chemistry. The titles and authors can be identified
in [17-25], recognizing common topics and Contributors in
[17-20] and [24] from the previous set of reviews; here we
spell out the other titles [21] “Confined Quantum Systems
Using the Finile Element and Discrete Variable Represen-
tation Methods”, [22] “Bound and Resonant States in Con-
fined Atoms”, [23] “Spatial and Shell-Confined One Electron
Atomic and Molecular Systems: Structure and Dipole Polar-
izability”, and [25] “Study of Quantum Confinement of H+

2

Ion and H2 Molecule with Monte Carlo. Respective Role of
the Electron and Nuclei Confinement”, illustrating new meth-
ods of solution, new physical effects, and new ways of mod-
eling the confinement.

Concerning the use of the words superintegrability and
symmetry breakings in the title of this contribution, the reader
may find in [4], and in [26] of [17] these respective uses for
the one-electron hydrogen atom and quantum dot, in their
free and confined configurations. In fact, the Schrödinger
equation for the hydrogen atom can be separated and in-
tegrated in spherical, spheroconal, prolate spheroidal and
parabolic coordinates; and for the harmonic oscillator mod-
eling one-electron quantum dots in cartesian, cylindrical and
also spherical and spheroconal coordinates. That situation
extends to the respective quantum systems confined by natu-
ral boundaries corresponding to fixed values of the respective
coordinates. For the free systems, their solutions in the dif-
ferent coordinate systems share the same degeneracies; due to
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their respective O(4) and SU(3) symmetries. In contrast, the
systems confined in the successive natural boundaries exhibit
the corresponding symmetry breakings due to the changes in
the boundary conditions, with different energy eigenvalues
and eigenfuctions, and reduced degeneracies. The title and
contents of [18] also illustrate these effects.

In the case of the hydrogen atom, the superintegrability is
subject to the condition of the position of the nucleus at the
center of the sphere, at one of the foci in the prolate spheroid,
at the common focus of the paraboloids, each one with their
respective set of constants of motion; if the nucleus occupies
other positions, the separability of the Schrödinger equation
does not hold any longer: the original constants of motion,
energy eigenvalues and eigenfunctions. cease to be such.

In going from the one-electron systems to the many-
electron counterparts, the presence of the additional electron-
electron Coulomb interaction breaks the respective O(4) and
SU(3) symmetries. Upon confining them, there are additional
symmetry breakings dependent on the characteristics of the
confinement.

In the process of planning the writing of this contribu-
tion, the author has considered the alternatives of reviewing
the field at large a la Jasholski, or following the example of
the AQC and Monograph individual reviews. Given the time
constraints of the invitation, the decision has been to make a
conceptual and connecting review, which is intended to serve
the readers as a guide to become familiar with the variety
of works in the literature illustrating the progress in recent
years; and also sharing the recent results of our own work,
and the problems which we are currently investigating.

This article is organized as follows: Section 2.1 identi-
fies some connections between the different reviews in AQC
dealing with the same physical systems one-electron, two-
electron and many-electron atoms, and harmonic oscillators,
under the same or different confinement conditions, taking
into account their respective methods of solution, and their
results, on specific properties. Section 2.2 starts by analyzing
the further advances in the common topics in the reviews of
the Monograph and those of AQC, and goes on to the remain-
ing four new topics. Section 3 includes a selection of ref-
erences from the literature illustrating recent progress in the
field, taking into account the novelty of the confined quantum
systems, the confining environments and their modelings, the
properties of such systems, and their connections with other
fields of materials science. In Section 4, the Author updates
the progress in his own and collaborators’ works, and gives
a preview on current investigations. Section 5 consists of a
discussion on the reviewed recent progress.

2. Background Reviews

This section includes brief comments about the Reviews in
AQC2009 and in the Springer Monograph 2014, in 2.1 and

2.2 respectively. The first set identifies the key concepts and
methods in each Review, recognizing some connections and
differences among some of the Reviews, thus establishing the
points of reference and the threads guiding the writing and
reading of this contribution. The second set follows the same
ideas, connecting first the contributions with common topics
or Authors from the previous set, and going on with the new
ones.

2.1. Theory of Confined Quantum Systems 2009

This section identifies some common features and differences
in the reviews in Advances in Quantum Chemistry [2-16] in
order to illustrate the diverse ways of modeling and analyzing
the confined quantum systems, and how the results on some
of their properties compare. The identification follows the or-
der of the references covering the atoms with increasing num-
ber of electrons. Their common features and differences are
some of the elements to follow in the successive sections in
order to recognize the further advances and recent progress.

2.1.1.

“Properties of Confined Hydrogen and Helium Atoms” [2]
analyzes the solutions for the Schrödinger equation for the
hydrogen atom confined in a spherical box with the bound-
ary condition of vanishing at the radius of the box R, as well
as the polarizability of the atom. In this way model wave
functions are constructed for the entire range ofR [0,∞]
interpolating between those of the free atom forR → ∞
and those of the free electron in a box forR → 0, provid-
ing energy eigenvalues. The concept of the critical radius for
which the energy eigenvalue vanishes:E(R = Rc) = 0,
and the eigenfunctions are spherical Bessel functions, is also
analyzed and approximated with a WKB approach, and nu-
merically illustrated by Eq. (3.58).

Table 1 provides a comparison of the energies of the con-
fined hydrogen atom in the state1s, 2s, 2p, 3p, 3d and the po-
larizability of the ground state from numerical calculations,
model wave functions and the simple approximation of Eq.
(3.39) for confining radii [.2,10]. The agreement between the
first two entries is quite good for all states and radii, while
the differences of the third entry increase as the radius is de-
creased and the excitations are higher.

The helium atom confined in a spherical box is ana-
lyzed in terms of the effective Hamiltonian of Eq. (3.65)
using screening factorsS(R) depending on the radius of con-
finement, and also interpolating between its asymptotic and
small values for the states(1s2) 1S, (1s2s) 3S, (1s2p) 1P
and (1s2p)3P . Table 2 illustrates the results for the ener-
gies from Eqs. (3.72), (3.77) and (3.79), respectively, for
R = [1, 6], reported previously by the authors, compared
with those of high accuracy from its Refs. [29] and [39].
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There are also two sections on the hydrogen atom, cen-
tered in a sphere and at a focus in prolate spheroidal coordi-
nates, confined by a centered harmonic oscillator potential,
respectively.

2.1.2.

“Exact Relations for Confined One-Electron Systems” [3]
deals with the spherical confinement of the hydrogen atom in
Sections 1-6, the isotropic harmonic oscillator in Section 7,
and information theoretical uncertainty-like relations in Sec-
tion 8. Its bibliography is very detailed and complete, prov-
ing very useful for the reader. Additionally, some of its re-
sults are very graphical and their validity goes beyond the
specific topic. Since its Section 2 has a good overlap with
the previous chapter, we go on to its Section 3 on “Commu-
tation Relations and Hypervirial theorems”. In order to con-
nect some of the basic concepts, we start by pointing out the
difference between the boundary conditions of the Dirichlet,
Neumann and Robin types of vanishing wavefunction, van-
ishing normal derivative of the wavefunction and logarithmic
derivative of the wavefunction equal to a real-valued function
P (~r), respectively; the last one becomes the second one for
P = 0, and the first one in the limitP → ∞. Also, the
energy functional defined in Eq. (2.1) as the matrix element
of the Hamiltonian between an initial stateψ and a final state
ϕ includes a surface integral term involvingP and the same
functions. While the constants of motion commute with the
Hamiltonian, a dynamical quantitŷA not commuting with
the Hamiltonian, leads via their commutator[H, A] = B to
another dynamical quantity,̂B. The virial theorem is gen-
eralized to hypervirial theorems when the expectation value
of B is calculated and the proper boundary conditions of the
eigenfunctions are taken into account. The section under con-
sideration goes on to consider scaling transformation and to
obtain the Kirkwood-Buckingham relation, including illus-
trations of their applications. Sects 4) “Energy and Region
Modifications”, 5) “The system in an external potential”, and
6) “On Mean Values and Other Properties of Confined Sys-
tems” illustrate specific results for the different properties of
the confined systems for the different conditions of confine-
ment.

Section 7 explains the degeneracy of the confined D-
dimensional harmonic oscillator and also the density at the
equilibrium point as investigated in its Ref. [105]. From
the properties of the confluent hypergeometric functions, the
interdimensional state degeneracy under the transformation
given by (n, `,D) → (n, ` ± 1, D ∓ 2) can be also estab-
lished.

Section 8 defines the one-electron Shannon information
entropySr of the electron density in coordinate space, and
the corresponding momentum space entropySp, respectively.
A stronger version of the Heisenberg uncertainty principle
was derived in its Ref. [109]. The total entropy as the sum
of ST = Sr + Sp in D-dimensions is larger than or equal to

D(1 + lnπ) according to its Ref. [110]. Figure 5 illustrates
ST (R) versusR for the confined hydrogen-like atoms.

2.1.3.

The hydrogen atom confined in semi-infinite spaces limited
by Conoidal boundaries [4] is different from the other chap-
ters in the open versus closed regions of confinement and the
respective boundaries of confinement. As already mentioned
in the Introduction, most of the chapters deal with confine-
ment inside a sphere or spheroid, and one of them in a semi-
infinite space with a plane boundary. This chapter reports on
a series of works with paraboloidal, hyperboloidal, and circu-
lar conical boundaries confining the hydrogen atom. The re-
view led to recognize the complementary possibilities of con-
finement by dihedral angles and by elliptical cones. Exact so-
lutions of the Schr̈odinger equation in spherical, spheroidal,
paraboloidal and spheroconal coordinates for the free hydro-
gen atom are known; the presence of the natural boundaries
with a fixed value of the respective coordinates lead also to
exact solutions for the hydrogen atom confined in the corre-
sponding closed or open space. The latter exhibit symmetry
breakings in comparison with the free system; the confine-
ment by open boundaries has served to study surface effects
on atoms and molecules.

2.1.4.

“The Hydrogen and Helium Confined in Spherical boxes”
[5] overlaps in contents and methodologies with the previous
chapters. Here we emphasize the review of the complemen-
tary methods of solutions and the higher accuracies attained
in the numerical calculations. Its bibliography is also very
complete and recommendable. For the hydrogen atom the
exact solutions are products of the factors removing the sin-
gularity at the origin and at infinity, and the regular Kummer
hypergeometric functions. Perturbation theory for very small
boxes using the free particle confined in a spherical box as the
non perturbed system and the nucleus-electron Coulomb en-
ergy as the perturbation leads to a series of powers of the con-
fining radius for the energy of the ground state. The method
of linear variational functions applied in its Ref. [12] uses the
superposition ofns hydrogen orbitals withn = 1, 2, 3 impos-
ing the boundary condition that the eigenfunction vanishes at
the radius of confinement; the author himself in its Ref. [13]
used the basis of the spherically confined isotropic harmonic
oscillator; he also reports the variational boundary perturba-
tion theory, on its Ref. [86], using B-splines functions. Other
variational methods include the variational boundary pertur-
bation theory Refs. [14,15], and variational trial functions
with a linear cut-off factor (r = r0) in order to satisfy the
boundary condition [16-18].

Concerning the increasing accuracy of the computed re-
sults, Tables 5-8, Figs 1-2, with their associated discussions
and references are very illustrative and impressive.
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The investigations on the helium atom confined in a
spherical box started fifteen years later after those on the
hydrogen atom. Ref. [49] did it by using a Hylleraas trial
wave function for the ground state(1s)2, and Refs. [101],
[103], [105], [108], [117] and [118] followed in the succes-
sive decades. Table 10 illustrates the comparison of their
respective results forR[2, 7] and the free atom. The last
two References also included the lowest triplet state13S,
Ref. [105] was one of the pioneering applications of the Dif-
fusive Monte Carlo type, including those for H− and Li+.
Correlation energies could also be evaluated by comparing
with the Hartree-Fock results in Refs. [102], [104], [16], [18],
and others illustrating simple variational calculations.

2.1.5.

“Exact solution for Confined Model Systems Using Kummer
Function” [6] shows applications to the hydrogen atom in 3
and 2 dimensions, and to the Harmonic Oscillator in 2 di-
mensions; as well as to the constant potential, for the free
particle inside an impenetrable spherical wall, and for the
exterior solutions for soft confinement. Section 2 presents
the different forms of the Kummer confluent hypergeometric
functions in their M and N forms, regular near the origin and
in the U form regular at infinity; including their relationships
Eq. (20), other alternatives Eq. (23), for the first two; and
also the last one, Eq. (41) and its alternatives Eq. (58). The
derivative of M Eq. (19) and that of U Eq. (43) lead to the
same type of functions with their parameters shifted by one
unit are also important. The analysis of the exceptional solu-
tions, and the examples of taking the limits to arrive at two in-
dependent solutions Eqs.(39) and (40), are also illuminating.
The applications to the K-dimensional hydrogen atom in its
free configuration lead to its polynomial eigenfunctions and
eigenvalues Eqs. (65) and (66), and likewise for the harmonic
oscillator, Eqs. (70). In the case of the constant potential, the
situation for the solution in Eq. (73) is different, because the
M function does not truncate for the good behavior at both
r → 0 and r → ∞, however, for the example of the po-
tential confined in the interval[0, R], the eigenfunctions and
eigenvalues follow from the solutions of Eq. (74) for M.

Section 3 defines the confinement in terms of bound-
ary conditions, including examples of exterior confinement,
Eqs. (75) and (76). Another exterior confinement with reduc-
tion of the dimensionality of the system, Eq. (77), describes a
3-dimensional system which is separable in its transverse and
axial components, Eqs. (78) and (79); the transverse poten-
tial V (x, y) confines the electron to the interval0 < z < R,
and the solutions of Eq. (78) via its eigenvaluesλ convert
Eq. (79) into that of the one-dimensional hydrogen atom.
The removal of the singularity at infinity in Eq. (80), with the
changes of the parameters and variable of Eqs. (81) leads to
the Kummer equation of Eq. (82) [TYPO CORRECTION:
second derivative with respect to u], witha = −1/α, b = 0.

The boundary condition ofφ(r = 0) = 0 cannot be sat-
isfied by M, but N in Eq. (83) using Eq. (20) does. The other

boundary condition of vanishing atr = R leads to Eq. (84),
from which α and the energy eigenvalue can be evaluated.
For the free atom, the series must truncate and the eigenen-
ergy with integer quantum numbers of Eq. (86) are obtained.
The interior confinement involves a short range potential for
0 < r < R and a Coulomb potential forR < r < ∞,
with the matching of the interior solution and the asymptot-
ically well behaved hydrogenic wave function involving the
U Kummer function and their derivatives at the boundary.

Sections 4, 5 and 6 give examples of the different con-
finements for the successive potentials.

2.1.6.

“Perturbation theory for a Hydrogen Atom Confined Within
an Impenetrable Spherical Cavity” [7] is implemented for
large, small and intermediate values of the radius of the cav-
ity evaluating accurately the energies, oscillating strengths,
dipole polarizabilities and nuclear shielding factors for the
different eigenstates. The asymptotic expansions for the en-
ergy, Eqs. (24), for the eigenfunctions in terms of the oscil-
lator strengths, Eq. (28), were developed by the Author in
its Ref. [25]. Table I shows the comparison of the precise
numerical and asymptotic values of the energies of the states
1s, 2s and 2p for [4,40], illustrating their improved agree-
ment for larger radii. On the other hand, the same Author in
its Ref. [31] obtained expressions for the oscillator strength
f1s−2p, the ground state polarizability, Eqs. (29)-(30), and
the nuclear shielding factor, Eq. (31). Tables 2 and 3 report
these asymptotic values compared also with precise numeri-
cal values and others by authors dealing with the same top-
ics in the previous subsections 2.1.1, 2.1.2, 2.1.4 and 2.1.5,
and its Refs. [12], [29], and [33-37]. The small size boxes
are based on perturbation theory taking the free electron in
the spherical box as the unperturbed system and the nucleus
electron coulomb energy as the perturbation Tables 4, 5, 6
show the comparisons of the small-box perturbation and pre-
cise numerical energies for the ns, np lower energies and for
the 3d, 4d, 5d and 4f, 5f, 6f eigenstates for the successive
ranges of the confining radius and the respective estimated
radius of convergence. Table 7 shows the perturbation theory
expansion coefficients for the expansion of energies in pow-
ers of the confining radius for the 1s, 2p, 3d, 4f and 5g levels
to order 31.

We go on to discuss the intermediate box size pertur-
bation theory implemented around the radial nodes of the
free hydrogen atom radial eigenfunctions. The Author in its
Ref. [25] derived the first order approximations to energy of
Eqs. (89)-(91) in the vicinity of the indicated radius. Higher
order corrections can naturally be also evaluated, as illus-
trated by Eqs. (98)-(99). Correspondingly, Eqs. (100)-(101)
give the corresponding expansions for the polarizabillity and
nuclear shielding factors, and Tables (14) and (15) illustrate
their numerical values, compared to precise values for the
different radius of confinement.
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2.1.7.

“Comparative Study Between the Hartree-Fock and Kohn-
Sham Methods for the Lowest Singlet and Triplet States of
the Confined Helium Atom” [8] investigated the same phys-
ical system and states as in 2.1.4, in two alternative for-
malisms. Section 2 contains the basic Hartree-Fock equa-
tions for the energy of the helium atom in its ground state,
considered as a close-shell system, and for its first excited
state considered as an open-shell system with the difference
that the latter contains the additional exchange integral con-
tribution. The Kohn-Sham (K-S) equations are also presented
for the respective states, and with the choice of the OEP-
KLI exchange-correlation functional for the open shell sys-
tem. The Hartree-Fock (H-F) and K-S Eqs. (15) and (18)
for the closed-shell system are the same. The corresponding
comparison of Eqs. (17) and (19) for the open-shell system
shows a difference. The results of the Table II of a previous
work, in the common Ref. [19] here and [117] in 2.1.7, show
that for the closed-shell system there are discrepancies be-
tween the HF and KS-SIC-OEP-KLI methods. The aim of [8]
is two-fold: 1) recompute the ground state results by using an
optimized basis set and 2) compute the lowest triplet HF state
by the HF method, and compare its results with those of the
KS method. In this way a reliable comparison between HF
and KS is made for the confined He atom in both states.

Table 1 shows the total energy and the exchange energy
for the singlet state as functions of the confining radius in KS-
LDA, KS-LDA-SIC and HF including a comparison for the
latter in Ref. [4]. The comparison of the respective entries
in the last three shows a fairly good agreement among them,
while those of the first one are different in the first decimal
figures.

Table 2 shows the correlation energies estimated as the
difference between the precise values of the energy, based on
wave function expanded in a 40 Hylleraas basis set, and the
HF energies of this work and its Refs. [30] and [31], as func-
tions of the confining radius. The first two entries show that
the correlation energy does not show appreciable changes in
the third decimal figure. The Authors conclude that these
results can be used as bench marks for other correlated meth-
ods.

Table 3 contains the corresponding results for the con-
fined helium atom in the lowest triplet state. Their respective
entries differ significantly compared with the ground state.

The Authors conclude that this work shows the impor-
tance of exponent optimization in the Roothan approach to
solve the H-F equations for the singlet and triplet ground
states of the confined helium atom. The comparison of the
HF results and the KS-SIC-OEP-KLI results exhibits that the
latter is inadequate for the description of the unpaired elec-
trons.

2.1.8.

“Thomas-Fermi-Dirac-Weizs̈acker Density Functional For-
malism Applied to the Study of Many-electron Atoms” [9]
provides references on calculations using ab-initio Hartree-
Fock [67,63] and Dirac-Fock [61] procedures, density func-
tional theory [4,60] and Thomas-Fermi-Dirac-Weizsäcker
(TDFλW) statistical atomic model [64,65], for confined
atoms. The first three have been restricted to confinement in
a spherical box with an impenetrable wall, while the fourth
one has been applied also to spherical boxes with penetra-
ble walls, prolate spheroids with impenetrable walls, and
an open space with a plane hard wall boundary. Section 2
describes the details of the calculations for confinement by
closed boundaries with illustrative results for different atoms:
1) Spherical hard box. Figure 2 for ground state energy of
Neon versus HF values [4] in very good agreement. Table
1 for Carbon and Neon, also compared with [4], and values
reported in [64] including values of optimized orbital param-
etersζ1s, ζ2s and ζ2p. For oxygen, neon, silicon and ger-
manium ground state energies in Table 2 and Figure 3. 2)
Soft spherical box involving a constant potential for radial
distances larger than the radius of confinement. For neon
confined by barrier of heightV0 = 0 and selected values
of confinement radius Table 3 reports the ground state en-
ergy and orbital parameters compared with the results of [65]
using exact electron-electron interaction versus Poisson so-
lution. This type of confinement allows the escape of the
electrons through the box when the energy equals the height
of the barrier [46,65]. Table 4 shows the corresponding in-
formations for oxygen, silicon, and germanium for a barrier
of heightV0 = 1. 3) Hard prolate spheroidal box. Figure 5
illustrates the ground-state energy for the helium atom con-
fined in such a box when the nucleus occupies the position of
a focus, as function of the volume of the box. Tables 5 and 6
show the information for the ground states of the carbon and
neon atoms in the corresponding situations of confinement as
functions of the eccentricity parameters and different focal
distances.

Section 3 deals with the confinement in the presence of
a plane hard wall boundary using prolate spheroidal coordi-
nates, corresponding to the equatorial planeη = 0, for an
atom with its nucleus placed at one focus. Results for the
carbon, neon and helium are illustrated in Figs 6-10 and Ta-
ble 7 including discussions in the text and comparisons with
results in Refs. [46,75]. This model is important for the atom-
surface interactions.

2.1.9.

“Confined Atoms Treated as Open Systems” [10] is concep-
tually methodologically, and content-wise different from the
other chapters. The system of interest is bounded by surfaces
it shares with the atoms of the confining material: matter and
momentum can be transfered across the surfaces. This is a
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problem of quantum mechanics of a proper open systemΩ
bounded by a surfaceS(Ω;~r) of zero flux gradient vector
field of the electron density, Eq. (1). This approach takes into
consideration the interaction of the system of interest with its
environment; to what extent are the exchanges in the pressure
volume product of the open system mediated by changes in
the atoms of the confining surfaces? The gradient vector field
of the electron also provides a definition of the structure in
terms of both paths, lines of maximum density linking neigh-
boring atoms. Thus, the open system approach deals with the
structure of the system and of its interactions with the sur-
rounding, and these change with changes in thepv product.
Section 2 describes the mechanics of an open system, defin-
ing the properties of an open systemΩ by Heisenberg’s equa-
tion of motion obtained from the variation of the state vector
within the system and on its boundaries, as determined by
Schwinger’s principle of stationary action. Equations (2), (3)
and (4) apply for a stationary state, describing the motion for
an observablêG, the current for property G and its density
property, respectively. Section 2.1 deals with atomic expres-
sions of the Ehrenfest and virial theorems for the observables
−i~∇ and~r · ~p, respectively. The commutator of the Hamil-
tonian and the momentum yields−∇RV which is the force
F̂ exerted on an electron at~r by the other electrons and by
the nuclei at fixed positions. Equation (5) gives the expecta-
tion values of the force as the negative of the surface integral
of the momentum density or stress tensor of Eq. (6). In turn,
the commutator of the virial operator yields twice the atom’s
electronic kinetic energyT (Ω) plus the virial of the Ehrenfest
force exerted over the basin of the atomνb(Ω). In a station-
ary state these contributions are balanced byνs(Ω), the virial
of the Ehrenfest force acting over the surface atomsΩ. Equa-
tion (7) is the virial theorem in terms of the total virial for the
atom as the sum ofνs(Ω) + νb(Ω) = ν(Ω) = −2T . Equa-
tions (8) and (9) are the expressions for the atom and surface
virials as the respective integrals of the force and the stress
tensor. Equations (10) and (11) are the local forms of the
virial theorem and the virial field. Equations (21) and (22)
describe the expectation value of thepv operator and its pro-
portionality with the surface virial respectively.

