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3D flow of Carreau polymer fluid over variable thickness sheet in a
suspension of microorganisms with Cattaneo-Christov heat flux
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Numerical study of three dimensional Carreau liquid flow with heat and mass transport features over a variable thickness sheet filled with
microorganisms is analyzed. We considered the non-uniform heat sink or source and multiple slip effects. The governing non-linear partially
differential expressions are developed into ordinary differential systems by using variable transformations. These expressions are solved
numerically by using Runge-Kutta fourth order method connected with shooting methodology. A Parametric study is implemented to
demonstrate the effects of Hartmann number, Prandtl number, Weissenberg number, Peclet number, chemical reaction and heat sink/source
parameters on liquid velocity, temperature and, concentration profiles. The quantities of physical interest are described within the boundary
layer. From this analysis, we found that the magnetic parameter decrease the local Sherwood and local Nusselt numbers for bothn = 1 and
n = 0.5 cases. The constraint of chemical reaction enhances the mass transfer rate and decelerates the density of motile mass transfer rate.
The space dependent and temperature dependent heat source/sink suppress the local Nusselt number.
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1. Introduction

The characterization of non-Newtonian fluids plays an impor-
tant role in the fields of Science and Engineering. Especially
for the Chemical Engineering industry the most important
property of fluids is the non-Newtonian viscosity. The gen-
eralized Newtonian fluids are those in which the viscosity of
the fluid depends on the shear rate. The change in the viscos-
ity by two or three orders of magnitude is feasible for some
fluids, and this cannot be ignored when the lubrication prob-
lems and polymer processing is considered. Therefore, one
of the basic empirically obtained modifications of the New-
ton’s law of viscosity is to allow the viscosity to change with
the shear rate. Such variety of fluids is commonly referred to
as generalized Newtonian fluids and explained by Bird [1].
The simplest generalized Newtonian fluid is the power-law
constitutive relation. The power-law viscosity model has the
limitation that it cannot adequately predict the viscosity for
very small or very large shear rates. In view of such limi-
tation of the power law model, generally for very large and
very small shear rates, we use another viscosity model from
the class of generalized Newtonian fluids, namely Carreau
rheological model. This model overcomes the limitations
of the power-law model identified above, and appears to be
gaining wider acceptance in Chemical Engineering and tech-
nological processes. The rheology of various polymeric so-
lutions can be explored by the Carreau liquid. In view of
this, Akbar and Nadeem [2] analyzed the blood as Carreau

fluid in tapered artery. Khanet al. [3] applied the Runge-
Kutta Fehlberg method to solve momentum and temperature
equations assuming MHD stagnant Carreau fluid over mov-
ing surface with convective boundary condition. Khanet al.
[4] investigated the heat transfer characteristics of squeezed
Carreau fluid flow over a sensor surface in the presence of
variable thermal conductivity. The stretching phenomenon
of Carreau polymer liquid with Robin’s conditions has been
identified by Hayatet al. [5].

At present, the phenomenon of heat transport has vital
importance in several branches of technology, engineering
and science like nuclear reactor cooling, microelectronics etc.
The applications of such phenomenon in bio-medical appli-
cations include: heat conduction in tissues, magnetic drug
targeting and many others. The Fourier heat conduction law
explores the heat transfer mechanism since two centuries in
appropriate situations. The main drawback of this law is that
any disturbance created at the initial state affects the whole
system. To overcome this drawback, Cattaneo [6] modified
Fourier law and obtained hyperbolic energy equation by in-
corporating thermal relaxation time. This is later developed
by Christov [7] to obtain material invariant formulation by
adopting Oldroyd’s derivatives. Hayatet al. [8] analyzed
the Impact of Cattaneo-Christov heat flux model in flow of
variable thermal conductivity fluid over a variable thicked
surface. Liet al. [9] examined the features of Cattaneo-
Christov model of heat diffusion in vertical stretched flow
of non-Newtonian liquid. Flow between two rotating disks in
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the presence of theory of Cattaneo-Christov for heat diffusion
has been discussed by Hayatet al. [10]. The fractional model
of Cattaneo-Christov heat diffusion formula is developed by
Liu et al. [11]. Abbasiet al. [12] considered the two-type
non-Newtonian liquids to describe the behavior of Cattaneo-
Christov heat flux formula. Darcy-Forchheimer porosity flow
of Jeffrey liquid with non-uniform conductivity and theory of
Cattaneo-Christov for heat flux has been elaborated by Meraj
et al. [13].