Section 4 deals with calculations of the pressures in terms
of the surface virial. Calculation of the pressure in terms of
the surface virial is illustrated in 4.3 for atomic pressures
in diatomic molecules, 4.4 pressure exerted on atom con-
fined in adamantane cage and 4.5 compression of hydrogen
molecules in a neon vise.

In 4.3 the diatomic molecules N2, CO and LiF cover the
range from shared, polar and ionic bonding, respectively. The
pressure exerted by A on B is determined by the nature of the
interatomic surface which is characteristic for shared, polar
and ionic interactions. Figure 1 illustrates such surfaces for
the respective molecules in the ground state, the electron den-
sity distributions and the bond paths. The paraboloidal sur-
face in LiF is characteristic of an ionic interaction, the com-
bination of a small paraboloidal and plane surfaces in CO of

a polar interaction, and the plane surface in N2 of a shared
interaction. Each interatomic surface intersects the bond path
at the position of the bond critical point. The classification
of the interactions is based on the values of the electron den-
sity and its Laplacian at the bond critical point. For shared
interactionsρ(~rc) < 0.2 and∇2ρ(~rc) < 0, while for the
closed-shell interactionsρ(~rc) < 2 and∇2ρ(~rc) > 0 and is
small in values as are the individual curvatures. The polar
interaction occurs in systems with significant charge transfer
in which the donor atom retains nonbounded valence den-
sity. Thusρ(~rc) > 0.2, as for the shared interactions, and
∇2ρ(~rc) ­ 0 for the polar interaction. Because of the re-
maining valence density in the donor atom, this interatomic
surface does not follow its initial paraboloidal shape found in
the region of the donor core, as significant of a large charge
transfer, but instead straightens out as a plane characteristic
of a shared interaction.

Table I gives the properties for the AB representative
molecules: binding critical point charge of A, surface virial
of A and B, volumes of A and B, and pressures of A and B.
Data for the diatomic hydrides AH ground states, A=Li, Be,
B, C, N and F are illustrated in Fig. 2. The zero-flux inter-
atomic surfaces with the proton at the fixed position labeled
H. The bond critical point for Li is located 1.67 a,u, from the
proton, and are increasingly smaller for the other atoms. Ta-
ble 2 illustrates the same properties as in Table 1. Figure 3
contains the atomic pressures for the successive molecules;
the highest one on H is in BH. Data for the diatomic fluo-
rides AF (A=Li,Be,B,C,N,O) in the ground state are shown
in Fig.4 for the atomic pressures in the successive molecules;
the highest one on F is in the polar molecule CF. Table 3 il-
lustrates the same data as Tables 1 and 2 for the fluorides.

In 4.4 data on atoms and ions X= He, Be+2, Li and Ne
inside an adamantane molecular cage C10H16, represented
as X@C10H16 and designated as complexes are illustrated
in Fig. 5 and Tables 4-9. In the Figure molecular graphs
for the cage and for the complex withX = He are shown
side by side. The atom is shown encased by its four inter-
atomic surfaces. In the cage, a methine carbon is labeled C1
and its bonded H by H1; a methylene, carbon is labeled C2
and its two bonded atoms H2. Critical points are represented
by dots: red for bond, yellow for ring and green for cage.
The reader may appreciate the changes due to the presence
of the confined helium atom and its interactions. Table 4 il-
lustrates the pressure acting on the atom X in the complex
and the associated energy change for the successive atoms,
including their values of the volume, the surface virial, the
pressure and the changes in the basin virial and in the energy.
Table 5 illustrates the atomic pressures on C1, C2, H1 and
H2 in adamantane together with the values of their volume
and surface virials. Tables 6, 7, 8 and 9 give the changes
in the adamantane atomic properties in forming the succes-
sive complexes for C1, C2, H1 and H2 with the values of
∆N(Ω), ∆E(Ω),∆ν(Ω) and∆P (Ω). The reader may fol-
low the discussion of these results in the text.
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In 4.5 The system used to introduce the quantum def-
inition of pressure consists of a linear chain of hydrogen
molecules compressed between a pair of Ne atoms. Figure
7 illustrates the case of five H2 molecules for the Ne|H10|Ne
vise, showing contour maps of the electron density at pres-
sures of 2.6, 73 and 123 GPa; the intersections of the inter-
atomic surfaces with the plane of the diagram are shown for
the left half of each molecule, as are the atomic interaction
lines. There is a (3,-1) critical point in the density at each in-
tersection of an interaction line with an interatomic surface.
The indicated structures are invariant to an increase in the
pressure.

2.1.10.

“Modelling Pressure Effects on the Electronic Properties of
Ca, Sr, and Ba by the Confined Atoms Model” [11] uses the
confinement inside a sphere with an impenetrable wall and
the spin-polarized version of Density Functional Theory. The
methodology described in Sec. 2 covers the pressure as the
negative rate of change of the total atomic energy with respect
to the volume, Eq. (2), and the SP-DFT framework, in which
the total energy changes according to its dependence on the
number of electrons N and the spin number Ns as the natural
variables, Eq. (3). For the atoms under consideration, in the
free configurations there are singlet-triplet transitions for the
valence electrons s2, and in the transition the two electrons
are unpaired to produce the triplet. However, the number of
electrons is unaltered∆N = 0 in the process. In Eq. (3) only
the term∆Ns is important and its coefficient in Eq. (4) is
the spin potentialµs expressed as the partial derivative of the
energy with respect to Ns for N andv fixed Eq.(5), wherev
is the external potential. The change in the spin number is
∆Ns = 2, and∆E = 2µs, Eq. (6). Ref. [32] gives theµ+

s

for the increase of the spin as half the difference of the ener-
gies of the Lowest Unoccupiedα Molecular Orbital and the
Highest Occupiedβ Molecular Orbital, leading to a change
of energy expressed by that difference. The Perdew-Wang
exchange correlation functional of Ref. [33] in the LDA [34]
is used in this work. The results are presented and discussed
in Sect.3 under the following headings:

1) Transition pressures for Ca, Sr and Ba. Figure 1 il-
lustrates the orbital energies3p, 3d and4s for the confined
Ca atom decreasing as functions of the increasing radius
of confinement, the last two ones show a crossing around
R = 5. Figure 2 gives the total energy as a function of
the pressure for the confined Ca atom in the configurations
[Ar]4s2, [Ar]4s13d1 and [Ar]3d2 with successive crossings
among them between 80 and 100 GPa, showing that the or-
dering of the configurations change with pressure. The free
energiesG are displayed in Fig.3 for the respective electronic
configurations. Table 1 displays the transition pressures for
Ca, Sr and Ba for their most stable configurations in the inter-
vals of the decreasing confinement radii, their multiplicities,
and the comparison with experimental values from Refs. [14]

and [15]. The comparison is favorable for Ca, but not for the
heavier atoms.

2) Electronic transitions as functions of pressure. Ac-
cording to Fig. 3 the possibilities of excitations energies are
three:5s2 → 5s14d1, 5s14d1 → 4d2, 4d2 → 5s14d1. Fig-
ure 4 illustrates their pressure dependences for low and in-
creasing pressures, respectively. Table 2 reports the values
of the spin-potentialµ+

s , the LUMOα-HOMOβ gap and the
singlet-triplet excitation energy for Ca, Sr and Ba as func-
tions of the confinement radius. Figure 5 is the plot of∆E
versusµ+

s exhibiting fairly linear relationships.

2.1.11.

“Photoionization of Atoms Encaged in Spherical Fullerenes”
[12] discusses in its Section 2 The Modeling of Doped
Fullerenes. In its first subsection on Preliminaries, it is ex-
plained that the atom is confined with its nucleus at the cen-
ter of the cage and that the radius of the cage is significantly
larger than the radius of anyn` subshell of the ground state
of the atom. Thus, to a good approximation, the ground state
encaged atom is only perturbed insignificantly by the cage:
both the atom and the cage preserve their respective struc-
tures. Furthermore, when the wavelength of then` photo-
electron significantly exceeds the bond length between the
atoms of the Cn cage, the latter can be replaced by an effec-
tive spherical, attractive, continuous, homogeneous medium
acting on the photoelectron. For this, then` photoelectron
must be slow, corresponding to near thresholdn` photoion-
ization of the encaged atom. Thus, the slow photoelectron
will perceive the fullerene cage as an unstructured semi-
transparent spherical shell that generates a reflected elec-
tronic wave inside the sphere and a transmitted wave outside.

On the other hand, the cages may be neutral, charged or
multilayered. Their following subsections describe model-
ings, successively.

2) The ∆−potential model: Neutral doped fullerenes
A@Cn. In this case, the cage is modeled by a spherical, short-
range, attractive potential of depth -U0 for Rn < r < Rn+∆,
and zero otherwise. This model has been applied for noble
gas atoms and group-V atoms, fulfilling the conditions of be-
ing centered in the cage without any charge transfer. The Van
der Waals forces are responsible for the atom occupying the
centered position. Since those forces are very weak compared
to the Coulomb forces, they do not alter the ground state wave
function of the encaged atoms appreciably. Electronic wave
function and binding energies of the N electron encapsulated
atom are obtained by incorporating the∆-potential into the
HF equations for the free atom. The orbital radial functions
must satisfy the boundary conditions of continuous logarith-
mic derivatives atr = Rn andr = Rn + ∆. The parameters
Un andRn are described for n=60, 240, 540 , and the thick-
ness parameter∆ is determined by the carbon atom, taking a
common value.
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3) The ∆−potential model: charged doped fullerenes
A@C±Z

n combines the potential in 2) and adds the electro-
static potential of the charged shell, assuming that the ex-
tra charge Z is evenly distributed over the entire outer sur-
face ofCn, turning out to be constantZ/(Rn + ∆) inside
0 < r < Rn + ∆ and CoulombicZ/r outside.

4) The ∆−potential model: multiwalled doped
fullerene onions. For neutral doped fullerene onions
A@C60@C240@C540 the confining potential is the super-
position of those of the single-well potential

Vn → aV60 + bV240 + cV540 + ... (1)

with a, b, c,...either 1 or 0 for the successive layers.
5) The δ−potential model of single-walled doped

fullereneswas initially developed in photoionization studies
of A@C60 involving a Dirac delta function at the radial po-
sition Rc. It is also the limiting situation of the∆ potential
with ∆ → 0, ignoring the thickness of the carbon cage. The
model is applicable only to the deep inner subshells of the
encaged atom. The role of the carbon atoms is only to mod-
ify the radial part of the electronic wavefunction in the con-
tinuous state with the orbital quantum number` and electron
momentum with the proper boundary condition atr = Rc.
The results are manifested as phase shifts.

2.1.12.

“Spectroscopy of Confined Atomic systems: Effect of
Plasma” [14] reviews the experimental techniques, Theoret-
ical Development, Interpretation of Spectral Properties and
Atomic Data of atoms under Liquid Helium. In the Introduc-
tion it is recognized that atoms or ions embedded in a plasma
also form a class of confined systems. Their atomic structural
properties may change drastically depending on the coupling
strength of the plasma with the atomic electrons.

The coupling constant of a plasma is defined as the ra-
tio of the average Coulomb energy to the average kinetic en-
ergy of the plasma particles. For plasma particles obeying
classical statistics, the average kinetic energy per particle is
kT in terms of Boltzmann’s constant and the temperature.
For a one-component plasma with N particles in a volume
V, the characteristic volumeV/N is that of a sphere with
the so-called ion-sphere radius or Wigner-Seitz radius a. The
Coulomb energy per particle is(Ze)2/a. Equation (1) gives
the coupling constant for the plasma obeying classical statis-
tic, proportional to the square of the particle charge and to the
cubic root of the density, n, and inversely proportional to the
temperature. Typical examples of weakly and strongly cou-
pled plasmas are characterized byΓ < 1 andΓ ≈ 1 to >> 1,
respectively, with their(T, n) corresponding values.

Concerning the theoretical modeling of the plasmatic
confinement in the respective coupling limits, Eq. (10) de-
scribes the Debye screening model potential as a Coulomb
potential with an exponentially radial decreasing factor, and
Eq. (17) the ion-sphere model for the interaction of an ion

with a bound electron as the superposition of the electron-
nucleus Coulomb energy and the electron-(Z-1)electron
charge uniformly distributed in the volume of a sphere of ra-
diusa electrostatic repulsion energy.

2.1.13.

“The energy level structure of Low-dimensional Multi-
electron Quantum Dots” [15] reviews the Computational
Methodology, Quasi-one-dimensional Quantum Dots and
Quasi-two-dimensional Quantum dots investigations.

In the Introduction, Quantum dots are identified as con-
fined quantum systems of a finite number of electrons bound
in a fabricated nanoscale potential, 1-100 nm, with a discrete
energy-level structure following Hund’s rules. Their proper-
ties can be changed by controlling the size and/or shape of
the fabricated potential. The energy-level structure and op-
tical properties of quantum dots and atoms are qualitatively
different because of the differences in their respective confin-
ing harmonic and Coulomb potentials, apart from their sizes
and dimensionalities.

The computational methodology based on the quantum
chemical molecular orbital theory allows the calculations of
the ground or low-excited states of multielectron quantum
dots for a specific value of the strength of the confinement.
The results vary depending on the strength of the confine-
ment, due to a strong variation of the relative importance of
the electron-electron interaction with respect to that strength;
consequently, it is necessary to develop a unified method of
interpreting the complicated energy-level structure of quan-
tum dots for the whole range of the strength of confinement.

Previous studies allowed the identification of the polyad
quantum number, defined by the total number of nodes in
the leading configuration of the configuration interaction, CI,
wavefunction, as approximately conserved for harmonic os-
cillator quantum dots.

In the present contribution the interpretation of the
energy-level structure of quasi-one-dimensional quantum
dots of two and three electrons is reviewed in detail by exam-
ining the polyad structure of the energy levels and the sym-
metry of the spatial part of the CI wave functions due to the
Pauli principle. The interpretation based on the polyad quan-
tum number is applied to the four-electron case, and is shown
to be applicable to the general multi-electron cases. The
qualitative differences in the energy-level structure between
quasi-one-dimensional and quasi-two-dimensional quantum
dots are briefly discussed by referring to differences in the
structure of their internal space.

2.2. Electronic Structure of Quantum Confined Atoms
and Molecules 2014

In this section, the further advances in the period 2009 to
2014 are illustrated by connecting and comparing the respec-
tive pairs of reviews [1-18], [4-17], [5-19], [2-20], [11-24]
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with common coauthors on related topics; and also by de-
scribing and analyzing the other reviews in the monograph
[21-23], [25].

2.2.1.

“Surface Effects in the Hydrogen Atom Confined by Dihedral
Angles” [17] presents the updating of [4], reporting mainly
the results of the described confinement which is illustrated
here in two parts: with the titles of the articles reviewed in its
Section 2, and its main body in Section 3 on the topic of the
title.

In fact, its Refs. [20]Comment on the electron in the field
of an electric dipole moment, [21] Ground-state energy shift
of He close to a surface and its relation with the scattering
potential: a confinement model, [22] The hydrogen atom in
a semi-infinite space with an elliptical cone boundary, [23]
Lamé spheroconal harmonics in atoms and molecules, [24]
Rotations of asymmetric molecules and the hydrogen atom
in free and confined configurations, [25] Ladder operators
for Lamé spheroconal harmonic polynomials, [26] Ladder
operators for quantum systems confined by dihedral angles,
[27] Complete pure dipole spheroidal electrostatic fields and
sources, [28] Surface current distribution on spheres and
spheroids as sources of pure quadrupole magnetic fieldswere
reviewed in Sections 2.1-2.5, illustrating further advances
previewed in [4].

The exact solutions for the hydrogen atom confined
by dihedral angles were constructed in spherical, prolate,
spheroidal and parabolic coordinates. The energy levels share
common degeneracies identified in Sect. 3.1 and illustrated
in Table 1 in terms of the respective quantum labels of their
eigenstates(nr, nθ, µ), (nξ, nη, µ) andnu, nv, µ), as func-
tions of the confining angle. The O(2) symmetry breaking
is manifested in several effects: Sec. 3.2 In each state, the
atom acquires and electric dipole moment. Sec. 3.3 The
electron exerts a pressure distribution on the confining plane
meridian defining the dihedral angle. Sec. 3.4 In the hyper-
fine structure, the Fermi contact interaction vanishes; and the
anisotropic quadrupole contributions, axial isµ-dependent,
and the transverse one isµ andφ0 dependent. Sect 3.5 The
Zeeman effect must be dealt with degenerate perturbation
theory, and was not implemented for lack of time.

2.2.2.

“Symmetry Reduction and Energy Levels Splitting of the
One-Electron Atom in an Impenetrable Cavity” [18] is
methodologically connected with [3]. The Reviewer singu-
larized this chapter since the Introduction to illustrate the
ideas of superintegrability and symmetry breaking. Here we
elaborate some more on the basic idea of symmetry, which
in quantum phenomena manifests itself in the degeneracy
of the eigenstates with a common eigenenergy; correspond-
ingly, the reduction of the symmetry leads the reduction of
the degeneracy with the consequent splitting of the energy

levels. Concerning the confinement in polyhedral cavities,
the reader’s attention is directed to: Sect. 2.3, Fig. 1 En-
ergy levels for hydrogen at the center of the cavity formed by
joint symmetrical truncation of both the cube with the edge of
4au and the octahedron; and Fig. 2 Energies of isotropic har-
monic oscillator with the force constantk = 1 placed at the
center of the tetrahedral cavity with the edge5.65au (χ = 0)
truncated to octahedron (χ = 0.5). Sect. 4.2 Table 2.1 En-
ergy splittings of the hydrogen atom states withn = 3 in
some large polyhedral cavities: Cube, Octahedron and Tetra-
hedron. Sect. 5.4 The polyhedral deformation of the sphere
into the family of cube, octahedron and tetrahedron cavities,
Eqs.(45)-(46), illustrated by Fig. 4 in solid lines, and the state
3d in the tetrahedrons in dashed line.

2.2.3.

“The Confined Hydrogen Atom Revisited” [19] is connected
with the first part of [19], and the second Author describes the
first one as a continuation of the second. It is based on two of
their own recent References, reviewed in Sec. 3Variational
and Perturbative Treatments of the Confined Hydrogen Atom
with a Moving Nucleus, and in Sec. 4Shannon and Fisher
Entropies for a Hydrogen Under Soft Spherical Confinement,
illustrating the elements of the novelty in their respective con-
tents.

In Sec. 3, the conclusions in the moving nucleus versus
the fixed nucleus modeling are the following. The increase
in the kinetic energy due to the moving nucleus is compara-
tively larger than the energy difference between the Coulomb
interactions for each scheme and all the values of the confin-
ing radius. The average nuclear position compared with the
average electron position is closer to the origin by a factor
of 34% for rc = 0.1 up to 67% for rc = 10. As the con-
fining radius increases the variational ansatzψ, and average
relative distances< r >mov, < r >fix steadily approach the
exact wave function and average electron-nucleus distances,
respectively, corresponding to the free hydrogen atom. For
all the values ofrc, the radial densities show that the nucleus
remains close to the center of the cavity, due to its greater
mass and localization. In contrast, the electron densities in
both schemes are very similar to each other and for very small
values ofrc the electron shows a free particle behavior.

In Sec. 4, the Shannon and Fisher entropies were calcu-
lated in the position (Sr, Ir) and momentum (Sp, Ip) spaces
for the hydrogen atom spherically confined in soft and im-
penetrable boxes, and also the free particle inside an impen-
etrable sphere, as functions of the cavity radiusrc and the
potential barrier heightV0. The entropies show a monotic
behavior for the impenetrable boxes. In contrast, they show
important changes for soft confinement over small radial in-
tervals in the vicinity ofr = rc, reflecting the degree of the
spatial charge localization associated with the potentialV0.
The occurrence of negative values of the Shannon entropy in
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the position coordinate is explained on the grounds of a pro-
nounced space localization, with its associated locally large
density.

2.2.4.

“Variational Perturbation Treatment for Excited States of
Confined Two-Electron Atoms” [20] is connected with the
second part of [5], and [8]. The Authors report Hylleraass-
Scherr-Knight variational perturbation theory (HSK-VPT)
calculations of the energies of the 1s 2s1S and 1s 2s3S
states of confined two-electron atoms ions forZ = 1 − 4.
These are the first two excited states of the two-electron sys-
tem and serve as bench marks for excited state calculations.
The data reported in Table 4.2 and 4.3 support the hypothesis
that HSK-VPT is a viable approach to the excited states in
confined systems. Preliminary investigations of the 1s 2s1S
and 1s 3s1S states indicate that the approach can be readily
extended to higher excited states. The Authors also consid-
ered the extension of Knight’s work to 3-10 electron atoms to
their confined versions.

2.2.5.

“Confined Quantum Systems Using the Finite Element and
Discrete Variable Representation Methods” [21] is a review
of its Refs. [9,11,17,50,58,62,63,68,74,76,89,90,91,117,124]
by the same Authors, in which they have developed and ap-
plied the methods in the title to a variety of quantum systems
under different situations of confinement. Section 4 illus-
trates some of these specific applications showing numerical
results matching favorably the most accurate in the literature.

4.1 One-dimensional harmonic oscillator confined by a
modified Wood-Saxon potential, Eq. (5.27) and Fig. 1, was
investigated in [11] in order to simulate the confinements
in 1) The Zicovich-Wilson square tangential potential, Eq.
(5.28) and in 2) A constant infinite barrier. The intensity
and slope parameters of the Wood-Saxon potential are op-
timized to an optimum fit to the respective potentials, and
the eigenenergies were calculated using 300 equality spaced
points between [-5,5] and [-4,4] to build the Discrete Vari-
able Representations. Table 1 shows the comparison of the
results from [11] and [10], and Table 2 those fron [11] and
those from [94] and [95].

4.2 Confined Hydrogenic Atom/Ion. This section il-
lustrates of the theoretical and computational methodology
based on the variational formalism for the bounded states and
the p-version of the Finite Element Method, applied to the
hydrogen atom confined in 1) an impenetrable spherical box
and 2) in aC60 cage, and 3) hydrogen-like ions in plasmatic
confinement.

1. This case was investigated in [9] and its results for the
energies of the 1s and 3s states, respectively, as func-
tions of the confining radius are illustrated in Table
5 compared with those by Varshni, Zicovich-Wilson,
Saha, Joslin and Aquino, and in Table 5.4 compared

with Varshni, Goldman and Aquino. Table 5.5 il-
lustrates the results on the polarizability for the 1s
state compared with those of Dutt, Banerjee, Saha and
Laughlin.

2. The endohedral confinement of the hydrogen atom was
modeled in [17] by adding a Gaussian potential attrac-
tive wall to the Coulomb potential, Fig. 5.6, fitting its
parameters to approximate the potential of Connerade
et al [15]. Figure 5.7 shows the energies of the 1s, 2s,
3s and 4s states of H@C60 from the p-FEM calcula-
tions compared with those from [15], as functions of
ω0 in the Gaussian potential. Figure 5.8 displays the
radial wave functionsn` from 1s to 4d for H@C60 for
ω0 = 0.683. Figure 5.9 shows the corresponding ener-
giesEn` as functions ofω0.

3. The plasmatic confinement of ions is modeled by
Debye exponentially screened Coulomb potential,
Eq.(5.38), in the weakly coupled plasmaΓ << 1; and
with the ion-sphere model in the case of one compo-
nent spatially homogeneous strongly coupled plasma
Γ ≈ 1. For a hydrogenic ion with a nuclear charge
Z and a single bound electron immersed in a homoge-
neous plasma with electronic charge density n within
a sphere of radius R such that exactlyZ − 1 of the
central positive charge is neutralized; the interaction
potential is given by Eq. (5.39) as the superposition
of the Coulomb energy−Ze2/r and the parabolically
decreasing contribution[(Z − 1)e2/2R][3 − (r/R)2]
from the negative uniformly distributed charge. Re-
sults from [117] obtained with self-consistent FEM
are illustrated in Table 5.6 for the ground state en-
ergy (−E1s) for Ar17+ with different Debye parameter
and screening radius for Temperature of 1 eV, and also
compared with [19]. Figure 5.10 illustrates the energy
levels, -E, against the radius R of the ion-sphere for the
hydrogenic ion He+ n` = 1s, 2s, 3s, 2p, 3p ,3d, and
also the 1s without a surrounding.

Section 4.3 contains the results of the energy spectrum
for two types of quantum dots: 1) an impurity located in a
parabolic quantum dot, and 2) a two-electron quantum dot.
The spectrum is computed using the DVR method.

1. The Hamiltonian includes the kinetic energy, the
electron-nucleus Coulomb energy, the harmonic oscil-
lator energy and a Wood-Saxon potential. Table 5.8
illustrates the optimized Wood-Saxon parameters and
binding energies for the quantum dot using the DVR
method [11] compared to Varshni’s [118] exact values.

2. The Hamiltonian includes the kinetic energy and the
harmonic oscillator potential for the two electrons con-
fined in the quantum dot with an effective mass m*,
and the Coulomb e-e repulsion in the medium with di-
electric constantε, Eq. (5.42). The motions of the cen-
ter of mass and the relative one between the electrons
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can be separated. The first one for the anisotropic con-
finement has the spectrum of Eq.(5.43) for the corre-
sponding transverse and axial oscillators|N, M, Nz〉.

The relative motion equations (5.44-5.47) were solved in
[50] using a variational scheme based on the DVR method,
using the spherical harmonics and radial function expansions.
The calculations included 30 spherical harmonics and 100 ra-
dial basis functions. The solutions for the latter were obtained
from 2500 DVR basis functions equally spaced in appropri-
ate intervals of the pairs of transverse and axial frequency
parameters. The energy spectra have a precision of at least 6
significant digits.

For the isotropic case, the center of mass energy spec-
trum is degenerate, Eq. (5.48), with the combination(2N +
L + 3/2) of the radial N and angular momentum L quantum
numbers.

Table 5.9 illustrates the three dimensional two-electron
quantum dot energies for different values of the confining
parameter and different configurations (NL,nl) from [50]
based on DVR method and compared with results from
[120]. Figure 5.11 illustrates the corresponding energy spec-
trum of the same two-electron quantum dotEN,L,n,`/ω for
ω = 0.1, 0.25, 0.5, 1.0 and 4.0 compared with the degenerate
spectrum without the electron-electron repulsion [50].

Figure 5.12 illustrates the relative motion energy levels
of anisotropic two-electron quantum dots forω⊥ = 0.5 and
ωz = 0.1, 0.25, 0.5, 1, 4, also compared with the cases with-
out the e-e repulsion, [50]. Figure 5.13 illustrates the total
energiesENMNz , n, m, nz for ω⊥ = 0.5 andωz[.1, 1], in-
cluding some of their crossings [50].

2.2.6.

“Bound and Resonant States in Confined Atoms” [22] is an
investigation of the bound and autoionizing resonant states of
two-electron Quantum Dots (QD) with He2+ impurity based
on the Rayleigh-Ritz variational and complex-scaling meth-
ods, respectively. The Helium atom in the QD is modeled
by confinement in a finite oscillator potential. Section 1.
Introduction to the QD confinement discusses succesively
the rectangular, harmonic oscillator, attractive Gaussian po-
tential and in particular the Finite Oscillator (FO) potential
VFO = −V0(1 + kR)exp(−kR). Section 2. Theoretical
Method includes 2.1 One-electron QD with the Schrödinger
equation for the atomic impurity in the FO potential and a
variational function expressed as a superposition of Slater-
type orbitals. 2.2 Two-electron QD: Configuration Interac-
tion Basis. The Hamiltonian is the sum of two one-electron
QD Hamiltonians plus the electron 1 - electron 2 Coulomb re-
pulsion energy. The trial wavefunction involves the antisym-
metrization operator for the identical electrons, and the super-
position of products of Slater-type orbitals, electron orbital
angular momentum coupled states|`a, `b, L, M〉, and total
spin eigenstates,S(σ1, σ2). 2.3 Two-Electron QD: Hylleraas

Basis. The Hamiltonian Eq. (6.16), and the trial wavefunc-
tion Eqs. (6.13-6.15), must be written in the Hylleraas co-
ordinates[r1, r2, r12,Ω1, Ω2]. 2.4 Complex-scaling Method
transforms the radial coordinater → reiθ with the corre-
sponding changes in the Hamiltonian and each of its terms
Eq. (6.18), as well as in the parameterB′ = Beiθ in the FO
potential. Since both the CI-basis and the Hylleraas basis are
not orthogonal, the eigenvalue problem appears in the form
of the variational Galerkin approach, Eq. (6.20), involving
both the matrix elements ofH(θ) and the overlaps〈Ψi|Ψj〉.
The resonance poles are determined by finding the positions
where the complex energy eigenvalues exhibit the most stabi-
lized characters with respect to the changes in the rotational
angleθ and the scaling parameterα Eqs. (6.23) leading to
Eres = Er − (1/2)iΓ.

Section 3 presents the succesive results and discussions.
3.1 One-electron QD state. 3.2 Two-electron QD Bound
states. 3.3Two-electron Resonant States. Section 4 contains
concluding remarks.

2.2.7.

“Spatial and Shell-Confined One Electron Atomic and
Molecular Systems: Structure and Dipole Polarizability” [23]
investigates comparatively the confinement of the hydrogen
atom in an impenetrable spherical box and in a spherical
shell(Rc, Rc+∆) potential, their counterparts for the hydro-
gen atom and the hydrogen molecular ion in an impenetrable
spheroidal box and in a spheroidal shell potential, a well as
for the hydrogen atom in a cylindrical cavity. The focus is on
the energy levels and the static and dynamic polarizabilities
of the confined systems as functions of the confining parame-
ters. The methodology is based in B-spline expansions for the
wavefunctions and the Variational Galerkin Approach. The
solutions for the Schrödinger equation in the succesive ge-
ometries of confinement are constructed and applied for the
evaluation of the respective polarizabilities.

The results are presented, illustrated and favorably com-
pared with those in the literature in the following order. 3.1
Electronic energies and polarizabilities of hydrogen molec-
ular ion spatially and endohedrally confined in spheroidal
boxes. 3.2Energies and polarizabilities of endohedrally con-
fined centered Hydrogen atom. 3.3Energies of spatially con-
fined centered hydrogen atom. 3.4Energies of spatially and
endohedrally confined off-center hydrogen atom. 3.5 Dy-
namic polarizabilities of spatially confined centered and off-
centered hydrogen atom. 3.6Energies and polarizabilities of
cylindrically confined hydrogen atom.

2.2.8.

“Density Functional Theory Applied on Confined Many-
Electron Atoms” [24] is connected with [9] and [11], some of
those connections allow us to concentrate here on Section 3
Modified Thomas-Fermi Model and Section 4 Kohn-Sham
Model.
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In Section 3 the starting point recognizes the unphysical
divergent behavior of the electron density at the position of
the nucleus in the Thomas-Fermi Model. The modification
that Parr and Gosh proposed, Eq. (8.26) as a restriction in the
minimization process, combined with the cusp condition on
the derivative of the electron density and the electron den-
sity itself at the nucleus Eq. (8.27), lead to the well-behaved
electron density of Eq. (8.28). The authors develop their own
method to solve the equation in terms of the series expan-
sion in Eq. (8.34). Table 8.1 shows the lower coefficients
from their recurrence relations. Table 8.2 shows the values
of the electron density at the nucleus for the noble gases
Z = 2, 10, 18, 36, 54, 86 and their scaled values divided by
Z3, compared with those reported by Parr and Gosh using
the iterative approach. The agreement is good to the fourth
decimal.

In order to estimate the pressure according to the Slater
and Krutter proposal, the Poisson equation is sufficient, and
Eq. (8.41) expresses the proportionality of the derivative of
Q(ω) with respect toQ(ω) at the surface of the sphere
ω = ωc, Fig. 2 illustrates the electron density at the con-
fining spherical surface as a function of the confining radius
for the noble gases in a log-log plot. The description of Fig. 3
is not clear for this Reviewer, unlessρ(0)inf meansρ(0) for
the free atom.

In Section 4, the Kohn-Sham formalism with different
exchange-correlation functionals is applied to Na and K
atoms under central spherical and impenetrable confinement.
In Section 4.1, Table 3 illustrates the numerical values of the
total energies for Na([Ne]3s1) and K([Ar]4s1) as the func-
tions of the radius of confinement as well as the average rate
of change of the energy with respect to the radius, using the
PBE exchange-only functional. Fig. 4 illustrates the orbital
energy for the K atom as function of the confining radius with
the ordering 3s, 3p, 3d, 4s for4.5 < Rc < 8, showing the
crossing of the two higher ones with the inversion of their
ordering 4s, 3d, forRc < 4.5. The pressure depends on
the individual orbital energy contributions to the total energy,
evaluated as the rate of change of the total energy with re-
spect to the confining volume. Table 4 illustrates the energies
for [Ar]4s1 and [Ar]3d1 and their difference as functions of
the confining radius, and Fig. 5 gives the total energy as a
function of the pressure for the two electronic configurations,
illustrating the transition of their inversion.

2.2.9.

“Study of Quantum Confinement of H+2 Ion and H2 Molecule
with Monte Carlo: Respective Role of the Electron and Nu-
clei Confinement” [25] incorporates the nuclear motion in
contrast with the familiar Born-Oppenheimer approximation
with nuclei in fixed positions; additionally, the calculations
are based on the variational and diffusive versions of Monte
Carlo. Sections 2.1 and 2.2 deal with the theory for both
molecules starting from their respective 1. Schrödinger equa-
tions, with three and four particles and their interactions, in-

cluding the confining potentials for electrons and nuclei. By
using Jacobi coordinates, the motion of the center of mass is
removed and the Schrödinger equations in terms of relative
positions and reduced masses are obtained, Eqs. (9.5) and
(9.30). 2. Trial wavefunctions for the free molecular ion as
the product of the nuclear vibrational and rotational function
F (~R) and an electron nuclear wave functionφ(rA, rB , R)
are proposed, Eq. (9.7).

For the lowest vibrational rotational level,F (R) is cho-
sen as a Gaussian function with a coefficientδ in the
quadratic exponent(R − R0)2, δ and R0 becoming varia-
tional parameters. The electron nuclear wavefunction is cho-
sen to have the Guillemin-Zener form, Eq. (9.9). The elec-
tron nucleus radial positionsrA andrB are written in terms
of prolate spheroidal coordinates(ξ, η, φ), Eqs. (9.10-9.11),
leading to the separable form in Eq. (9.12), as the product of
a decreasing exponential inξ with coefficient(Z(R)+a)R/2
and acosh function inη with coefficient(Z(R)− a)R/2.

When the nuclei are fixed, their separationR is a parame-
ter as in the B-O approximation. The variational optimization
of Z(R) anda for Rc = R0 = 2 leads toZ(Re) + a = 1.36
andZ(Re) − a = .092 and an energyEGZ = −0.60244 to
be compared withEB0 = −0.60263.

When the nuclei are allowed to move,Z(R) is a func-
tion of the nuclear separation, such thatZ(R → ∞) → 1.
Eq. (13) proposesZ(R) = 1 + γ/R and the reparametriza-
tionsα = γ/2, β = (1 + a)/2, as in Eq. (9.16).

3. Trial wavefunctions for the confined H+2 Molecular-
Ion as the product of that for the free system multiplied by
electron and nuclear cut-off factors for both electron and the
relative nuclear separation, Eq. (9.23).

The trial wave function for the free molecule H2,
Eq. (9.31),

Φt = (~r1, ~r2, ~R)

= F (R)φ(ξ1, η1, R)φ(ξ2, η2, R)J(r12) (9.31)

involves the same nuclear vibrational rotational function with
their respective coordinates, and a Jastrow correlation factor,
Eq. (9.35),

J(r12) = exp
(

br12

1 + cr12

)
.

Section 2.3 and 2.4 describe the implementation of
the Variational and Diffusion Monte Carlo calculations for
Dirichlet boundary conditions.

Section 3 presents the results and discussion for 1. Hy-
drogen atom located at one of the foci confined by a hard
spheroidal surface, with comparisons with its Refs. [20]
and [9]. 2. Clamped nuclei H+2 molecular ion by a spherical
surface compared also with [20] and [9]. 3. Confined three-
bodyH+

2 molecular ion by a spherical surface. 4. Confined
four-body H2 molecule by a spherical surface, 5. Considera-
tion of confinement in active site of enzymes. 6. Decreasing
the Coulomb barrier for the fusion of protons by electronic
confinement.
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3. Recent Progress in the Literature up to Jan-
uary 2018

The literature in this section has been selected with the cri-
teria of elements of novelty in some of the key words in the
Abstract, which have been illustrated in Sec. 2 for the reviews
in Advances in Quantum Chemistry, and also in the two types
of review in the Monograph. The recent progress in the back-
ground of the set of those reviews is presented also by going
from the simpler to the more complex confined quantum sys-
tems. Additionally, the new electromagnetic toroidal interac-
tions and the new force approach to the old radiation reaction
problem are also included.

3.1. Hydrogen-like Atoms

The common confined element in the twenty references re-
viewed here is the hydrogen atom or hydrogen-like systems.
The readers may appreciate the recent progress along this line
by comparing with [2-7] and [17-19].

“Tunable Excitons in Biased Bilayer Graphene” [26]
involves electron-hole excitations between the two lay-
ers. They open a pathway for possible nanoelectronic and
nanophotonic devices operating at room temperature. The
binding energy of the excitations may be tuned with the exter-
nal bias going from zero to several tens of milielectron volts.
The novel strong excitonic behaviors are associated with a
one-dimensional Van Hove singularity joint density of states
and a continuously tunable band gap based graphene layer.
The excitonic electronic structure is markedly different from
that of 2D hydrogen atom.

“Confinement approach to pressure effects on the dipole
and the Generalized Oscillator Strengths of atomic hydro-
gen” [27] is based on the constant barrier outside model.
The Schr̈odinger equation is solved by a finite differences
method for the fixed values of the spherical radius and the
barrier height. The GOS momentum transfer distribution for
1s → n` transitions is enhanced in amplitude and width as
pressure increases. There is a critical pressure indicating the
approach to the limit of the confining capacity of the system
to hold then` state. The corresponding DOS values provide
an useful way to characterize the critical pressures for the
fading and ultimate bleaching of the spectroscopic emission
lines.

“The hydrogen atom confined in both Debye Screening
potential and impenetrable spherical box: [28] used the lin-
ear variational method based on B-splines basis functions to
calculate the ground state and some low lying state energies
and oscillator strengths. Comparisons with results in the lit-
erature for confined and free configurations are presented and
discussed.

“High-harmonic generation and spherically confined hy-
drogen atom” [29] presents the investigation of the dynamics
of the atom under the action of strong infrared femtosecond
laser. The spherical box is introduced to model collisions

of ionized electrons with neighboring atoms to model their
influence on higher harmonic generation. The physical situ-
ation appropriate for such application is systematically ana-
lyzed.

“Static polarizability of an atom confined in a Gaussian
potential” [30] uses the finite basis set method based on B-
splines to calculate the energy spectrum, and the optical prop-
erties: dipole, quadrupole and octupole oscillator strengths
and polarizabilities as functions of the depth and width pa-
rameters of the confining potential. The maximum uncer-
tainty in the reported numerical results is estimated to be
about10−4au.

“Energy-level structure of the hydrogen atom confined
by a penetrable cylindrical cavity” [31] reports the bound-
state energy spectrum and its evolution for the atom located
along the axis of the cavity, with penetrable and impenetrable
boundaries based on the solution of the Schrödinger equation
using a finite difference approach. New results are presented
for a nuclear centered position for the penetrable case as the
barrier height and cavity size change. Then special attention
is given to the energy level evolution of states from the nu-
clear centered position (centered states), up to the cylinder
cap (cap states), while the corresponding state evolution for
intermediate nuclear positions (intermediate states) remains
consistent with node conservation and symmetry. The ener-
gies of a given state increase as the nucleus moves up. The
evolution as the barrier height and cavity size are reduced
consists of the progressive extinction of the bound states in
the order of cap, intermediate and centered states. A predom-
inance of cavity size over barrier-height effects on the energy
level shift is found.

“Endohedrally confined hydrogen atom with a moving
nucleus” [32] studied the hydrogen atom as a system of
two quantum particles in different confinement situations: a
spherical impenetrable wall cavity and a fullerene molecule
cage. The motion is referred to the center of spherical cavities
and the Schr̈odinger equation is solved by means of a gener-
alized Sturmian function expansion in spherical coordinates.
The solutions present different properties from the ones in
the literature, in which the proton is fixed in space and the
electron is a quantum particle. The position of the proton is
found to be very sensitive to the confinement condition.

“Confinement effects on the electron transfer cross sec-
tion: a study of He2+ colliding on atomic H” [33] analyzes
the pressure effects on the target and the physical process of
interest by using the model of spherical confinement of the
target at the center. The electron transfer probability is ob-
tained by a time dependent solution of the Schrödinger equa-
tion by means of a finite difference approach and the Crank-
Nicolson propagation method. Results are presented for the
benchmark system He2+ + H(1s) under different conditions
of confinement.

“The hydrogen atom confined by one and two hard
cones” [34] studies the bound states of the system is a semi-
infinite space. The solutions when the nucleus is at the apex
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of the conical boundaries and the electron is confined outside
one or two symmetric of such boundaries can be evaluated
exactly. The third case assumes the position of the nucleus as
the origin of the coordinate system and the apex of one coni-
cal boundary at a distance h along its axis; the solution can be
evaluated by the variational Monte Carlo Method. The latter
is applied to calculate the force in an Atomic Force Micro-
scope as the negative of the rate of change of the energy with
respect to h.

“Benchmark Calculation of Radial Expectation Value
〈r−2〉 for Confined Hydrogen-Like Atoms and Isotropic Har-
monic Oscillators” [35] recognizes that for those physical
systems numerous physical quantities have been established
with very high accuracy. However, the expectation values in
the title of practical importance in many applications has sig-
nificant discrepancies among calculations by different meth-
ods. In this work the basis expansion method with cut-off
Slater-type orbitals is used to investigate the two confined
systems. Accurate values for several low-lying bound states
were obtained by carefully examining the convergence with
respect to the size of the basis. A scaling law for< rn >
was derived and is used to verify the accuracy of numerical
results. Comparisons with other calculations show that the
present results establish benchmark values for this quantity.

“Sum rules and the role of pressure on the excitation spec-
trum of a confined hydrogen atom by a spherical cavity” [36]
investigates the effects of pressure induced by a soft spherical
cavity on a centered atomic hydrogen impurity, on the dipole
oscillator strength sum ruleSk, and its logarithmic version
Lk, by means of a numerical finite-difference solution of the
Schr̈odinger equation. The information on the energy spec-
trum and the eigenfunctions in the sum rules and their clo-
sure relations are analyzed as functions of the size and barrier
height of the confining potential. The results are relevant in
electron-impurity excitations affecting optical transitions in
semiconductor nanostructures.

“Monotonicity in confined system problems” [37] is con-
cerned with the changes in the electron density when an atom
is confined at the center of an impenetrable confining sphere.
The work presents four simple theorems that facilitate under-
standing the behavior of the electron density of the ground
state with variations in the potential or in the radius of the
impenetrable spherical cavity.

“Exact solution for the hydrogen atom by a dielectric con-
tinuum and the correct basis set to study many-electron atoms
under similar confinements” [38] introduces a new model
of confinement, alternative to the polarization potential of
Jortrer and Coulson, and an alternative basis set to construct
the exact solution of the corresponding Schrödinger equa-
tion, distinguishing between the solute and the solvent. Re-
sults are reported for the total energy, electron density, charge
in the dielectric medium and Shannon entropy, as functions
of the radius of confinement and of the dielectric constant
ε [2.1, 80], where the extreme values correspond to Teflon
and water, respectively.

The two-electron atom and ions H−, He and Li3+ are also
investigated with the same model of confinement using the
Hartree-Fock equations and implemented with the MEXICA-
C code. Results are illustrated for the Highest Occupied Or-
bital Energies divided byZ and for the total energies divided
by Z2, Z =, 1, 2, 3 andε = 80 as functions of the confining
radius.

“Fine structure in the hydrogen atom boxed in a spherical
impenetrable cavity” [39] reports the relativistic corrections
of the kinetic energy, the spin-orbit coupling and the point in-
teraction Darwin term to the non relativistic familiar system
based on the nucleus-electron Coulomb interaction only. The
first one is negative; the second one couples the orbital and
spin angular momenta to a total one withj = ` ± 1/2, and
eigenstates|` s j mj〉: for initial n`, the energy levels split
following the order of the values ofj; the third one occurs
only for the state with̀ = 0. High precision numerical re-
sults of the effect of the confinement on each correction, in
first order perturbation theory, are reported.

“Confinement of Atoms with Robin’s Condition: Sponta-
neous spherical symmetry breaking in atomic confinement”
[40] and Spontaneous spherical symmetry breaking in atomic
confinement [41] are commented together, pointing out their
use of the “not going out” Robin’s boundary condition, and
their identification of a symmetry breaking effect.

The boundary condition corresponds to the logarithmic
derivative of the wave function at the confining surface be-
ing a real functionλ(~r), representing the contact interaction
of the particle with the cavity boundary;λ → 0 leads to the
Neumann andλ → ∞ leads to the Dirichlet familiar bound-
ary conditions. The energy functional for the Schrödinger
equation and the Robin boundary condition includes a surface
integral of the probability density at the boundary multiplied
by λ. It is this term that makes the difference.

“Fisher information in confined hydrogen-like ions” [42]
presents an investigation of Fisher information for the CHA-
like systems in conjugater andp spaces, compared with the,
I, case of the free atom. Systematic results on I as a function
of the confining radius are presented, with emphasis on the
non-zero-(̀, m) states. Inferences in CHA are significantly
different from the free counterpart: i) dependence on (n, `)
quantum numbers, ii) appearance of maxima inIp plots for
m 6= 0. The role of atomic number and atomic radius is dis-
cussed.

“Derived properties from the dipole and generalized os-
cillator strength distributions of an endohedral confined hy-
drogen atom” [43] uses two alternative potentials, square-
well and Woods-Saxon, to model the concentric spherical
shell ∆-potential wall in H@C60. The electronic proper-
ties of the confined hydrogen atom: hyper-fine splitting, nu-
clear magnetic screnning, dipole oscillator strength, static
and dynamic polarizability, mean excitation energy, photo-
ionization and stopping cross section, are reported as func-
tions of the depth of the wallV0 for chosen shells[R0,∆].
The values from the two modelings of the∆ potential are
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compared. A clear discrepancy is found between the square-
well and Woods-Saxon models on the GOS, due to the square
well discontinuity. These differences are reflected in the stop-
ping cross section for protons colliding with H@C60.

“Relativistic two dimensional H-like model atoms in an
external magnetic field” [44] are investigated on the basis of
Klein-Gordon and Dirac equations solved by the power ex-
pansion method. For a given magnetic field B the approx-
imate solutions are determined by imposing boundary con-
ditions at a finite radius R. For particular values of B, exact
polynomials solutions are obtained. The dependence on the
effective coupling constantγ = B/Z2 and on the atomic
number Z of the energy eigenvalues for several states is stud-
ied.

“Atoms confined by very thin layers” [45] provides
a mathematical justification for the interest in the two-
dimensional atoms with the three-dimensional Coulomb po-
tential. The Hamiltonian of an atom with N electrons and
a fixed nucleus between two parallel planes is considered
in the limit when the separation between the latter tends to
zero. It is shown that the Hamiltonian converges in the norm
resolvent sense to a Schrödinger equation acting effectively
in L2(IR2N ) whose potential part depends on the separation.
Moreover, it is proven that after an appropriate regularization
this Schr̈odinger operator tends, again in the norm resolvent
sense, to the Hamiltonian of a two-dimensional atom (with
the 3D Coulomb potential) as the separation tends to zero.

3.2. Diatomic Hydrogen-like Ion and Neutral
Molecules, and Two-electron Atoms

This section reviews seven articles on molecules and one on
He-like atoms.

The article “H+
2 embedded in a Debye Plasma: electronic

and vibrational properties” [46] has the background of [14]
and the works of its second author [3,20]. The embedding in a
hot dense plasma is modeled by multiplying the Coulomb po-
tential interactions with a Debye screening exponential radial
factor with a decay distance D. The analysis of the problem
is made within the Born-Oppenheimer approximation and in
prolate spheroidal coordinates with the protons at the posi-
tions of the foci. The solution is based on the variational trial
function of Eq. (6) for the1sσg and2pσu states, including
an exponential decaying function in the spheroidal coordi-
nate and a series expansion in Legendre polynomials of order
l in the hyperboloidal coordinate and powers of the ratio of
the spheroidal coordinate minus one to the spheroidal coor-
dinate plus one. The gerade and ungerade states involve only
even and odd values ofl, respectively. The expansion coeffi-
cientsclm and energy eigenvalues are determined by solving
the secular equation and the coefficientα in the exponential
factor was optimized to give ten digit convergence for each
value of the nuclear separation and the Debye length. In the
limit of very large values ofD when the Debye screening
factor becomes one, the exact energies obtained in a previous

work of the same Author for the free ion are matched through
1 × 10−9Eh. The results are reported graphically in Figs. 1
and 2 for the energies and for the potential energy curves of
the ground state Eq. (12), respectively, as functions of the nu-
clear separations and higher energy values asD takes smaller
values. Tables 1 and 3 illustrate the numerical values of the
energies for the respective states and their variations with the
two distance parameters, including the positions of the min-
ima Re, E(Re) and the dissociating energyDe. Table 2
reports the numerical results of the1sσg energy and dipole
polarizability for different Debye lengths including compar-
isons with those from its Refs. [11], [10], [25], and [26]; the
energies and the polarizabilities are consistently lower from
the other reported values. Table 4 illustrates the expectation
values for the potential energy,z2 andx2. Table 5 contains
the numerical values of the parallel and perpendicular dipole
polarizabilities, Eqs. (9), compared with their Kirkwood ap-
proximation lower bounds Eq. (8), their average, Eq. (13),
and the anisotropy, Eq. (14). Table (56) shows the Dunham
parameters fitting the potential energy curves, Eqs. (10)-(11),
the harmonic force constant and the harmonic frequency.

“The Effect of Confinement on the Electronic Energy and
Polarizability of a Hydrogen molecular Ion” [47] is based on
the simplest variational trial function consisting of the linear
combination of two1s hydrogen atom orbitals, reporting nu-
merical values of the1σg and1σu states molecular energies
below those of the exact and a variational five-term James-
Coolidge trial function, in its respective Refs. [7,10], with
the claim that their results are better than those of the refer-
ences. The Comment on the article [48] points out and clar-
ifies numerical errors in its presentation and Tables, which
obviously violate the variational principle. The authors in
their Response [49] do not address the specific inconsisten-
cies pointed out in the Comment, but include one page of the
print outs of Mathematicar for the one electron integrals for
the non perturbed Hamiltonian of two hydrogen atoms with
nuclei at the foci, A and B, for the Coulomb interaction of
the orbital centered in A with the nucleus in B and the or-
bital centered in B with the nucleus in A, for the Coulomb
exchange interaction, and for the overlap of both orbitals; as
well as an APPENDIX of commands of Mathematicar of
one page and a half for the calculation.

This Reviewer included in [4] and [17] sections on com-
ments to works in the literature, inviting the readers to do
their own readings of the respective articles. Here, he reiter-
ates such an invitation and makes his own specific comment:
According to the Variational Principle, a variational result for
the energy below the exact value is not better, it is wrong.

In “The hydrogen molecule and the H+
2 molecular ion in-

side padded prolate spheroidal cavities with arbitrary nuclear
positions” [50], a variational approach has been proposed for
the nonseparable Schrödinger problem of the molecules in
the title, in their ground states, confined by soft cavities and
the nuclei not in the foci positions. The role of barrier height
potential and cavity size and shape on the ground state en-
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ergy of both confined molecules has been analyzed showing
their importance in defining equilibrium bond lengths and en-
ergies by allowing full nuclear relaxation, consistent with the
confinement conditions. The variational wave function for
the H+

2 molecular ion inside and outside are based on the
Dickinson-Weinhold ansatz for the free ion, involving a su-
perposition of1s and2p atomic hydrogenic orbitals centered
at each nucleus, with the proper factors to satisfy the bound-
ary conditions at the surface of the spheroidal cavity and at
infinity, Eqs. (13)-(15). For the H2 molecule the variational
function is the product of the same one-electron variational
functions for electrons 1 and 2, Eqs. (11)-(12), inside and
outside. The energy functional of Eq.(21) is valid for both
molecular systems depending on their numbers of electrons
K = 1, 2 for H+

2 and H2, respectively.

Figure 2 illustrates the variations of the total energy for
H+

2 1sσg with the nuclear separation for barrier potential
height and eccentricityV0 = 0.5 and 1/ξ0 = 0.5 vary-
ing sizesDξ0 in terms of focal distancesD = 1, 1.5, 2, 3
in a), and for a fixed sizeDξ0 = ξ and varying heights
V0 = 0.25, 0.5, 2, 4500 in b).

Table I provides the numerical values of the total energies
for V0 = 0.25, 0.5, 2 and nuclear separations[0.5, 2.4] from
this work, including comparisons with the exact one for nu-
clei coinciding with the foci, which are systematically below.

Table 2 illustrates the total energiesEeq at the equilib-
rium nuclear separation for a selected set of cavity sizes
(Dξ0), fixed eccentricity1/ξ0 = 0.5 and barrier heights
V0 = 0.25, 0.5, 2, 4500, with their corresponding numerical
values of the variational parameters in the trial wave function.
Table 3 is the counterpart of Table 2 for the ground state of
the H2 molecule.

Figure 3 illustrates a) the equilibrium electronic energy,
and b) the equilibrium bond length, as functions of the size
of the cavity(Dξ0), for ξ0 = 2 andV0 = 0.25, for both con-
fined H+

2 and H2 molecules. The crossing of the curves at
aroundDξ0 ≈ 1.48 andV0 = 0.5 is to be noted. The reader
is invited to follow the explanations in the text.

This model adds more flexibility for the treatment of the
electronic and vibrational properties of one and two-electron
diatomics when subjected to spatial confinement allowing for
a more realistic comparison with experiment.

“Spherically confined H+2 : 2Σ+
g and 2Σ+

u states” [51]
presents a study of the molecular ion H+

2 under strong con-
finement conditions produced by a spherical barrier centered
in the gravity center of the molecule. Results for the poten-
tial curves are obtained by diffusion Monte Carlo methods for
the ground state

(
X 2Σ+

g

)
and the first excited state

(
A2Σu

)
,

and reported as functions of the internuclear distanced for
different values of the confinement radius. Results show that
the compressed states corresponding to both

(
X 2Σ+

g

)
and(

A2Σu

)
present deep minima in the potential energy curves,

due to the increased space for electron wave function when
the protons are displaced from the barrier surface.

“Quantum states of confined hydrogen plasma species:
Monte Carlo calculations” [52] implements the diffusion
Monte Carlo method with symmetry-based state selection to
calculate the excited states2Πu and2Πg of H+

2 ions under
spherical confinement. Special solutions are employed, per-
mitting to obtain satisfactory results with rather simple native
code. The results are interpreted using the correlation of H+

2

states to atomic orbitals of H atoms lying on the confining
surface and perturbation calculations. The method is straight-
forwardly applied to cavities of any shape and different hy-
drogen plasma species (at least one-electron ones, including
H) for future studies with real crystal symmetries.

In “Ritz variational calculation for the singly excited
states of compressed two-electron atoms” [53], a detailed
analysis on the effect of spherical impenetrable confinement
on the structural properties of two-electron ions in S-states
has been performed. The energy values of1sns 3Se, [n =
2 − 4], states of helium-like ions (Z = 1 − 5) are esti-
mated within the framework of Ritz variational method us-
ing explicitly correlated Hylleraas-type basis sets. The corre-
lated wave functions used here are consistent with the finite
boundary conditions due to spherical confinement. A com-
parative study between the singlet and triplet states originat-
ing from a particular electronic configuration show incidental
degeneracy and the subsequent level-crossing phenomenon.
The thermodynamic pressure felt by the ion inside the sphere
pushes energy levels toward the continuum. Critical pres-
sures for the transition to strong confinement regime (where
the singly excited two-electron energy levels cross the cor-
responding one-electron threshold) as well as for the com-
plete destabilization are also estimated. This reference is con-
nected with [5,8,20].

3.3. Many-electron Atoms

The articles to be reviewed in this subsection have an-
tecedents and common Authors in [8,11,24] and illustrate
some of their recent advances from their previous reviews.

The article “Implementation of the electron propagator to
second order of GPUs to estimate the ionization potentials
of confined atoms” [54] considers the confinement in spher-
ical boxes with impenetrable walls, and The Electron Prop-
agator Technique in the second order approximation EP2 to
evaluate the energy to remove one electron from an orbital,
Eq. (2), in the Hartree-Fock formalism. The use of the GPUs
for the faster evaluations of two-electron integrals and four
index integrals Transformations to implement EP2, were in-
corcoprated in the original MEXICA-C code via CUDA Ker-
nels 1 and 2, respectively, Fig. 1. The calculations of the
ionization potential were performed for the free atoms with
Z = 3, . . . , 18 using the same basis sets as in Ref. [30], in-
cluding the predictions of Koopman’s Theorem and the EP2
rules. The comparisons of the results of [30], the calcula-
tions from MEXICA and the experimental values in eV [31]
show average derivatives of 0.50 to KT and 0.36 and 0.34,
respectively. The authors attribute their smaller derivation to
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the use of the Gaussian functions in [30] to their own use of
Slater type orbitals. The calculations for the confined atoms
are reported for helium in Table 2, beryllium in Table 3, and
neon in Table 4, for boxes of different radius; their general
trends including those of other references is that they dimin-
ish as the radii became smaller, including vanishing values
for different radius in the successive calculations. The differ-
ences between EP2 and KT values are also included; for He
differences exhibit negative values for large radii and positive
values for the smaller ones, for Be they are all positive, and
for Ne they are all negative for the2s orbital ionization, and
all negative except for the smallest radius of one for the2p
orbital ionization. The authors argue that KT values provide
good estimates for the ionization potentials but EP2 corrects
them in the case of confined atoms; however, they recognize
that such correlations do not reveal a trend for the confined
atoms, since the differences are negative or positive as illus-
trated in the Tables. They also explain the overestimates or
underestimates of the KT ionization potentials in terms of the
orbital crossings between unoccupied orbitals: if the lowest
unoccupied orbital (LUMO) crosses a virtual orbital the dif-
ferences change sign.

The other three articles: “Roothaan’s approach to solve
the Hartree-Fock equations for atoms confined by soft walls:
Basis set with correct asymptotic behavior” [55], “Solution of
the Kohn-Sham equations for many-electron atoms confined
by penetrable walls” [56], and “Electron-density delocaliza-
tion in many electron atoms confined by penetrable walls: A
Hartree-Fock study” [57] assume spherical confinement with
a constant potential barrier outside, accounting for the soft
and penetrable walls, as well as the radial basis sets inside
and outside with the correct behaviors for very small and
very large distances from the nucleus, taken from the com-
mon Ref. [27], [4] and [30]. The progress in these three ar-
ticles, compared with the counterparts for impenetrable con-
finement in their previous works cited and reviewed in the
first half of this section, are described next.

In [55] the atoms investigated were H, He, Be, Ne and
K with the following conclusions, taking as a reference that
for impenetrable confinement in which the energies increase
monotonically as the radius diminishes: A) The shell struc-
ture is drastically modified, and a delocalization effect may
occur for a certain barrier height, B) inner orbital energies
do not necessarily go up when the radius diminishes, C) the
ionization of many electron atoms is confirmed for a finite po-
tential, and D) the asymptotic behavior of the electron density
changes with the height of the potential.

In [56] the Kohn-Sham formalism was applied to study
five closed shell atoms: He, Be, Ne, Mg and Argon for two
heights U=0, 0.5 of constant confining potential barrier, using
four exchange-correlation functionals. Tables 1 and 2 illus-
trate the results for the free atoms including HF values for
comparison of the total energies evaluated with Gaussian and
STO-CAB functions and the respective exchange correlation
functionals. Table 3 shows the comparison of the exchange

energy of He in the two situations of confinement from HF
and KS in two of the exchange-correlation functionals. Ta-
ble 4 includes the exchange and correlation energies, and
their difference, for Mg in the two situations of confinement
and for the fourth exchange- correlation functional. Table 5
shows the Highest Occupied Molecular Orbital energies for
Mg in the two situations of confinement, comparing the re-
sults from HF and KS with the four functionals. The compar-
isons indicate the need to explore other exchange and corre-
lation functionals.

In [57], HF calculation for the atoms H, He, Li, Be, N, Na,
Mg, P and Ar confined in a sphere with a constant potential
barrier of heights 0 and 0.5 were performed. The correspond-
ing results were the basis to evaluate the Shannon entropy of
the respective atoms as a function of the radius of confine-
ment. The results for H are illustrated graphically in Fig. 1
for a barrier height of 0.5 displaying the Coulomb potential
and constant potential energies as well as the radial distribu-
tion function for A) with a radius 0.65, B) with a radius 1.1,
and C) with a radius 4, and horizontal dotted lines for the cor-
responding orbital energies of 0.4908, 0.1583 and -0.4945,
respectively. In B) the electron density is localized between 0
and 3.5, while in C) a minor localization is recognized. Fig-
ure 2 displays the orbital energies in squares and Shannon
entropies in circles as functions of the confining radius, in
the respective intervals [-0.5,0.5], [2,7] and [0,5]. While the
energy increases monotonically as the radius is reduced, the
entropy starts at about 4 for a radius of 5 decreases to a min-
imum of less than 3 for a radius of about one, and shows a
marked increase to close to 7 as the radius is reduced to 0.65;
the first interval corresponds to localization of the electron
and the second one to its delocalization as the orbital energy
approaches the height of the barrier. Table 1 shows the HF to-
tal energy and the occupied orbital energy for Li, Be, N, Na,
Mg and P in the three situations of confinement for five dif-
ferent values of the radius. Table 2 shows the corresponding
information for the noble gases He, Ne and Ar. The read-
ers may ascertain the systematic changes of decreasing ener-
gies for the confined atoms as the radius of confinement in-
creases approaching their free atom values for a radius of 30,
independently of the barrier height; and also their increasing
values for a fixed radius and increasing barrier heights. The
changes in the orbital and total energies are more pronounced
for Li and Na, diminishing successively for Be and Mg, N
and P, and He, Ne and Ar. The radial distribution defined in
Eq. (16) is illustrated in Fig. 3 for Mg, zero barrier height and
confining radii of 2, 3 and 30, as functions of the radial dis-
tance; the respective curves show intersections. Specifically,
in the last pair the second one for its own confining radius
goes below the curve for the free atom and vanishes for a
distance of about 8 exhibiting a localization. On the other
hand, for the confinement at the radius 2 something different
happens: Table 1 shows that the orbital energy is approaching
zero for smaller distances and Fig. 3 shows that the first curve
goes above that of the free atom at a radial distance of around
6, exhibiting the delocalization effect like in the case of H.
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Fig. 4 shows the Shannon entropy versus radial distance for
Mg confined in constant potential barriers of heights 0, 0.5
and∞; all the curves entries are in the lower right quadrant,
the first two show minima and the third with impenetrable
boundary show a monotomic increasing. For zero height and
Rc = 3 the entropy is close to its lowest value corresponding
to the localized state identified in Fig. 3; in the same curve
for Rc = 2 the entropy has its highest value above that of the
free atom and is delocalized as also identified in Fig. 3.

Table 3 gives the values of the Shannon entropies for the
free atoms, with positive values for the lighter ones and neg-
ative values for the heavier ones, taking decreasing values for
the heavier elements. Figures 5 illustrate the Shannon en-
tropies of confined H, Li and Na referred to the entropy of
the free H for A) 0, B) 0.5 and C)∞ barrier heights, ver-
sus the confining radius. The curves in A) and B) exhibit
steep changes on their left reaching a minimum followed by
a monotomic increasing and approaching zero from below.
The curves in C) exhibit only the monotomic increasing and
approaching zero from below also. This contribution shows
that the Shannon entropy is a useful tool to measure the delo-
calizations for many electron atoms.

3.4. Many-electron Molecules

This section reviews four articles involving the rotational
properties of molecules and four more on the electronic and
vibrational properties of molecules.

“Orientation of the absorbed dipolar molecules: A coni-
cal well model” [58] is a theoretical investigation on the ori-
entation of single and two coupled polar molecules irradiated
by a single laser pulse under a conical-well model. The ori-
entation of a single hindered rotor shows a periodic behavior.
In particular, the amplitudes of the oscillation are sensitive
to the degree of the alternation of the field. Crossover from
field-free to hindered rotation is observed by varying the hin-
dering angle for different heights of the conical walls. For a
small hindering potential and angle, the time-averaged orien-
tation differs greatly from that behavior under strong dipole-
dipole interaction. Entanglement induced by the dipole-time
averaged entropy increases monotonically as the hindering
angle is increased. To the competition between the confine-
ment effect and dipole interaction is found to dominate the
behavior of the coupled-rotor system.

“Anticrossing-mediated entanglement of the adsorbed
polar molecules” [59] studies the entanglement of two ad-
sorbed polar molecules in static electric fields. The concur-
rence is estimated to quantify the entanglement. The ab-
sorbed molecules reveal a significant rotational characteris-
tic, such as anticrossing features, due to the influences of
the electric field and quantum confinement. Numerical re-
sults demonstrate that these rotational properties dominate
the amount and profile of concurrence. At zero temperature,
an enhaced concurrence is obtained near the anticrossing in
the ground state. Additionally, the analysis of the effect of the

temperature on the concurrence shows that the temperature-
dependent concurrence displays a suppresed behavior espe-
cially at the anticrossing.

“Orientation and heat capacity of horizontally absorbed
molecules in electric fields” [60] presents the evaluation of
the energy spectrum and the wave function to probe the rota-
tional characteristic of the molecule. Numerical results indi-
cated that the electric field and the effect of quantum confine-
ment lead to anticrossing behaviors in the energy levels. The
orientation reveals a stepped feature due to the anticrossig
ground state. Moreover, the heat capacity displays two peaks
near the anticrossing. By means of comparison, each peak of
the heat capacity corresponds to a particular degree of orien-
tation.

“Inelastic electron tunneling mediated by a molecular
quantum rotator” [61] presents a basic theoretical framework
of Inelastic Electron Tunneling (IET) that explicitly takes
into consideration quantum angular momentum, focusing on
a molecular H2 rotator trapped in a nanocavity between two
metallic electrodes as a model system. It is shown that the
orientationally anisotropic coupling imposes rigorous selec-
tion rules in rotational excitation. Additionally, rotational
symmetry breaking induced by the anisotropic potential lifts
the degeneracy of the energy levels of the degenerated rota-
tional state of the quantum rotator and tunes the threshold
voltage that triggers rotational IET. The theoretical results
provide a paradigm for physical understanding of the rota-
tional IET process and spectroscopy, as well as molecular
level design of electron-rotation coupling in nanoelectronics.

“The effect of spatial confinement on the noble gas HArF
molecule: structure and electronic properties” [62] presents
a systematic study on the dipole and hyperpolarizabilities of
the confined argon hydroflouride molecule. Detailed analysis
of the confinement induced charges in the structures of HArF
is also presented. In order to render the influence of chemical
compression on the properties in question, a two-dimensional
harmonic oscillator potential, mimicking a cylindrical con-
finement, was applied. By comparing the results obtained for
HArF and HF, the effect of Ar insertion on the above prop-
erties was discussed. A hierarchy of ab initio methods, in-
cluding HF, MP2, CCSD and CCD(T), has been employed to
investigate the effect of orbital compression on the electron
correlation contributions to the studied electric properties. It
was observed that the external confining potential modifies
the electronic contributions to the dipole moment and (hyper)
polarizabilities of HArF. In particular the first hyperpolariz-
ability of the confined molecule is remarkably smaller than
that of the free molecule.

“On the nonlinear electrical properties of molecules in
confined spaces: From cylindrical harmonic potential to car-
bon nanotube cages” [63]. The effect of spatial confinement
on the linear and nonlinear electric properties of LiF, LiH, HF
and HCl is analyzed based on the results of ab initio quantum
chemical calculations. Central to this study is the comparison
of different models of confinement. The harmonic oscillator
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potential of cylindrical symmetry as well as a more sophis-
ticated model, based on the supermolecular approximation,
are applied in order to establish the correspondence between
the real chemical environment and their approximate repre-
sentation in the form of an analytical potential. In the case
of super molecular approach, the molecular cages are repre-
sented by carbon nanotubes and nanotube-like Helium clus-
ters. The results of calculations show that spatial confinement
strongly influences the electric properties of the investigated
molecules.

“About diverse behavior of the molecular electric proper-
ties upon spatial confinement” [64] reports on the influence
of spatial restriction on the static electric properties of twoπ-
electron molecules, namely carbonyl sulfide and chlorocety-
lene. A two dimensional harmonic oscillator potential has
been applied in order to mimic that effect of orbital compres-
sion. All the components of the studied tensorial quantities
were obtained using the finite-field-method. Among others,
the nanoatomic changes of the first hyperpolarizability, ob-
served for the spatially limited OCS molecule, are described
for the first time in the literature. Moreover, it has been found
that upon embedding in cylindrical potential the behavior of
the dipole moment is different for each of the investigated
molecular systems. In order to explain the obtained diverse
trends, the Hirshfelder technique as well as the concept of
hyperpolarizability density have been adopted.

“Vibrational nonlinear optical properties of spatially con-
fined weakly bound complexes” [65]. This study focuses on
the theoretical description of the influence of spatial confine-
ment on the electronic and vibrational contributions to (hy-
per)polarizabilities of two dimeric bonded systems, namely,
HCN · · ·HCN and HCN· · ·HNC. A two dimensional ana-
lytical potential is employed to render the confining environ-
ment (e.g. carbon nanotubes). Based on the results of the
state-of-the-art calculations, performed at the CCSD(T)/aug-
cc-pvtz level of theory, it is established that: i) the influ-
ence of spatial confinement increases with increasing order
of the electric properties, ii) the effect of spatial confinement
is much larger in the case of the electronic than the vibra-
tional contributions, for each order of the electric properties,
and iii) the decrease in the static nuclear relaxation first hy-
perpolarizability upon the increase of confinement strength
is mainly due to changes in the harmonic term; however, for
nuclear relaxation second hyperpolarizability the anharmonic
terms contribute more to the drop of this property.

3.5. Quantum Dots

This section has the antecedents of [15,22] reviewing the
progress in six recent articles.

“On the symmetry of three identical interacting particles
in a one-dimensional box” [66] studies the quantum mechan-
ical physical system in the tittle with two-particle harmonic
interactions. The symmetry of the system is described by the
point groupD3d. Group theory greatly facilitates the applica-
tion of perturbation theory and the Rayleigh-Ritz variational

method. A great advantage is that every irreducible represen-
tation can be treated separately. Group theory enables us to
predict the connection between the states for the small and
large box regimes of the systems. The crossing and avoided
crossing of the energy levels and other interesting features of
the spectrum are illustrated and discussed.

“The effects of intense laser on nonlinear properties of
shallow donor impurities in quantum dots with Woods-Saxon
potential” [67] presents a theoretical study of the title using
the matrix diagonalization method and the effective mass ap-
proximation. This methodology enables confinement ener-
gies by varying the two parameters in the potential. The in-
tense laser effects are included via the Floquet method, modi-
fying the confining potential associated to the heterostructure.
From the computed energies and wave functions, the optical
absorption coefficients and the respective index between the
ground(` = 0) and first excited(` = 1) states are obtained
and examined. Several configurations of the barrier height,
the dot radius, the barrier slope of the confining potential and
the intense incident laser radiation have been considered. The
results suggest that all these factors can influence the nonlin-
ear properties strongly.

“Impurity position effect on optical properties of various
quantum dots” [68] is an investigation of the effect in the tit-
tle for a pyramid and a cone like quantum dots. First, the
energy levels and wave functions in the presence of the im-
purity are calculated using the finite element method. Then,
the influence of the impurity location on the refractive index
changes and absorption coefficients for the two quantum dots
was studied. It was found that: 1) there is a maximum value
for the optical properties at a special impurity position, and
2) the values of the optical properties of a cone like quan-
tum dot are larger than those of a pyramid quantum dot of the
same volume and height. The conclusion is that their impu-
rity location plays an important and considerable role in the
electronic and optical properties of both quantum dots.

“Calculation of the hyperfine interaction in spherical
quantum dot” [69] presents the results of unperturbed wave
functions and energy eigenvalues of the ground and excited
states of spherical quantum dot, GaAs/AlxGa1−x by us-
ing quantum genetic algorithm and Hartree-Fock Rootham
method. The hyperfine coupling constant and hyperfine en-
ergies of 1s, 2p, 3d and 4f levels are evaluated as functions
of quantum dot radius. The results show that both hyperfine
properties change rapidly in the strong and medium confining
regimes as the radius decreases. It is pointed out that dot ra-
dius, impurity charge and angular momentum have a strong
influence on the hyperfine energy. Another finding is that
the hyperfine energy and the hyperfine splitting vary with the
aluminum concentration ratio x.

“Computation of hyperfine energies of hydrogen, deu-
terium and tritium quantum dots” [70] uses the same QGA
and Roothan HF methodology as the previous entry by the
same Authors. The results show that in the medium and
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strong confinement regimes the hyperfine energy and the hy-
perfine constant are strongly affected by dot radius, impurity
charge, electron spin orientation, impurity spin and impurity
magnetic moment. Additionally, for all dot radii, the hyper-
fine splitting and hyperfine constant of the confined hydro-
gen and tritium atoms are approximately equivalent to each
other, and they are greater than those of the confined deu-
terium atom.

“Type-II quantum-dot-in-nanowire structures with large
oscillator strength for quantum gate applications” [71]
presents a numerical investigation of the exciton energy and
oscillator strength in the quantum dots in the title. For a
single quantum dot, poor overlap of the electron part and
the weakly confined hole part of the excitonic wave function
leads to a low oscillator strength compared to type-I systems.
In order to increase the oscillator strength, a double quan-
tum dot structure is proposed featuring a strongly localized
exciton wave function and a corresponding four fold rela-
tive enhancement of the oscillator strength, paving the way
towards efficient optically controlled quantum gate applica-
tions in the type-II-nanowire system. The simulations are
performed using a computationally efficient configuration-
interaction method suitable for handling the relatively large
nanowire structure.

3.6. Confined atoms treated as open quantum systems

This subsection borrows the title of [10] and illustrates its
basic idea with the series of articles [72-78] on “Endohedral
confinement of molecular hydrogen”, “The atomization pro-
cess of endohedrally confined hydrogen molecules”, “Pres-
sure and size effects in endohedrally confined hydrogen clus-
ters”, “Thermal behavior of a 13-molecule hydrogen clus-
ter under pressure”, “Thermodynamic states of Nanoclusters
at low pressures and low temperature: the case of13H2”,
“Evolution of the vibrational spectra of doped hydrogen clus-
ters with pressure”, “Pressure Induced metallization of Li+-
Doped Hydrogen Clusters”. The series has also common fea-
tures with [12] considering hydrogen fullerene cages instead
of the familiar ones with Carbon, and also different species
of confined systems and different processes. The main dif-
ference between the series and the last reference is in their
methodologies: while the latter models the doped fullerenes
with the spherical∆ andδ potentials, the first includes the
dynamical interactions between the confined systems and the
atoms of the confining cage. More specifically, the series uses
density functional theory for molecules applied to the super-
molecule formed by the cage and the confined molecule.

In [72], the first problem investigated involved a single
H2 molecule inside a H20 cage leading to the pressure depen-
dence of the ground state energy and internuclear distance of
the confined molecule as a function of the cage volume: Fig-
ure 2 illustrates the results of this work compared with other
model calculations and specially experimental values, with
which they agree better. The second problem involved 30 hy-
drogen atoms allowed to relax inside a H60 cage of radius

4Å, reaching a minimum energy configuration: the hydrogen
atoms self-assemble into a(H2)15 stable molecular cluster
characterized by two coaxial six-fold symmetry ring struc-
tures, illustrated in Fig. 3.

In [73], the confinement of thirteen H2 molecules in a
H60 cage was investigated. The reduction of the size of the
cage leads to different compression rates with the consequent
evolution of the molecular structure, energy, electron density,
Mulliken populations, HOMO-LUMOS gap and ionization
potential.

In [74], the investigation consist of a systematic study of
zero-temperature structural and energy properties of H60 en-
dohedrally confined hydrogen clusters as a function of pres-
sure and cluster size. For low pressures, the most stable
structural forms of(H2)n possess rotational symmetry that
changes from C4 through C5 and C6 as the cluster grows from
n = 8 throughn = 12 ton = 15, Fig. 1 The equilibrium con-
figurational energy of the clusters increases as the pressure
increases. However, the rate of this increase, on a per atom
basis, is different for different cluster sizes. In consequence,
the size dependences of the configurational energies per atom
at different fixed values of the pressure are non monotomic
functions, Fig. 4. On the other hand, for high pressures the
molecular(H2)n clusters become gradually atomic or dom-
inantly atomic, Fig. 3. The pressure-induced changes in the
HOMO-LUMO cluster gaps indicate a finite-size analog of
the pressure-driven metallization of the bulk hydrogen. The
ionization potentials of the clusters decrease as the pressure
on them increases.

In [75], the thermal behavior of a thirteen molecule hy-
drogen cluster under pressure was investigated using a com-
bination of trajectory and DFT simulations. The analysis
is based on characteristic descriptors: caloric curve, root-
mean-square bond length fluctuation, pair correlation func-
tion, velocity auto correlation function, volume thermal ex-
pansion, and diffusion coefficients. The discussion is focused
on the peculiarities of the transition ordered-to-disordered
states as exhibited by the cluster under different pressures,
65 to 75 GPa, and temperatures, 10 to 600 K . These ranges
correspond to the conditions of an envelope of Jupiter’s inte-
rior. The results for the successive descriptors are illustrated
in Figs. 1-5 and in numerical values in Section IV. In the
Section V of Conclusions, it is stated that “The results point
out a smooth transition of the molecular cluster from an or-
dered solid state to an intermediate thermodynamic state as
a precursor of a possible liquid state of the cluster”. It is the
confinement of the cluster which extends the persistence of
the intermediate state of temperatures (above 100 K and up
to 500 K). They suggest the existence of hydrogen clusters in
Jupiter’s envelope.

In [76], an equation of state is presented based on a con-
finement model of finite-size systems. The temperature and
pressure of the system are obtained from the positions and
velocities of the enclosed particles via a number of molec-
ular dynamics simulations. The pressure has static and dy-
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namic contributions, extending the Mie-Grüneisen equation
of state to include weakly interacting anharmonic oscilla-
tors. The model consist of thirteen H2 molecules under
low-pressure and low-temperature conditions in the classical
regime, inside a confining spherical hydrogen cavity. The
Born-Oppenheimer molecular dynamics in conjunction with
DFT are used for the time evolution of the particle system.
The hydrogen molecules form a noncrystalline cluster struc-
ture with icosahedral symmetry that remains so in the whole
temperature range investigated. The fluctuations of the inter-
atomic distances increase with temperature, while the orien-
tational order of the enclosed system of molecules fade out,
suggesting a gradual order-disorder transition.

In [77], “Endohedrally encapsulated hydrogen clusters
doped with inert helium H24He and ionic lithium H24Li+”
were investigated. The confinement model is a nanoscopic
analogue of the compression of solid hydrogen. The struc-
tural and electronic properties of the doped hydrogen clusters
under pressure are determined, and compared with those of
the isoelectronic pure hydrogen H26 counterpart. The inser-
tion of helium or lithium lead to pressure increase rates of
approximately1.1 with respect to H26, The changes of ge-
ometrical structures and HOMO-LUMO gap energies with
pressure indicate the pressure-induced metallization of the
Li+ doped cluster, for which the energy gap is abruptly re-
duced, reaching a value of0.21eV at around511GPa. There
is a pressure domain where the metallization may be achieved
faster by doping hydrogen with lithium.

In [78], the “evolution of the vibrational spectra of the
isolectronic hydrogen clusters H26, H24He and H24Li+ with
pressure” was investigated. The vibrational modes with col-
lective character common to the clusters were frequency
shifts in the GPa region were discussed. The results are of in-
terest to identify the dopings elements as inert He, and ionic
Li+ in hydrogen under confinement or, conversely, establish
the pressure of doped hydrogen when the vibrational spec-
trum is known. At high pressure, the spectra of the nanoclus-
ters resemble the spectrum of a solid, and the nanoclusters
may be considered crystals of nanometer size. The computa-
tions were performed at the gradient-corrected level of DFT.
The importance of this work consists in the characterization
of matter at the nanoscopic level in environments different
from a void.

The results for a low pressure 20 GPa compare well with
measurements for the crystal. For moderate pressures 184
GPa the molecules self-assemble into a stable cluster. For
high pressures 520 GPa molecular dissociation appears due
to a high population in an antibinding orbital. The Figures
illustrate the systematic changes in the different properties of
the confined molecular/atomic system. These results are of
interest in the search to achieve the metallic state of hydro-
gen under pressure.

3.7. Connections with Reviews in other fields of Materi-
als Science

This section is limited to Reviews in surface science, and
on toroidal dipole moments and interactions in metamateri-
als and in nanophotonics, in which some of our works have
been cited.

The Review Article “Auger neutralization and ionization
processes for charge exchange between slow noble-gas atoms
and solid surfaces” [79] in Progress Surface Science, in its
Ref. [147] cites our work: “Ground-state energy shift of He
close to a surface and its relation with the scattering poten-
tial: a confinement model” [80]. Both articles have also the
respective common Refs. [152-153] and [3-4] by Wethekam
and Winter reporting evidence on the ground state evolution
of the He atom close to an Al(111) surface deduced from
He+ grazing-scattering experiments after Auger neutraliza-
tion.

The familiar electric multipoleE` and magnetic mul-
tipole M` electromagnetic moments and their interactions
have a complementary family of magnetic toroidal mo-
ments and interactions, as illustrated by our work “Complete
electromagnetic multipole expansion including toroidal mo-
ments” [81]. Any three-dimensional vector field may be ex-
pressed in terms of its longitudinal component; and two trans-
verse components: one toroidal and one poloidal with paral-
lel circle lines and closed lines in meridian planes, respec-
tively. They may be expressed as gradient, angular momen-
tum and rotational of the angular momentum operators acting
on scalar Debye potentials, which may be chosen as multi-
pole`m solutions of the Helmholtz equations. The simplest
examples for dipoles̀ = 1, correspond to a longitudinal, a
circular loop and a toroidal solenoid currents as sources of the
respectiveE1, M1 andT1 electromagnetic fields with their
poloidal electric field, poloidal magnetic field and toroidal
magnetic field, respectively. The toroidal current has a zero
magnetic moment and its toroidal moment is the total mo-
ment of the magnetic moments of each loop in the solenoid
~T =

∑
i ~ri × ~µi. The dipole selection rules of angular mo-

mentuml′f = li± 1 are common for the three types of dipole
interactionsE1, M1, T1; those of parityπfπi = −, +,−
are common forE1 andT1; the angular distribution of their
radiation fields are also common for the three; their polariza-
tion states are common forE1 andT1, and different forM1;
while E1 andM1 share the Rayleighω4 frequency depen-
dence of their radiation power, inT1 it becomesω6. These
rules generalize for alll multipoles. Reference [81] is cited
in the Reviews below.

A selected sample of toroidal dipole moment interac-
tions and their novel physical effects is illustrated by the
titles of Refs. [82-91] for metamaterials: “Observation
of ferrotoroidic domains” [82], “On the aromagnetism and
anapole moment of anthracene nanocrystals” [83], “Gy-
rotropy of a metamolecule: wire on a torus” [84], “Toroidal
dipolar response in a metamaterial” [85], “All-optical Hall
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effect by the dynamic toroidal moment in a cavity-based
metamaterial” [86], “Resonant Transparency and Non-Trivial
Non-Radiating Excitations in Toroidal Metamaterials” [87],
“Toroidal dipolar excitation and macroscopic electromag-
netic properties of metamaterials” [88], “Planar supercon-
ducting toroidal metamaterial: a source for oscillating vector-
potential?” [89], “Toroidal circular dichroism” [90] and
“Nonradiating sources, dynamic anapole, and Aharonov-
Bohm effect” [91].

“Theory and applications of toroidal moments in elec-
trodynamics: their emergence, characteristics, and techno-
logical relevance” [92] is a review article in Nanophotonics.
Its sucessive sections illustrate the place of the toroidal mo-
ments: in Sec. 2 Families of multipoles in electrodynamics:
1) Multipole expansions for potentials and fields, 2) Clas-
sification of multipoles according to symmetry rules, under
space and time inversions, in electricE associated with po-
larization (−, +), magneticM associated with magnetiza-
tion (+,−), toroidal T associated with density of toroidal
moments, or toroidization,(−,−) and axial toroidalG as-
sociated with axial toroidization(+, +). Section 3. Char-
acteristics, interaction, and radiation of toroidal moments in
materials includes: 1) Toroidization and Magnetoelectric ef-
fect, a spontaneous magnetization (polarization) induced by
an external electric (magnetic) field in a variety of materials,
2) Interaction of optical waves with toroidized materials, 3)
Dynamic toroidal moments in artificial metamolecules and
dielectric nanostructures, 4) Electromagnetic fields and radi-
ation patterns associated with toroidal moments. Section 4.
Excitation of toroidal moments can be achieved by 1) Exter-
nal light and 2) Relativistic electrons. Section 5. Coupling
of toroidal moments to other classes of moments includes 1)
Formation and discovery of anapoles and 2) toroidal meta-
materials. Section 6. Applications of toroidal moments. Sec-
tion 7. Conclusions and Outlook.

4. Reviewer’s and Collaborators’ Work

This section updates the work of the Reviewer and his
collaborators in two lines of research: One- electron di-
atomic molecular ions confined by dihedral angles and Many-
electron atoms in the same situation of confinement in 4.1;
Theory of Angular Momentum in Bases of Lamé Sphero-
conal Harmonics and its applications in 4.2. It also contains
in 4.3 a preview of ongoing investigations along those two
lines, and on toroidal moments and their interactions, as well
as on the Force Approach to Radiation Reaction.

4.1. Confinement of Atoms and Molecules in Dihedral
Angles

Reference [17] in its Section 1.4.3 and 1.4.2 anticipated the
investigations on the one-electron diatomic molecular ions
and the filling of electronic shells in atoms under dihedral
angle confinement. The two next subsections describe the
updating of results on both problems.

4.1.1. The H+2 and HeH2+ molecular ions confined in di-
hedral angles

The authors of [17] were invited to participate in the Work-
shop on Concepts of Mathematical Physics in Chemistry in
honor of Professor Frank Harris in December 2014. In the
oral presentation preliminary results on the H+

2 molecular ion
were presented, and results on the HeH2+ ion were also in-
cluded in the written version [93].

The updating of the chapter under consideration starts
by calling the attention of the reader to its references [1-12]
dealing with the hydrogen molecule and molecular ion con-
fined in prolate spheroidal boxes, and the last one in cylin-
drical harmonic confinement; [13-14] on the hydrogen atom
and harmonic oscillators confined in dihedral angles; and the
remaining ones [15-25] on the exact solutions for the free
molecules, including the heteronuclear HeH2+, in the Born-
Oppenheimer approximation. Naturally, the Schrödinger
equations for the respective molecules are common for the
free ones and for the ones confined by natural boundaries in
confocal prolate spheroids or hyperboloids, or dihedral an-
gles. The separability of the equation and the integration of
the ordinary differential equations in the respective coordi-
nates are also common. It is the change of boundary con-
dition in the chosen confining geometry which determines
the changes in the eigenvalues of the energy and the other
constants of motion, and in the eigenfunctions. Our works
in [8-9] involved confinement in impenetrable and penetra-
ble prolate spheroidal boxes, respectively, with rotational in-
variance around the axis of the spheroid andeimϕ eigen-
functions. In contrast, for confinement in a dihedral angle
the0(2) symmetry is broken and the eigenfunctionssin µϕ,
whereµ = nϕπ/ϕo for nϕ = 1, 2, 3 may no longer be inte-
ger, as discussed in detail in [13-14], including the breaking
and restoration of the parity symmetry in the Legendre poly-
nomials with associativityµ in the hyperboloidal coordinate
for the homonuclear H+2 molecule. The separated equations
(5-6) in the hyperboloidalη = (r1 − r2)/R ∈ [−1, 1] and
spheroidalξ = (r1 + r2)/R ∈ [1,∞] coordinates, where
r1 and r2 are the distances of the electron from nuclei 1
and 2 with the separationR, share the same structure in-
volving the square of the angular momentum Legendre op-
erator, linear terms with different coefficients(Z1 − Z2)ρη
and(Z1 + Z2)ρξ, whereρ = R/a0, quadratic terms with the
same coefficient−p2η2 andp2ξ2, wherep2 = −ρ2W > 0 in
terms of the electronic energyW = 2a0E/e2 − 2Z1Z2e

2/ρ
in units of e2/2a0, as the difference between the energy of
the moleculeE and the Coulomb repulsion energy between
the nuclei, and the common constant of separationK.

For the molecular ions confined in dihedral angles, in the
homonuclear caseZ1 = Z2, the linear term inη vanishes.
The eigenfunctions have a definite parity, gerade and unger-
ade. Their classification is made via the number of nodes
of the spheroidal and hyperboloidal coordinates and the az-
imuthal quantum numbers(nξ, nη, nϕ) and parity. Sinceµ
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is no longer integer the usual classification based onm =
0, 1, 2, . . . , σ, δ, π, . . . is no longer valid, but their equiva-
lents arenϕ = 1, 2, 3, . . . with 0, 1, 2, . . . nodal meridian
planes between the two defining the confining dihedral an-
gle. The lower states(0, 0, 1)g, (0, 1, 1)u and(0, 2, 1)g are
evaluated by constructing the matrix representation of Eq.
(5) in the basis of Legendre polynomials with associativity
µ and definite parities. The matrix elements ofη have the
selection rulesn′η = nη ± 1, with nonvanishing elements
on the diagonals above and below the main diagonal of the
matrix. The matrix elements ofη2 have the selection rules
n′η = nη − 2, nη, nη + 2, with non vanishing elements on
the main, and two above and below diagonals. Equation (12)
gives the explicit form of the pentadiagonal matrix, with its
entries evaluated in the Appendix by using mathematical in-
duction and ladder operators identified in its Ref. [14]. For
the homonuclear molecule, the matrix becomes tridiagonal
because the entries in the first diagonals above and below
vanish. For chosen values of the nuclear separationρ and
the electronic energy parameterp2, the diagonalization of the
matrix leads to the eigenvalues of the separation constantKη,
and the eigenvectorsanη (Kη) as the coefficients in the ex-
pansion in the basis of Legendre polynomials with associa-
tivity µ and definite parity. The size of the matrix is changed
to test for convergence and accuracy.

Equation (6) in the spheroidal coordinatesξ is solved
by Jaff́e’s method using the ansatz of Eq. (13) with the re-
moving singularity factors(ξ2 − 1)µ/2 e−ρξ(ξ + 1)σ and
a Taylor series in the variable(ξ − 1)/(ξ + 1) whereσ =
(Z1 + Z2)p/2ρ − (µ + 1). The coefficients in the series
satisfy a three-term recurrence relation with the parameters
µ, ρ, σ,K, Eqs. (14) and (15); the recurrence relations can be
recast into a matrix form for the eigenvalue problem follow-
ing its Ref. [18]. The matrix is tridiagonal and nonsymmetric,
the eigenvectors contain the coefficients in the Taylor series
and the eigenvalue isK + p2. The diagonalization of the ma-
trix yields the separation constantKξ, and the eigenvectors
bnξ

(Kξ) for the chosen values ofρ andp2. The test of con-
vergence and accuracy for large enough matrices can also be
implemented.

The eigenfunctions of the molecule must involve com-
mon values ofρ, p2 and the separation constants from the
solutions of the Eqs. (5) and (6):Kη(R, W ) = Kξ(R,W ).
The matching of this condition for different values of the nu-
clear separation and the electronic energy provides the infor-
mation on the relationship between these two quantities for
each electronic state and each angle of confinement. Fig-
ure 1 illustrates the variations ofW (R) for A) the ground
state(001)g and B) the excited state(021)g, for R [0.1, 100]
in logarithmic scaleW [−2, 0] andW [−.45,−0.5] in a linear
scale, respectively; andϕ0 = 2π, 3π/2, π andπ/2 with the
respective values ofµ = 1/2, 2/3, 1, 2 from lower to higher
values of the energy. In A) for very small nuclear separations,
the electronic energy curves approach the united atom limit
with a nuclear charge ofZ1 + Z2 = Z in the confined situa-

tion and energy−4/ (µ + 1)2 = −16/9,−36/25,−1,−4/9
for the respective angles at the positions with the dots on
the left vertical scale. Each energy curve increases mono-
tonically as the nuclear separation increases, and on the
right-hand side at the vertical the values of the dissociated
molecule has the electronic energy of the hydrogen atom
with Z = 1 with the values of one fourth of those for the
united atoms:−4/9,−9/25,−1/4,−1/9, to which the en-
ergy curves approach from below. For comparison in B)
the electronic energies show minimum values in the vicin-
ity of R ≈ 10, showing increments for both smaller and
larger nuclear separations; to the left they become horizon-
tal for small separations approaching their united atom limits
−4/ (µ + 3)2 = −16/49,−36/121,−1/4,−9/25 also indi-
cated by the dots on the left vertical; to the right they increase
noticeably, but forR = 100 are still below their dissoci-
ating limits−1/ (µ + 2)2 = −4/25,−9/64,−1/9,−1/16,
respectively; for even larger separations they keep increasing
and forR ≈ 300 are approaching those values from below.
Notice that the latter do not have the1/ (µ + 3)2 dissociating
unlike the situation for the ground state.

Figure 2 illustrates the difference between the free molec-
ular ion and the quasi-free molecular on withϕ0 = 2π. Dif-
ferences are expected, because the first one has all the direc-
tions in ϕ available[0, π], but the confined one is excluded
from ϕ = 0 andϕ = 2π which is the meridian half plane
(x = 0, y, z) .

The free ion states are(000)g (010)u and(020)g with the
united atom energies−4,−1,−4/9 interlaced with those of
the confined one from Fig. 1 and the ungerade state(011)u,
at−16/25. Notice the similar behaviors of the pairs of elec-
tronic energy curves of the corresponding ground and excited
states for the free and confined configurations, monotomi-
cally increasing for the first and with minimum values in the
other two. Notice also the crossing of the ground state en-
ergy curve of the confined ion and the ungerade state energy
curve of the free ion, with different parities at aroundR ≈ 2.
For larger separations the free(000)g and(010)u approach
their common dissociation limit at−1, while their confined
counterparts parts(001)g and(011)u do it at−4/9; the sec-
ond excited states free(020)g and confined(021)g have their
dissociation limits at−1/4 and−4/25, respectively.

The total energy of the molecule is the sum of its elec-
tronic energy and the Coulomb nuclear repulsion energy. Fig-
ures 3 follow from Figures 1 by adding the positive value and
inversely proportional to the nuclear separation of the latter.
Remember that the horizontal scale is logarithmic. Addition-
ally, the energy curves for the extra angles of confinement
ϕo = 11π/6, 5π/3, 8π/9, 7π/9, and2π/3, and their respec-
tive values ofµ are included.

The reader may appreciate the similarity of the curves
and their systematic changes with the nuclear separation and
with the confining angle for each state: they show a well
defined minimum which shifts to larger nuclear separations
and higher energies as the angle diminishes from its larger
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value below to smaller ones above. The differences between
the curves for A) the ground state and B) the excited state
of the same parity are quantitative with the minima more to
the right and higher. Remember also the different vertical
scales. Since the nuclear energy approaches zero for large
separations, the total energy curves approach the dissociation
energies asymptotically, from below as the electronic energy
does. Table 1 illustrates the variations of the total energy
E (R, ϕ0) for the ground states.

Each molecular energy curve is also characterized by the
position of its minimum(Re, Ee) in terms of the equilib-
rium nuclear separation and its variations from thereR−Re,
E(R) − E(Re). Dunham’s parametrization does it in terms
of a harmonic oscillator approximation plus asymmetries of
higher orderE(R) = E(Re) + Aoz

2
(
1 + A1z + A2z

2
)
,

wherez = (R−Re) /Re. In turn, the rotational constant
Be, the vibrational frequencyωe, the anharmonicity constant
ωexe and the Raman frequencyωR can be determined for
each energy curve as reported in Tables 2 and 3 for the ground
and excited states, respectively. The corresponding values for
the free molecule are also included, and the reader may ap-
preciate the significant changes in the rotational vibrational
properties of the molecule due to the confinement in the di-
hedral angles.

Figure 4 also follows from Fig. 2 by adding the Coulomb
nuclear repulsion energy, for the ground and excited states
of the molecule forϕo = 2π, illustrating their total energy
curves together. The reader may recognize the curves for the
gerade states(001)g and(021)g, below and above from Figs.
3A and 3B, respectively. The first excited state(011)u of
opposite parity shows a monotonic decreasing as the nuclear
separation increases and approaches asymptotically the dis-
sociation limit form above, as the ground state does it from
below, as their electronic energies did in Fig. 2. Notice that
the shallow minimum of the ungerade state in Fig. 2 disap-
pears in Fig. 4 due to the dominant Coulomb repulsion en-
ergy. The gerade states of the molecule are binding, but the
ungerade state is antibinding.

Figures 5 and 6 also show the comparisons between
the hyperboloidal wave functions of the free molecular ion
(000)g, (010)u and(020)g states and the dihedrally confined
in ϕ0 = 2π (001)g, (011)u, and(021)g states, in their re-
spective A, B and C entries. In Fig. 5: A) is symmetric and
has no nodes, B) is antisymmetric and has its node atη = 0,
and C) is symmetric and has two symmetrically located nodes
in the interval(−1, 1) and for different nuclear separations.
In Fig. 6: They share the nodes atη = −1 and1 associated
with the singularity removing factor

(
1− η2

)µ/2
, A) is sym-

metric and has no node, B) is antisymmetric and has its node
in η = 0, and C) is symmetric and has two symmetrically
located nodes in the open interval(−1, 1) and for the same
different nuclear separations; the approaching to the nodes at
the extremes is preceded by a sharp maximum or minimum.
The differences arise from the values ofm = 0 andµ due to
the confinement in the dihedral angle.

The confined molecular ion also acquires an electric
dipole moment in the equatorial planeη = 0 and in the direc-
tion from the center of charge of the electron in the meridian
plane bisecting the confining dihedral angle to the center of
the molecule, which is the center of charge of the two nu-
clei. The evolution is explained in Eqs. (16) and (17) and
the results reported in Table 4 for different angles of con-
finement for the H+2 molecular ion its ground state. Their
values range from1.145, 3.502 and9.158 in units ea0 for
ϕ0 = 2π, π, π/2, increasing as the angle diminishes. Here
we include the corresponding values for the hydrogen atom
in the respective situations of confinement in its ground state
in spherical coordinates, Table 1.2 [17]: 1.27307, 3.75000,
9.2807 which are slightly larger.

Concerning the HeH++ molecular ion, the proton is lo-
cated in the lower focus(ξ = 1, η = −1, ϕ) and the He nu-
cleus in the upper one(ξ = 1, η = 1, ϕ) . For its confinement
in dihedral angles the azimuthal eigenfunctions and eigen-
valueµ are the same as for the homonuclear molecular ion.
Since nowZ1 − Z2 = −1, the linear term inρ in the matrix
eigenvalue equation of Eq. (12) must be included, and the
solution involves the diagonalization of pentadiagonal matri-
ces. Parity is not conserved and the classification ing andu
states is not valid. The eigenvalue equation for the spheroidal
degree of freedom, Eq. (6) withZ1 + Z2 = 3, accepts Jaff́e
solutions of Eq. (13). The methodology to obtain the molecu-
lar ion electronic eigenfunctions, eigenenergies and constant
of separation, for each nuclear separation, is the same.

The results for the ground(001) and first excited(011)
states are reviewed next in the same order as in the homonu-
clear molecular ion. Figure 7 shows their electronic energies
for ϕ0 = 2π as functions of the nuclear separation in the in-
terval [0.1, 100] in logarithmic scale and their own values in
the vertical scale in the interval[−4,−0.5]. The ground state
shows a monotonically increasing variation interpolating be-
tween the Li(Z = 3) united atom hydrogen-like atoms limit
at−4, and the dissociation limit of He+, Z = 2, at−16/9.
On the other hand, the first excited state starts from−36/25,
exhibits a minimum at aboutR ≈ 2 and increases approach-
ing the dissociation limit in the excited state at−16/25.

Figure 8 shows the total energies for the same states and
the same situation of confinement on a vertical scale in the
interval [-1.7,1], in the interval of nuclear separations [0,20]
in a linear scale. Both exhibit the divergent Coulomb nuclear
repulsion energy for vanishing separations. The ground state
total energy curve is monotonically decreasing and is identi-
fied as an antibinding state. The excited state exhibits a shal-
low minimum at aboutR ≈ 6 followed by a small increase
and continuous monotomic decreasing.

Figure 9 is the set of total energy curves in the in-
terval [−0.65,−0.1] versus nuclear separation in the inter-
val [1, 100] in logarithmic scales for the values ofϕ0 =
2π, 11π/6, 5π/3, π and their corresponding values ofµ for
the first excited states. The change of the horizontal scale
enhances the occurrence of the minimum, the small increase
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and the monotomic decreasing for the lower states; the first
two characteristics disappear forϕ0 = π and smaller, and
even for the two previous ones. Their monotomic decreas-
ing in the entire range of nuclear separations allows to iden-
tify them as antibinding. For the lower energy curves and
larger angles of confinement, the presence of a minimum fol-
lowed by a maximum and then a monotonic decreasing can
be quantitatively established; forϕ0 = 2π, Rmin ≈ 7 and
Rmax ≈ 10. The corresponding well may bind the molecule,
which may also tunnel through the barrier and dissociate.
Thus, the state is identified to be metastable.

Bates and Carson in[21] of the chapter under review stud-
ied the exact wave function of HeH2+ in its free configuration
in the Born Oppenheimer approximation, identifying for the
first time the metastable character of its(010) excited state in
1956. References [22] and[23] by Ben-Itzhaket al reported
the experimental evidence for the existence of the2pσ bound
state of HeH2+ and its decay mechanism in 1993, and the
mean lifetime of the bound2pσ state of HeH2+ in 1994. Here
we must point out that the metastability of the corresponding
state(011) under dihedral confinement is still present for the
angles2π > ϕ0 > 3π/2.

Figure 10 illustrates the electronic hyperboloidal coordi-
nate function for the ground state of the HeH++ molecular
ion for ϕo = 2π andR = 7 with its two nodes atη = −1
andη = 1, no nodes in between and a pronounced extreme
nearη = 1 where the He is located. The preference of the
electron to be close to the He nucleus is related to the an-
tibinding nature of the state.

In contrast, Fig. 11 with the corresponding eigenfunction
for the excited state shows the common nodes atη = −1 and
η = 1, with large amplitudes to be between the proton and the
He nucleus, allowing for some binding; and also an extreme
nearη = 1 but of fairly small amplitude. Figure 12 shows the
companion eigenfunction exhibiting the node atξ = 1 with
a large maximum nearby, no other node and an exponential
decrease with vanishing amplitudes forξ > 3.

Figures 13 A and B, and 14 A and B compare the hy-
perboloidal eigenfunctions for the A) free and B) confined in
ϕ0 = 2π molecular ion in the respective ground and excited
states, (000) and(001), and(010) and ( 011), for nuclear sep-
arations of0.2, 10 and20, and others. Apart from the nodes
atη = ±1 in B the behaviors in between are very similar for
each nuclear separation. Such common behaviors are behind
the antibinding and metastable characters of the respective
states in the free and confined configurations.

4.1.2. O(2) Symmetry Breaking in Dihedrally Confined
Atoms and Consequent Modifications of the Periodic
Table

The authors also participated in the International Colloquium
of Group Theoretical Methods in Mathematical PhysicsG31
in June 2016, with the contribution having the same title as
this subsection. The written contribution for the proceed-

ings [94] is focused on the evaluation of the electron-electron
Coulomb repulsion multipole component matrix elements
between hydrogenic wave functions needed for Hartree-Fock
calculations for the atoms in dihedral angle confinement.

The introduction of this contribution describes the sym-
metry breaking, in the hydrogen atom confined in dihedral
angles as reported in [17]: i) it acquires an electric dipole
moment, ii) its Fermi contact term in the hyperfine struc-
ture vanishes, iii) its Zeeman effect in first order perturbation
theory vanishes and degenerate state perturbation theory is
needed for its analysis, iv) the degeneracies of the energy lev-
elsD as functions of the confining angle are identified, with
the consequent anticipation that v) the filling of the electron
shells in the successive atoms and periodicity in their proper-
ties are different form those of the free atoms. Quantitative
answers about the latter require Hartree-Fock calculations for
the atoms confined in dihedral angles, specially for those with
a nucleus with a chargeZ, andZ andZ − 1 electrons. The
remaining sections: 2) deals with the evaluation of the ma-
trix elements of the Coulomb electron-electron repulsion in
the basis of the hydrogen like orbitals with non integer asso-
ciativity and definite parity, for which 3) shift operators and
recurrence relations have been identified, and discussed in 4)
in order to implement the Hartree-Fock calculations.

The hydrogenic wave functions under dihedral confine-
ment [93] are presented in Eqs.(1) in their azimuthal sine
and cosine dependence andµ = nϕπ/ϕo eigenvalues, Eqs.
(2) in their polar angle Legendre polynomial dependence
with noninteger associativityµ and restored parity Eq.(3),
and their radial dependence is the same as for the free atom
except that the angular momentum label isλ = nθ + µ, also
noninteger.

The electron-electron Coulomb repulsion is given in
Eq. (4) in its multipole expansion form involving their
harmonic radial

(
rl
</rl+1

>

)
, polar anglePm

l (η1)Pm
l (η2)

and azimuthal(cosmϕ1 cos mϕ2 + sin mϕ1 sinmϕ2) func-
tions. The corresponding matrix elements take the multipole
expansion form of Eq. (5) involving the radial integrals of
Eq. (16) of the same form as for the free hydrogen atom ra-
dial functions, the azimuthal integrals Eq. (7) with the closed
forms and selection rules of Eqs. (9-13), and the polar angle
integrals of Eqs. (8) and (14), for electronsi = 1, 2. The
polar angle integrals involve the powersµ/2 of

(
1− η2

)
and

s of η from the associated Legendre polynomials in Eq. (4);
their evaluation is based on the shift operators and recurrence
relations identified in 3) and discussed in 4).

In Ref. [26] of [17], we reported the identification of
Ladder operators for quantum systems confined by dihedral
angles, which also have their counterparts for the hydrogen
molecular ion in the same situation of confinement. There, it
is illustrated how multiplication byη = cos θ of |nθ, µ〉 leads
to the superposition of|nθ − 1, µ〉 and |nθ + 1, µ〉 with the
same associativity and polar angle excitations one unit below
and above, respectively. The derivative with respect toη has
the same effects.
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Here, the Legendre polynomials within the multipole
expansion with integer associativitiesm = 0, 1, 2 . . . re-
quire the identification of shift operators changing the asso-
ciativities of the polar angle eigenfunctions. Starting from
Eqs. (8.5.2) and (8.5.4) and (8.5.5) in [95], we have iden-
tified that multiplication by

(
1− η2

)1/2
of such eigenfunc-

tions leads to other eigenfunctions with lower associativities
Eq. (16) and higher associativities Eq.(17) of one unit, re-
spectively; notice also the changes in the polar excitation and
the multiplication byη in the second term in Eq. (16), and
the corresponding double deexcitation in the second term in
Eq. (19). Equations (18-21) illustrate the results of the recur-
sive applications of Eqs. (15-17) involving multiplications
by additional factors of theη or

(
1− η2

)1/2
type, leading to

superpositions of states with different polar excitations and
associativities.

The matrix elements of
(
1− η2

)m/2
ηs acting on an ini-

tial state|nθ, µ〉, and written as a superposition of states of
different polar excitations and associativities, are obtained by
the multiplying by the bra〈n′θ, µ′| which will project into the
state matching its excitation and associativity with a well de-
fined amplitude. The selection rules and numerical values of
the matrix elements are thus determined.

4.2. Angular Momentum Theory in Bases of Laḿe
Spheroconal Harmonics

In the same Workshop in honor of Professor Frank Harris, the
authors of the contribution with the title of this subsection and
its written version [96] a review of the key concepts of an-
gular momentum theory in bases of spheroconal harmonics.
Such an alternative had already been contemplated in [4] for
the rotations of free asymmetric molecules and free quantum
systems with central potentials, and their counterparts con-
fined in elliptical cones as natural boundaries in spheroconal
coordinates. The implementations of the latter for asymmet-
ric molecules, the free particle, the hydrogen atom and the
harmonic oscillator were reported in the 50th Sanibel Sym-
posium and its Proceedings, as well as in an invited review
chapter in AQC61. The corresponding references were re-
viewed in [17] Subsection 1.2.3. The updating of this line
of research starts with [96], includes the application in [97]
of interest in magnetic resonance imaging and neutral atom
traps, and [98] reporting a new class of shift operators and
recurrence relations for individual Lamé polynomials at the
G31.

4.2.1. Concepts of Mathematical Physics in Rotations of
Asymmetric Molecules

The main sections in [96] had the headings: 2.Symmetries
in the rotations of Asymmetric Moleculesand 3. Actions of
Operators of Angular Momentum and Linear Momentum on
Rotational Eigenstates. In this updating the review of [98]
is limited to a characterization of the Lamé spheroconal har-
monics as common eigenfunctions of the square of the angu-

lar momentum and asymmetry distribution Hamiltonian op-
erators, Eq. (7), commuting with each other, Eq. (8). In this
way, the review of Sect. 3 can be done more in detail with em-
phasis on the structure of the respective operators, their rela-
tionships, and their matrices in spheroconal harmonic bases.

The readers interested in the mathematical details are re-
ferred to the Appendix, which includes the cartesian and
spheroconal coordinate transformations Eqs. (A1), the lin-
ear momentum operators Eqs. (A8), the angular momen-
tum operators Eqs. (A12), and the simultaneous separations
of the eigenvalue equations (A18) of the square of the an-
gular momentum and (A19) of the asymmetry distribution
Hamiltonian, provided the asymmetry coordinate parame-
tersk2

1 + k2
2 = 1 and the asymmetry dynamical parameters

e1 + e2 + e3 = 0, e2
1 + e2

2 + e2
3 =

√
3/2 are related by

Eq. (A16).

The respective eigenvalue equations can be separated into
ordinary Laḿe differential equations (A21) in the respective
elliptical cone coordinates, because the operators commute
with each other. The spheroconal harmonics are products of
Lamé functions in both elliptical cone coordinates Eq. (A24)
with matching asymmetry parametersk2

1 +k2
2 = 1; matching

species of their singularity removing factors connected with
states of definite parities[A,B] = [1, x, y, z, xy, xz, yz, xyz]
and numbers of nodal planesn1 = 0, nx = ny = nz = 1,
nxy = nxz = nyz = 2, nxyz = 3; matching numbers of total
numbers of nodesnAB + n1 + n2 = `, for a given value of
the angular momentum label` = 0, 1, 2, ... with a square of
the angular momentum eigenvalue`(`+1), wheren1 andn2

are the respective numbers of elliptical cone nodes; match-
ing separation constantshA

n1
(k2

1) + hB
n2

(k2
2) = `(` + 1) and

e1h
A
n1

(k2
1) + e3h

B
n2

(k2
2) = 2E∗, Eqs. (A23), connected with

the eigenvalues of the respective operators, wheree1, e2, e3

are the alternative set of asymmetry parameters.

The spheroconal coordinates(r, χ1, χ2) are written
in terms of Jacobi elliptical integrals of the types
sn(χ1|k2

1), cn(χ1|k2
1) =

√
1− sn2(χ1|k2

1), dn(χ1|k2
1) =√

1− k1sn2(χ1|k2
1).

The spheroconal harmonics of lower order and monomial
forms are identified in the following table, using only the
symbols of the functions fori = 1, 2 in the successive pow-
ers.

` 0 1 1 1 2 2 2 3

A 1 dn cn sn cnsn dnsn dncn dncnsn

B 1 sn cn dn cndn sndn sncn sncndn

r` AB 1 x y z yz xz xy xyz

The derivatives of each Jacobi elliptic integral involves
the products of the other two with the coefficients1,−1 and
−k2. The derivatives of the square of each one of them is the
product of the three of them with the respective coefficients
2,−2 and−2k2. The derivative is odd under the exchange
χi = −χi, and so is the sn function, while the other two cn
and dn are even. The general form of the individual Lamé
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polynomials involves the singularity removing factor and a
polynomial of degreeni in sn2(ξi|χ2

i ). The individual Laḿe
polynomials of the different species and excitations are char-
acterized by the quantum labels|n1`[A]〉 and |n2`[B]〉 for
i = 1, 2, respectively. Their product corresponds to the Lamé
spheroconal harmonics represented byΨl[AB]

n1n2 , as character-
ized in the previous paragraphs.

The spheroconal coordinates in Eq. (A4) are defined
in terms of Jacobi elliptical integral functions connected by
Eqs.(A2) and derivatives in Eqs.(A3). They are useful to ob-
tain the displacementd~r, in terms of the orthogonal radial and
elliptic cone unit vectors(r̂, χ̂1, χ̂2) Eqs. (A6) and Eqs.(A4),
the scale factorshr = 1 andhχ1 = hχ2 , Eqs.(A5).The gradi-
ent vector in Eqs. (A7) leads to the identification of the lin-
ear momentum cartesian components in Eqs.(A8); notice that
under the exchange1 ­ 2 of the elliptical cone arguments:
Px ­ Pz andPy → Py similar to the coordinate exchanges
x ­ z andy ­ y. The angular momentum operator fol-
lows from the vector product~r × ~p, in the spheroconal bases
in Eqs. (A.11) and in the cartesian component in Eqs. (A12).
The momentum operator has radial components with the re-
spective partial derivatives and the common scale factors; its
cartesian components have the respective partial derivatives
with the direction cosines of the respective radial and elliptic
cone unit vectors alonĝi, ĵ and k̂ and their respective co-
efficients; those for the radial derivative involve one Jacobi
elliptic integral function in each variable; the other ones in-
volve two of such functions in the variable of the derivative
and one in the other, because the derivatives of each Jacobi
elliptic integral function involves its two companions. The
cross product of the radial position vector and the linear mo-
mentum operator leads to the angular momentum without a
radial derivative component, and cartesian components with
the coefficients of the partial derivatives with respect toχ1

andχ2 exchanged and a possible change of sign, from those
in the cartesian components of~p. Now, the exchange1 ­ 2
leads to:L̂x ­ ˆ−Lz andL̂y ­ ˆ−Ly.

The successive actions of the cartesian components of the
radial position vector, linear momentum and angular momen-
tum vectors on the singularity removing factors are in Table
4 for [AB], in Table 5 and 6 for the terms with the derivatives
with respect toχ1 and toχ2 respectively, and in Table 7 and
8 also for the corresponding operations, including the dis-
tinction of their actions on the successive factors depending
on one variable or the other, as well as the resulting species
[AB] with definite cartesian parities. In Tables 5 and 6 the
reader may notice the differences in the entries in the respec-
tive rows forχ1 andχ2, which nevertheless lead to the same
values of [AB]. Additionally, they coincide with the respec-
tive entries of their counterparts in Table 4. The reason for
this coincidence is that both~r and~p are vectors and share the
same negative parity, they can only connect rotational eigen-
states of different parity and angular momentum with the se-
lection rule`

′
= ` ± 1. In Tables 7 and 8 the reader may

notice the differences in the entries in the respective rows

and their spheroconal compositions, which nevertheless lead
to their common cartesian species [AB], just like in the case
of linear momentum. However, for the angular momentum,
the connection is between states of the same parity. This is
directly connected with the exchange of the coefficients of
the respective derivatives inχ1 andχ2, between the angular
momentum and linear momentum operators in their cartesian
components. Since the rotational eigenstates are eigenstates
of L2, which commutes withLx Ly andLz, the latter can
only connect with states with the same eigenvalue`. The en-
tries in the Tables 5-8, containing factors of the squares of sn,
cn and dn are polynomials of the respective orders ofsn2t,
which can be rewritten as a linear combinations of the con-
nected rotational eigenstates. The natural way to display the
actions of the respective operators on the spheroconal har-
monics and the connections among them, is by constructing
their matrices in the spheroconal harmonic bases. Section 3.3
illustrates the structure of the angular momentumLx, Ly, Lz

matrices in such bases for` = 1, 2, 3, 4. For ` = 1 the basis
has three eigenstates x, y, z.Lx transforms y in z and vicev-
ersa,Ly does likewise for z in x, andLz for x and y. The
matrices are hermitian with entries±i~ in the elements (2, 3)
and (3, 2), (1, 3) and (3, 1), and (1, 2) and (2, 1), respectively,
and zeros for the remaining entries. For` = 2 the basis has
five eigenstatesΨ2[1]

02 , xy, zx, yz,Ψ2[1]
20 and the nonzero en-

tries in the respective matrices are six. ForLx: (1, 4) and
(4, 1), (2, 3) and (3, 2) of±i~, and (4, 5) and (5, 4). For
Ly: (1, 3) and (3, 1), (2, 4) and (4, 2) of±i~, and (3, 5) and
(5, 3). ForLz: (1, 2) and (2, 1), (2, 5) and (5, 2), and (3,
4) and (4, 3) of±i~. Table 9 shows the explicit entries for
the other connections. For` = 3 the basis has seven eigen-
states [x]0,2, [y]0,2, [z]0,2, [xyz]0,0, [x]2,0, [y]2,0, [z]2,0, and
there are twelve connections among them. ForLx: (1, 4)
and (4, 1), (2, 3) and (3, 2), (2, 7) and (7, 2), (3, 4) and (4,
3), (4, 5) and (5, 4), (3, 6) and (6, 3), and (6, 7) and (7, 6);
For Ly: (1, 3) and (3, 1), (1, 7) and (7, 1), (2, 4) and (4,
2), (3, 5) and (5, 3), (4, 6) and (6, 4), (5, 7) and (7, 5); For
Lz: (1, 2) and (2, 1), (1, 6) and (6, 1), (2, 5) and (5, 2), (3,
4) and (4, 3), (4, 7) and (7, 4), (5, 6) and (6, 5). Table 10
gives the expressions for the explicit entries. For` = 4 the
basis contains nine eigenstatesΨ4[1]

n1n2 Ψ4[xy]
n1n2 Ψ4[xz]

n1n2 Ψ4[yz]
n1n2

with n1n2=04, 22, 40 andn1n2 = 02, 20 for the species 1
and the other three, respectively. They are ordered and in-
terlaced species increasing by the order of excitation ofχ1

with the corresponding decreasing of the order of excitation
of χ2. The reader may see twenty positions in the respective
matrices in the reference under review. In this case, Table
11 contains the numerical entries in the respective matrices
for the special case of the most asymmetric molecules with
k2
1 = k2

2 = 1
2 ande1 = −e3 =

√
3/2 ande2 = 0.

Since the numbers of non zero entries in the matrices for
the explicit lower values of̀ are 2, 6, 12, 20, we can state
by mathematical induction that they correspond to`(` + 1).
The three matrices have zero entries in the main diagonal and
the positions with non zero entries are symmetric with re-
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spect to the diagonal. TheLy matrix is also symmetric in
its positions with non zeros entries with respect to the other
diagonal;Lx andLz do not have such a symmetry, but get
their positions exchanged under reflection relative to that di-
agonal. For those rows and columns with a single entry the
connection is unique, occurring only for the monomials in
` = 1 and 2; the multiplicity of entries in each row or column
counts the number of connections with the companion states
of the other species, and the relative values of the entries are
the probability amplitudes of the connections.

From the individual matricesLx, Ly and Lz, their
squares can be evaluated as well as their sum or their linear
combination with thee1,e2 ande3 coefficients yielding the
square of the orbital angular momentum and twice the asym-
metry distribution Hamiltonian, respectively. Both matrices
are diagonal, the first with the common entry`(` + 1)~2 and
the second one with twice the energy eigenvaluesE

∗`[AB]
n1n2 .

4.2.2. Family of Laḿe spheroconal quadrupole harmonic
current distributions on spherical surfaces as sources
of magnetic induction fields with constant gradients
inside and vanishing asympotically outside

Constant gradient magnetic fields play key roles in mag-
netic resonance imaging and in neutral atom traps. Ref-
erence [28] in [17] reported our work on spherical and
spheroidal quadrupole harmonic current distributions, on the
respective surfaces, and the constant gradient magnetic in-
duction fields in their interiors, as well as the exterior asymp-
totically vanishing companion fields.

Our work with the title of this section [97] is an ex-
ample of the application of the Laḿe spheroconal harmon-
ics, providing an alternative family of solutions from the
same problem. We start out by pointing out that of the five
quadrupole harmonics̀ = 2, [1]n1n2 with n1n2 = 02 and
20, [yz]00, [xz]00 and [xy]00, the last three coincide with
their spherical counterpart, and our analysis is based on the
first two.

The solution of the equations of magnetostatics, in order
to identify the quadrupole harmonic current distributions and
their constant gradient magnetic induction fields, take into
consideration the solenoidal character of the latter and Am-
pere’s law. Thus, the magnetic induction field can be written
as the rotational of the magnetostatic vector potential. The
potential itself is also solenoidal and we write it as the gen-
erator of rotations operator~r × ∇ acting on the spheroconal
quadrupole harmonic̀ = 2[AB]n1n2 , inside and outside a
sphere of radiusr = a, with the respective radial depen-
dencesA0r

2/a3 andA0a
2/r3, guaranteeing its continuity at

the radius of the spherical surfacer = a. The spheroconal
harmonic is the product of two matching Lamé binomials in
sn2

(
χi|k2

i

)
, i = 1, 2, as described in 4.2.1.

The potential does not have a radial component, and its
components along the unit vectorŝχ1 and χ̂2 involve their
own Laḿe binomial and the derivative of its companion.

The magnetic induction field inside and outside the spher-
ical boundary are evaluated as the rotational of the magneto-
static vector potential. Their radial components are different
because they are directly inherited from their respective po-
tentials, and they share the same dependence inχ1 andχ2

involving two terms with the product of one of the Lamé bi-
nomials and the second derivative of its companion; however,
at the boundaryr = a both radial components are also con-
tinuous, as expected by Gauss’ law. On the other hand, their
components in the directions of̂χ1 and χ̂2 involve the ra-
dial derivatives ofr3/a anda4/r, inside and outside respec-
tively, and multiplied by the other binomial; now the tangen-
tial components at the boundary are discontinuous due to the
difference in the radial derivatives. This difference is also ex-
pected by Ampere’s law and gives the measure of the surface
current distribution, which is the quantity of our interest, Eq.
(11) in the reference under review.

In Eqs. (9) for the magnetic induction field inside and
outside the sphere there appears the common scale factor in
the square form in the denominator leading to the linear de-
pendencer and1/r4, respectively. They account for their
respective characterizations in terms of constant gradient and
asymptotically vanishing.

The current field lines on the spherical surface follow
from Eqs. (11) via the condition of tangentiality of Eq. (12)
and its integration leading to Eq. (13), which is equivalent to
the constancy of the scalar potential from which the magne-
tostatic vector potential was constructed.

While Eq. (9) uses the unit vectorsr̂, χ̂1, χ̂2, the latter can
be written in the cartesian basis. The magnetic induction field
inside in the familiar cartesian coordinates takes the form of
Eq. (16).

Figure 1 illustrates the quadrupole harmonic current dis-
tributions on the spheres for different values of the asymme-
try parameter. The extreme valuesσ = 0◦, 60◦ correspond
to the spherical case with an axis of rotational symmetry.

Table I corrected in an Erratum [97] illustrates the values
of the gradients in thex, y andz directions according to Eq.
(16), for the different asymmetries. Notice that their sum is
zero associated with the solenoidal character of the magnetic
field.

4.2.3. Shift Operators and Recurrence Relations for Indi-
vidual Laḿe Polynomials

The authors’ oral contribution to the Group 31 Meeting had
the title ”Review of the development and application of the
spheroconal theory of angular momentum”. It consisted of
a presentation of our then recent results of the previous two
subsections, as well as our preliminary results of our then
ongoing development on the topic with the title of this sub-
section. The written contribution for the Proccedings [98] is
focused on reporting our new results on this topic.

Our previous work has been focused on the spheroconal
harmonics as eigenfunctions of the square of the angular mo-
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mentum and the asymmetry distribution operators. While
in [8] of the reference under review, an article by the com-
mon authors in ”SIGMA Ladder Operators for Lamé Sphero-
conal Harmonic Polynomials” were identified as the angular
momentum operatorsLx, Ly, Lz connecting the eigenstates
of a given angular momentum, different species and excita-
tions; in [96] the actions of the linear momentum operators
Px, Py, Pz on the spheroconal harmonics consist of differ-
ent species and different excitations. In the present review
the emphasis is on the shifting operators for the individual
Lamé polynomials and the recurrence relations among them.

The following Table illustrates the changes in the species
of the corresponding polynomials under the derivative opera-
tion:

[A] 1 cnsn dnsn dncn dn cn sn dncnsn
d

dχ
Λ

`[A]
n1 dncnsn dn cn sn cnsn dnsn dncn 1

The reader may notice in the first row the four species
with an even number of factors, followed by the other four
with an odd number; as well as the exchanges under the
derivative in the second row. The shifting actions of the
derivative operators are proven by mathematical induction.
Eq. (6) illustrates its connecting the three` = 1 monomial
states, with one Jacobi elliptic integral each, to their mono-
mial counterparts with̀ = 2 and the products of the other
two such integrals, all of them without any elliptical cone
nodes.

Equation (7) illustrates the actions of the derivative on
the five Laḿe polynomials with̀ = 2, the three from the
previous case and the two of species 1 withn1 = 0, 2 ellip-
tical cone nodes, leading to the seven states with` = 3, as
a monomial the one of species scd, and the three superposi-
tions of species [s], [c], [d] in their twon1 = 0, 2 states. The
respective raising coefficientsRei

n are determined by com-
paring the coefficients of the powers of sn2t in the respective
rows. Equation (8) also illustrates the possible lowering and
raising alternatives with superpositions ofΛ2[ei]

0 andΛ2[ei]
n ,

n = 0, 2 involving different sets of coefficients.

The generalizations of the raising action of the deriva-
tive on the` = 2N even and species [1], [cd], [sd], [cs]
to the ` = 2N + 1 odd [scd], [s], [c], [d] species, and on
the next` = 2N + 2 even with the respective species, is il-
lustrated by the two following sets of equations. In the first
case, the degree of the polynomial of species [1] in sn2 is
`/2 = N , and it is (`/2) − 1 for those of species[eiej ];
and their derivatives are respectively of species [scd] and de-
gree (`/2) − 1 = [(2N + 1) − 3]/2, and of species[ei]
and degree(`/2) − 1 = [(2N + 1) − 1]/2, justifying their
identifications as superpositions of Lamé polynomials with
` = 2N + 1 of the different species and excitations. In the
second case, the initial states have just been characterized,
and their derivatives are of species [1] and[eiej ] with poly-
nomials of degrees(2N + 1 − 3)/2 + 2 = [2N + 2]/2 and
[(2N + 1) − 1]/2 = [(2N + 2) − 2]/2, thus justifying also
their identification as Laḿe polynomials with the common

value` = 2N + 2 even for all four species. There are also
additional superpositions of lowering and raising states, for
each species and different excitations.

The multiplication of two individual Laḿe polynomials
with labelse1 ande2 leads to other polynomials with other
values of`. Equation (9) gives the example ofΛ1[ei]

0 Λ1[ej ]
0

becomingΛ2[eiej ]
0 for i 6= j. While for i = j, Eq.(10)

recognizes thate2
i can be written as a superposition ofΛ2[1]

0

andΛ2[1]
2 , and also as the alternative superpositions ofΛ0[1]

0

andΛ0[2]
n for n = 0, 2. Equation (11) shows the product of

Λ[eiej ]
0 with itself which ise2

i e
2
j and its superposition ofΛ4[1]

n

for n = 0, 2, 4. Equation (12) shows the alternative prod-
uct Λ1[ei]

0 Λ3[eiejek]
0 = e2

i ejek as a superposition ofΛ4[ejek]
n

with n = 0, 2 also. Equation (13) identifies the product
Λ2[eiej ]

0 Λ3[eiejek]
0 = e2

i e
2
jek as a superposition ofΛ5[ek]

n states

with n = 0, 2, 4. In Eq.(14) the productΛ1[ei]
0 Λ4[1]

n becomes
another superposition ofΛ5[ei]

n with n = 0, 2, 4. Equation
(16) expresses the product ofΛ3[scd]

n with itself s2c2d2 as the
superposition ofΛ6[1]

n with n = 0, 2, 4, 6. In the cases above,
there are also other alternatives of superpositions with addi-
tional polynomials of the same species and with lower val-
ues ofl, like in Eq.(10). Specifically, in Eq.(11) superposi-
tions withΛ2[1]

n , n = 0, 2, or Λ0[1]
0 ; in Eq.(12) withΛ2[ejek]

0 ;
in Eq.(13) withΛ3[ek]

n , n = 0, 2, or Λ1[ek]
0 ; in Eq.(14) with

Λ3[ei]
n , n = 0, 2; in Eq.(15) withΛ4[1]

n , n = 0, 2, 4, Λ2[1]
n and

Λ0[1]
0 .

In the generalization in the ket notation, implying or-
thonormality and completeness of the basis, the product of
two of them can be written as the superposition of the con-
nected states

|l1[A1]n1〉 |l2[A2]n2〉
=

∑

l′[A′]n′
|l′[A′]n′〉 〈 l′[A′]n′〉 l1[A1]n1; l2[A2]n2

as allowed by the addition of their angular momentum oper-

ators~̂L1 + ~̂L2 = ~̂L′; the superposition coefficients are iden-
tifiable from the comparisons of the powers of sn2 after the
common species factor[A′] is removed. The application of

the derivative is also associated with the addition~̂1+ ~̀̂
i = ~̀̂

f

4.3. Preview of Ongoing Investigations

This section outlines some of the problems which we have
been investigating along the lines of 4.3.1the Hydrogen atom
confined in a dihedral angle, 4.3.2applications of the angu-
lar momentum theory in bases of Lamé spheroconal harmon-
ics, as well as 4.3.3toroidal moments and interactions, and
4.3.4 radiation reaction in the force approach. Preliminary
reports about their formulations, advances and results have
been presented in the VIII Workshop on the Structure and
Dynamics of Matter and Optics, and the LIX and LX Mexi-
can National Physics Meetings.
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4.3.1. SO(2) Symmetry Breaking in the Hydrogen Atom
Confined in Dihedral Angles: manifestation in the
Zeeman Effect

This problem was formulated in Sect. 1.3.5 of [17], but at
that moment time did not allow the implementation of its so-
lution. Equation (1.17) in that section describes the interac-
tion between the magnetic moment of the electron with its
orbital and spin contributions and a uniform magnetic field
in the direction of the edge of the confining dihedral angle.
While in the free hydrogen atom, the z-component of the an-
gular momentum is a constant of motion leading to the famil-
iar m~ equally spaced Zeeman splittings of the energy levels,
the situation for the atom in dihedral confinement is radically
changed. In fact, the boundary conditions of vanishing wave
functions at the meridian planes,ϕ = 0 andϕ = ϕ0, break
the rotational symmetry around the z-axis: the eigenfunctions
becomesinµϕ, whereµϕ = nϕπ/ϕ0 andnϕ = 1, 2, 3, ...
instead of eimϕ. The degeneraciesD of the hydrogen atom
depend on the angle of confinement as illustrated by Table 1.1
in [17]. The diagonal matrix elements of the z-component of
the angular momentum in the basis of eigenfunctionssin µϕ
vanish, so that first order perturbation theory is not applica-
ble. The problem must be solved by using perturbation theory
for degenerate states.

Equations (1.18) and (1.19) give the general forms of the
matrix elements of̀z in the confined hydrogen atom eigen-
function basis and in thesin µϕ basis, respectively. The lat-
ter defines the selection rules:n′ϕ ± nϕ even lead to vanish-
ing values, and odd to finite values. The overlap integrals
in the radial and polar angle factors of the eigenfunctions
k(n′rn′θn

′
ϕ | nr nθ nϕ) in Eq.(1.18) were not analyzed at that

time. Our recent analysis has led us to recognize that the po-
lar angle eigenfunctions with different parities have vanishing
overlaps, and overlaps different from zero require equal pari-
ties. Degenerate states have common values of the principal
quantum labelν = n′r + n′θ + µ′ + 1 = nr + nθ + µ + 1 For
each choice ofn′ϕ, nϕ andn′θ, nϑ, the choices ofn′r andnr

are also limited. In this way the entries for theD×D hermi-
tian matrices vanishing and non-vanishing are identified.

The spin contributions to the magnetic moment are read-
ily incorporated via its diagonal elements with eigenvalues
ms = 1/2, −1/2, and doubling the size of the matrices
2D × 2D. The diagonalization of the finite matrices leads
to the eigenvalues of the Zeeman split energy levels and their
respective eigenfunctions.

The evaluation of the radial and polar angle eigenfunction
overlaps can be done numerically, but we are also exploring
alternative ways by using ladder and/or shift operators.

4.3.2. Applications of Angular Momentum Theory in bases
of Laḿe Spheroconal Harmonics

In 4.2.2 an application of Laḿe spheroconal quadrupole har-
monics in Magnetostatics has already been reviewed. Here
we describe three additional applications under investigation,

two of them for electromagnetic fields, and the third one for
scattering in quantum mechanics.

Indeed, the first one is about Lamé Vector Spheroconal
Harmonics, our contribution to the Meeting on Selected Top-
ics of Mathematical Physics in honor of Professor Natig
Atakishiyev as a tool to construct solutions of Maxwell’s
equations for electromagnetic fields with a harmonic time
dependence. These solutions are alternatives to the familiar
vector spherical harmonics [99], with the advantage that they
come in families depending on the value of the asymmetry
distribution parameterσ, like in 4.2.2. The longitudinal and
transverse characteristics of the sources, electric intensity and
magnetic induction fields are guaranteed by using the scalar
spheroconal harmonic solutions of the Helmholtz equations
with radial spherical Bessel functions, as Debye potentials.
The longitudinal components follow from the application of
the gradient operator to the Debye potentials. The first fam-
ily of transverse vector spheroconal harmonics of our interest
are constructed by applying the generator of rotations oper-
ator−→r × −→∇ to the Debye potentials, a second family is ob-
tained by applying the rotational operator to the solutions of
the first family. By construction both families are solenoidal.
The first one is characterized as a toroidal field, and the sec-
ond one as a poloidal field.

The second application was presented in the LIX Con-
greso Nacional de Fı́sica Session MID12 with the title:
“Complete Electromagnetic Multipole Expansion in bases of
spheroconal harmonics”. The starting point is the multipole
expansion of the scalar outgoing wave Green function for the
Helmholtz equation in the complete and orthogonal bases of
spheroconal harmonics multiplied by the respective spheri-
cal Bessel functions in the radial coordinater< andr>, the
smaller and the larger of the field and source pointsr andr′.
By using such a function as a Debye potential, the successive
applications of the operators

−→∇ ,−→r ×−→∇ , and∇× (−→r ×−→∇)
yields the complete expansion of the title in its respective
longitudinal, toroidal and poloidal components. The expan-
sion is complete also in the sense that it provides harmonic
well-behaved solutions inside and outside a spherical sur-
face of radiusr′ = a. For a given choice of surface charge
and current distributions the solutions of the inhomogeneous
Helmholtz equation are the surface integrals of the outgoing
wave Green function weighted by the respective source dis-
tributions. Each term in the expansions selects the respec-
tive longitudinal or transverse, as well as spheroconal multi-
polarity components of the sources. Specifically, the scalar
potential is the outgoing wave Green function integral trans-
form of the surface charge density, and the vector potential is
the same integral transform of the surface current density. If
the sources have a well-defined direction and multipolarity,
the potentials share the same properties inside and outside,
and are continuous at the boundary. For the electric inten-
sity field, its sources are the gradient of the charge density
and the partial time derivative of the current density; and the
magnetic induction fields’ source is the rotational of the cur-
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rent density. They can also be evaluated as the integral trans-
forms of the respective sources, or from the derivatives of the
respective potentials. They also satisfy Maxwell’s equations
in the boundary condition forms: the normal components of
the electric intensity field are discontinuous at the spherical
charged boundary, and its tangential components are continu-
ous; the magnetic induction field has continuous normal com-
ponents, and its tangential components are discontinuous at
the boundary yielding the surface current. This formalism
lends itself to a unified treatment of the electromagnetic radi-
ation ofEl andMl multipole antennas and resonant cavities.

The third application: “Scattering by Asymmetric Tar-
gets in Spheroconal Harmonic Bases”, M1E035, LX Con-
greso Nacional de Fı́sica, is explained next. It is an alterna-
tive to the familiar quantum theory of scattering in spherical
harmonics, sharing the same radial spherical Bessel functions
in the expansions of the plane wave and of the outgoing wave
Green function for the free particle, as well as being eigen-
functions of the square of the angular momentum. The differ-
ence is that the respective harmonics are also eigenfunctions
of the asymmetry distribution Hamiltonian and parity opera-
tors versus the z-component of the angular momentum. Cor-
respondingly, the concept of phase shifts and their values are
also common, but the angular distributions for the different
angular momentum eigenstates|`[AB]n1n2〉 and |`m〉 are
different; notice that the asymmetry of the target is incorpo-
rated dynamically via the asymmetry distribution Hamilto-
nian depending on a single parameter0 < σ < 60◦. While in
the spherical harmonic formalism the incoming plane wave is
assumed to be in the z-directions and the rotational symmetry
around the z-axis leads to the scattering amplitudes to de-
pend only on the polar angle, the situation in the spheroconal
harmonic formalism is different; the incoming plane waves
along thex, y and z-axes scatter differently, and the ampli-
tudes depend on both elliptical cone angular coordinates.

4.3.3. Electromagnetic Green Function Toroidal Moment
Expansion in Circular Cylindrical Coordinates

The work in this section was reported in the contributions:
“Electromagnetic multipole expansion in circular cylindri-
cal geometry” Session M2D08 in the LIX Congreso Na-
cional de F́ısica, “Normal TM modes in a toroidal cavity”
in VIII Workshop on the Structure and Dynamics of Matter
and Light, and “Unified treatment of toroidal antennas and
resonant cavities”, M1E10 in the LX CNF.

Our previous work: Complete electromagnetic multipole
expansion including toroidal moments, cited by the groups
that have identified toroidal dipole moments and interactions
in metamaterials [85] and nanomaterials [92], was done in
spherical coordinates. Since the toroids with rectangular
cross sections are more common, our work has been focused
in the alternative geometry.

The first contribution started from the outgoing wave
Green function in circular cylindrical coordinates as a De-
bye potential. A poloidal current on the surface of a toroid

with inner and outer radiiρ = a andρ = b, and lower and
upper circular rings at positionsz = −h/2 andz = h/2 are
assumed. The magnetic induction field satisfies Helmholtz
equation with the rotational of the poloidal current as its
source; such a source is toroidal. The magnetic induction
field is evaluated as the scalar Green function integral trans-
form of its toroidal vector source for a current with a fre-
quencyω and amplitude I, inside and outside the toroidal
surface. The magnetic induction field inherits the alter-
nating time dependence, the toroidal vector character of its
source for each of its circular cylindrical multipole compo-
nents (kρ, kz,m). The one withm = 0 is invariant under
rotations around the axis of the toroid and corresponds to the
toroidal dipole. The other values ofm = 1, 2, 3... corre-
spond to higher multipoles with eigenfunctionscosmϕ and
sin mϕ of definite parity and periodicity. The electric inten-
sity field can be evaluated as the rotational of the magnetic
induction field via their Maxwell connection. Both fields are
well defined inside and outside the toroidal surface, including
the near and far away zones for each multipole. The electro-
magnetic radiation field of each toroidal multipole antenna is
well-characterized in terms of polarization and angular dis-
tribution. In the case of the toroidal dipole, it shares the same
properties as the electric dipole; their difference resides in
theirω6 versusω4 radiated power. That difference extends to
the other multipolesω2`+2 versusω2`.

The second contribution follows from the first one upon
demanding the boundary conditions for the Transverse Mag-
netic modes in the resonant cavity namely the vanishing of
the tangential components of the magnetic induction field
outside the toroidal surface. In fact, the magnetic induction
field is discontinuous at such a boundary without any normal
components; the discontinuity is determined by the tangential
surface current consistent with Ampere’s law. The bound-
ary condition and the vanishing external electromagnetic field
imposes the boundary conditions on the scalar multipole De-
bye potentials, which in turn define the respective resonant
frequencies.

The combination of the previous paragraphs connects
with the third contribution about a unified treatment of both
antennas and resonant cavities, for each toroidal multipole.

4.3.4. Analytical Solutions for the Radiation Reaction in
the Force Approach

The radiation reaction problem was analyzed by Abraham
and Lorentz starting from the Larmor formula for the power
radiated by a charged particle with a massm, a chargeq
and an acceleration~a, which is proportional to the square
of the last two quantities and2/(3c3) is the proportionality
constant. The conservation of energy and momentum of the
accelerated charge, before and after the emission of the ra-
diation, are the basis for the identification of the radiation
reaction force on the particle and its recoil due to the en-
ergy and momentum carried by the radiation. The Abraham-
Lorentz radiation reaction force turns out to be proportional
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to the time derivative of the acceleration with the propor-
tionality constant2q2/(3c3m2). In the case of an electron
e2/mec

2 = re is the classical radius of the electron and
2re/3c = τ = 6.3 × 10−24 s is the time that it takes light to
move 2/3 of that radius. Consequently, the equation of mo-
tion for an electron under the actions of the radiation reaction
force and an externally applied force~F becomes:

~a = τ
d~a

dt
+

~F

me
. (2)

Its solutions involve several nonphysical features: 1) run
away solutions exponentially divergent~a = ~a0e

t/τ , 2) it re-
quires knowing the acceleration at the initial timet = 0, for
which 3) preaccelerations in the earlier interval−∞ < t < 0
are included in order to have this initial value att = 0, with
its consequent 4) acausal effects, even if there is no external
force, ~F = 0. The ills of the above formulation stem from
the identification of the radiation reaction as the time deriva-
tive of the acceleration.

The force approach to the radiation reaction was proposed
by G.V. López two years ago with the following conditions:
it must depend on the applied force, vanishing if the applied
force vanishes; in such a case the particle does not accelerate
and does not radiate [100].

The identification of the radiation reaction force in the
force approach also starts from the Larmor formula for the
radiated power with the acceleration written as the applied
force divided by the mass. It also imposes the conservation
of energy and momentum, distinguishing between the cases
of linear motion and circular motion. In the first case, the
energy lost by the particle in a small time interval is

−∆U = −2F 2q2

3m2c3
∆t = ~Frad ·∆~r

and equal to the work done by the radiation reaction force
while producing the small displacement∆~r. Since∆~r/∆t
is the velocity of the particle it follows that the radiation re-
action has a magnitude proportional to the squares of the ap-
plied force and the charge, and inversely proportional to the
square of the mass and to the magnitude of the velocity, and
its direction is opposite to that of the velocity vector, Eq. (6).

For the circular motion including relativistic effects the
radiated power includes the square of the time dilation fac-
tor in the denominator, Eq. (13), and the resulting radiation
reaction force has the same characteristics as in the previous
paragraph, and is also inversely proportional to the square of
the time dilation factor, Eq. (15).

In both cases, if the applied force vanishes, the radiation
reaction vanishes, the particle does not accelerate and does
not radiate, satisfying the imposed conditions, and consistent
with the observations.

The specific examples analyzed in [100] were those of
relativistic motion in a straight line under a constant force,
Eq. (8); and of circular motion for the charge under a constant

magnetic field Eqs. (17-19) and their cartesian components
Eqs. (20a,b).

For the linear motion, for Eq. (9) the first order deriva-
tive of the velocity with respect to time equation is separa-
ble with singularities inβs = 2q2F/3m2c4 and 1, and in-
tegrable, Eqs. (10) and (11a,b). This is an exact relativistic
solution. The author chose to take the non relativistic limit,
Eq. (12), and illustrate the graphical behavior of the differ-
ence between the motions with and without radiation reac-
tion.

For the circular motion no analytic solutions of
Eqs. (20a,b) were constructed. The graphical solutions in
Fig. 2 illustrate the differences between the trajectories with-
out and with radiation reaction for increasing values of the
applied force evaluated by numerical integration.

Our own analysis of the linear and circular relativistic
motion equations has allowed us to construct exact solutions
for the entire range of velocities0 < β < 1 when the radia-
tion reaction is included, in both cases.

For the linear case, to begin with we have identified some
typographical errors in the solutions of Eqs. (11a) where the
first factor in the numerator is simply 1, instead of the bino-
mial, and in Eq. (11b) where the binomial in the denomina-
tor of the first factor is missing the exponent 2 in the second
term. We prefer to plot directly the variations of the speed
for the motion with the radiation reaction included as given
by the correct form of Eq. (10), by choosing the values of
β in the vertical axis and evaluating the corresponding val-
ues of the time from (Eq. (10) for an initial value ofβ0 on
the horizontal axis. It is necessary to distinguish between
the two situations starting from the point(t = 0, β = β(0))
for β(t) < β(0) ast takes increasing values to the right and
β(t) decreasing values illustrating the damping effect of the
radiation reaction, and forβ(t) > β(0) as t takes increas-
ing values to the left andβ(t) also increasing values under
the dominating action of the applied force over the radiation
damping with the consequent acceleration of the charge. In
the respective cases, the speed goes asymptotically to their
limiting values β → βs andβ = 1 of the singularities in
Eq. (9). Additionally, in the non relativistic limit the graphs
in the formβ/βs versust/[F/mc] have a universal behavior
for the different values ofF . On the other hand, the differen-
tial equation for the position shares the same singularities as
that of the velocity and its solutions have the same structure.

In the circular motion under a uniform magnetic field, the
applied force is proportional to the velocity, and so is the radi-
ation reaction, apart from the dependence in the time dilation
factor. The equations of motion (20a, 20b) also admit ana-
lytic solutions, which we are in the process of completing for
the velocities and the trajectories.

The availability of analytical solutions allows us to for-
mulate a physical interpretation of the radiation damping ef-
fects, which will hopefully contribute to test the force ap-
proach. Its author has also developed it further in [101] for
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any type of motion and in an electronic undulator application
[102].

5. Discussion and Concluding Remarks

This section includes summarizing and connecting discus-
sions about the contents of the successive sections in the ar-
ticle. It also contains some concluding remarks about the
recent progress in the field.

Section 2 includes descriptions and illustrations of the
contents in the chapters in Advances in Quantum Chemistry
and the Monograph, as points of the reference to appreciate
the further advances in the period between their publications,
and on to the subsequent recent progress from the literature.

Section 3 is presented in its successive Sections: 1.
Hydrogen-like atoms[26-45], 2.Diatomic Hydrogen-like Ion
and Neutral Molecules and Two-electron Atoms[46-53], 3.
Many-electron atoms[54-57], 4. Many-electron Molecules
[58-65], 5. Quantum Dots[66-71], 6. Confined Atoms as
Open Quantum Systems[72-78], and 7. Connections with
Reviews in other fields of Materials Science[79-92]. Some
comments about them are appropriate as a guide to the reader
to appreciate the recent progress. There is still a great propor-
tion of investigations for the simpler systems, as the natural
trend from the background reviews. However, there are also
qualitative changes as illustrated next.

In 1, we can follow some of the keywords in the titles:
tunable excitons, biased bilayer graphene, dipole oscillator
strengths, generalized oscillator strengths, Debye confine-
ment, high harmonic generation, Gaussian potential confine-
ment, penetrable cylindrical confinement, endohedral con-
finement, moving nucleus confinement, confinement effects
on electron transfer cross sections, confinement by cones,
benchmark calculations, sum rules, monotonocity, confine-
ment in dielectric continuum, symmetry breaking, Fisher in-
formation, relativistic two-dimensional hydrogen atom, con-
finement by very thin layers. Hopefully, this list will stimu-
late the readers to study the original references of their spe-
cific interests. It is also illuminating to follow the set of ref-
erences [27,31,33,36,43] with a common Author.

In 2, seven of the references deal with the hydrogen
molecular ion and the eighth with the helium-like atoms. De-
bye embedding is investigated in [46]. References [47-49] in-
volve confinement in an impenetrable prolate spheroidal box
and a variational solution with the simplest trial wave func-
tion in the original article, a Comment about it, and the re-
sponse. Reference [50] investigates the molecular ion inside
padded prolate spheroidal cavities with arbitrary nuclear po-
sitions. References [51,52] by the same authors investigate
the spherically confined molecular ion in the2Σ+

g and2Σ+
u

states, and in the2Πg and the2Πu states, respectively, using
the Monte Carlo approach.

The investigation of the singly excited states1sns 1Se

and 3Se of the Helium-like isoelectronic sequenceZ =

1, 2, 3 is based on the Ritz variational calculation with Hyller-
aas basis sets, providing benchmark results [53].

In 3, the set of references [54-56] with common authors
have the antecedents of [8,11,24] on many-electron atoms.
The work in [54] on the implementation of the electron
propagator to second order GPUs to estimate the ionization
potentials of (hard sphere) confined atoms was anticipated
in [24]. The other works, “Roothan’s approach to solve the
Hartree-Fock equations for atoms confined by soft walls: Ba-
sis set with correct asymptotic behavior” [55], “solution of
the Kohn-Sham equations for many-electron atoms confined
by penetrable walls” [56], and “Electron density delocaliza-
tion in many-electron atoms confined by penetrable walls:
A Hartree-Fock study” [57], share the spherical confinement
with a constant barrier outside; this feature is crucial for the
analysis of ionization potentials. See also their connections
with [38].

In 4, the first four references deal with rotations of
molecules, and the last four with the confinement effects on
the structure and electric and optical properties of a variety of
molecules.

References [58-60] with a common Author also share
the orientation of adsorbed polar molecules in a conical well
model, in anti-crossing mediated entanglement, and in elec-
tric fields and their effects on heat capacity, respectively.

Reference [61] investigates the inelastic electron tunnel-
ing mediated by a molecular quantum rotator.

References [62-65] have common Authors, investigating
the “effect of spatial confinement on the noble gas HArF
molecule: structure and electric properties”, “On the nonlin-
ear electric properties of molecules in confined spaces-from
cylindrical harmonic potential to carbon nanotube cages”
[The latter is investigated as a supermolecule including the
confined molecules and the cage], “About diverse behavior of
the molecular electric properties upon spatial confinement”,
and “Vibrational nonlinear optical properties of spatially con-
fined weakly bound complexes”.

In 5, Ref. [66] investigates the symmetry of three identi-
cal interacting particles in a one dimensional box, with har-
monic oscillator interactions using group theoretical meth-
ods.

Reference [67] investigates the effects of intense laser on
nonlinear properties of shallow donor impurities in quantum
dots with the Wood-Saxon potential.

Reference [68] investigates the impurity position effect
on optical properties of various quantum dots, pyramidal and
conical specifically.

References [69,70] by the same authors implement Cal-
culation of hyperfine interaction in spherical quantum dot,
and computation of hyperfine energies of hydrogen, deu-
terium and tritium quantum dots, respectively.

Reference [71] investigates Type-II quantum-dot-in-
nanowire structures with large oscillator strength for optical
quantum gate applications.
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In 6, the subsection borrows the title of [10] and il-
lustrates its basic idea with the series of articles [72-
78] on “Endohedral confinement of molecular hydrogen”,
“The atomization process of endohedrally confined hydro-
gen molecules”, “Pressure and size effects in endohedrally
confined hydrogen clusters”, “Thermal behavior of a 13-
molecule hydrogen cluster under pressure”, “Thermody-
namic states of Nanoclusters at low pressures and low tem-
perature: the case of13H2, Evolution of the vibrational spec-
tra of doped hydrogen clusters with pressure”, “Pressure In-
duced metallization of Li+-Doped Hydrogen Clusters”. The
series has also common features with [12] considering Hy-
drogen fullerene cages instead of the familiar ones with Car-
bon, and also different species of confined systems and dif-
ferent processes. The main difference between the series and
the last reference is in their methodologies: while the latter
models the doped fullerenes with the spherical∆ andδ po-
tentials, the first includes the dynamical interactions between
the confined systems and the atoms of the confining cage.
More specifically, the series uses density functional theory
for molecules applied to the supermolecule formed by the
cage and the confined molecule.

In [7], the connections of some of our works with other
fields of Materials Science are illustrated. Specifically, the
Review Article “Auger neutralization and ionization pro-
cesses for charge exchange between slow noble-gas atoms
and solid surfaces” [79] in Progress Surface Science, in its
Ref. [147] cites our work: “Ground-state energy shift of He
close to a surface and its relation with the scattering poten-
tial: a confinement model” [80]. Both articles have also the
respective common Refs. [152-153] and [3-4] by Wethekam
and Winter reporting evidence on the ground state evolution
of the He atom close to an Al(111) surface deduced from
He+ grazing-scattering experiments after Auger neutraliza-
tion.

On the other hand, the series of papers on Metamate-
rials and the Review Article in Nanophotonics, and their
novel physical effects [82-91], cited our article: “Complete
electromagnetic multipole expansion including toroidal mo-
ments” [81].

Section 4 contains the updating of the Reviewers’ and
collaborators’ works along the lines of 1) Confined Atoms
and Molecules in Dihedral Angles and 2) Development and
Applications of Spheroconal Theory of Angular Momentum.
New results in the first one were reviewed for the H+

2 and
HeH2+ molecular ions, as well as for shift operators and re-
currence relations for Legendre polynomials with non inte-
ger associativity needed for HF calculations of many-electron
atoms confined in dihedral angles. In the second line the the-
ory is an alternative to the familiar one based on the spherical
harmonics as eigenfunctions of the z-component of the angu-
lar momentum operator, using instead the Hamiltonian of the
asymmetry distribution of molecules as the alternative con-
stant of motion. The spheroconal harmonics depend on one
asymmetry distribution parameter, and form a family which

includes the spherical harmonics as a special case. An appli-
cation, of interest in Magnetic Resonance Imagenology and
in Quadrupole Magnetostatic Traps for Neutral atoms, is the
identification of surface current distributions on a spherical
surface producing magnetic induction fields with a constant
gradient in its interior. Shift operators and recurrence re-
lations for the individual Laḿe polynomials have also been
identified, as counterparts of those for the familiar Legendre
polynomials.

The same section contains a Preview of on going inves-
tigations: 1) Zeeman effect in the Hydrogen atom confined
in dihedral angles. 2) Vector spheroconal harmonics needed
for the analysis and construction of solutions of Maxwell’s
equations and their applications; quantum theory of scatter-
ing using spheroconal harmonics to incorporate asymmetries
in the target. 3) Multipole Toroidal moments and interactions
in circular cylindrical geometry, and their applications in ra-
diating and resonant cavity systems with a unified treatment.
4) Radiation Reaction in the Force Approach.

The penultimate paragraph in the Introduction included
the intention to make this a conceptually connecting review.
Here the attempts to implement that intention are underlined.

In Section 2.1 the concepts of confinement in quantum
systems, from simple to complicated, were identified and
connected for the chapters in AQC. Section 2.2 illustrated the
subsequent extensions in the chapters in the Monograph with
common Authors, identifying further advances in the elapsed
period; and also in the other chapters incorporating their new
topics, concepts and methods.

The recent progress in Section 3 is guided by the same
idea following the conceptual connections and extensions in
the Literature for the successive types of quantum systems.
In 3.1 for the hydrogen-like atoms the titles and their key-
words may help the readers to decide which references to
study more in depth according to their interests. For some ref-
erences, specific connections have been pointed out, but each
reader may identify others. In 3.2 the seven articles on the
hydrogen-like diatomic molecules have the connection with
[25] and references therein, as well as with [93]. Section 3.3
illustrates the recent progress for many-electron atoms from
[11-24] to [54-57], and specifically in going from impene-
trable to penetrable spherical confinement. Section 3.4 on
many-electron molecules involves investigations associated
with different degrees of freedom: rotational motions in the
first four with new forms of confinement and new physical ef-
fects; and in the last four, with common Authors, electronic
structure, and also connected with [10] and [13]. Section
3.5 on Quantum dots contains one work on the symmetry
of three identical particles in a box; three works on optical
properties: in donor impurity quantum dots under an intense
laser field, in impurity pyramidal and conical quantum dots
depending on their positions, and in Type-II quantum-dot-in-
a wire structures; and two works on hyperfine structure in
a spherical quantum dot, and in hydrogen isotope quantum
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dots. Section 3.6 contains a series of seven articles on hy-
drogen cages confining hydrogen molecules, with common
Authors, treated as supermolecules and connected with [10],
[12] and [63]. Most important, the successive investigations
report results on atomization, clusterization, metallization of
Li+-doped hydrogen clusters, etc. including their pressure
and temperature dependences. In Section 3.7 the connec-
tions with the Reviews in Surface Science, recent articles
on Toroidal Dipole interactions and novel physical effects
in Metamaterials, and in Nanophotonics were recognized via
their citations of our works [80] and [81].

Concluding conceptual and connecting remark: the in-
teractions among the components of matter at the atomic,
molecular, nanomaterial and metamaterial levels, are basi-
cally electromagnetic and due to their respective basic elec-
tric and magnetic individual properties. It is these proper-
ties and those interactions that determine the structure and
the physical processes in their aggregates. The identification
of new such properties and their new associated interactions
leads to novel physical and chemical phenomena. Confine-
ment of the aggregates, by other neighboring aggregates or

by geometrical design, bring in additional elements of nov-
elty in those phenomena or are responsible for them.
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