Magnetic fields are copiously used in various manufac-
turing industries include MHD power generators, flow me-
ters, pumps, in the design of cooling system, purification
of molten metal’s from metallic inclusions with liquid met-
als, etc. Recently the analysis of MHD flow and heat trans-
fer gained significance due to its applications. For example,
several metallurgical processes involve cooling of continu-
ous filaments or strips. During this process these strips are
stretched through a fluid, the quality of the end product de-
pends on the rate of cooling, and the rate of cooling of these
final products with desired quality is accomplished by using
electrically conducting fluids with applications of magnetic
fields. The electrically conducting flow with microorganisms
has much more importance in various processes of industry
and engineering. According to such strong importance of this
phenomenon, Mehryanet al. [14] inserted the motile gyro-
tactic micro-organisms and nanoparticles to discuss the heat
transport in viscous liquid flow. Devi and Prakash [15] elab-
orated the results of non-uniform viscosity and conductivity
flow of MHD viscous liquid induced by slendering surface.
Sekharet al. [16] imposed different slip condition on flow
of MHD liquid flow. Palani and Kim [17] described the na-
ture of thermal radiation in convective viscous liquid flow
generated by the rotation of cone. Kuznetsov [18] demon-
strated a boundary layer flow of bio convection suspension
of gyrotactic-microorganisms with finite depth heated from
below. Many authors analyzed MHD with different flow
characterizes have been modulated by [19-27]. Zhang and
Zheng [28] demonstrated that the analysis of magnetohydro-
dynamic thermos-solutal convection with the heat generation
and first order chemical reaction can be computed by double-
parameter transformation perturbation expansion method and
Pade’s approximant technique. They found the wall velocity
is non-zero due to the Marangoni or surface tension effect
which causes to decrease with increase in magnetic field pa-
rameter. The magnetohydrodynamic flow and radiation heat

transfer of nanofluids in porous media with variable surface
heat flux in the presence of chemical reaction was studied by
Zhenget al. [29]. They observed that the solutal boundary
layer thickness increased by increase in chemical reaction pa-
rameter.

To author knowledge, there exists no such analysis that
simultaneously described the impacts of chemical reaction
and heat sink/source on the fluid flow suspending microor-
ganisms. The further novelty of this work is the utilization of
Cattaneo-Christov model of heat diffusion. In this paper the
steady laminar mixed convection three dimensional heat and
mass transfer flow of electrically conducting Carreau fluid
over a stretching sheet in a suspension of microorganisms in
the presence of multiple slips. The influences of the Weis-
senberg number, thermal relaxation parameter, magnetic pa-
rameter, Prandtl number, heat generation/absorption parame-
ter, Peclet number, Lewis number, and chemical reaction pa-
rameter on various quantities are discussed.

2. Mathematical Formulation

In the present investigation, we considered the Cattaneo-
Christov heat flux on MHD three-dimensional flow over a
variable thickness sheet. To emerge the temperature and
concentration fields, gyro-tactic microorganisms and non-
uniform heat source or sink are considered. Thex-axis is
considered along the sheet motion andy-axis is perpendicu-
lar to it as depicted in Fig. 1. AssumingZ = A(x + y +
b)(1−m)/2, uw(x) = U0(x + y + c)m, vw = 0, m 6= 1 and
external electric field is negligible.

With these suppositions, the governing equations of con-
tinuity, momentum, thermal and mass species equations
are [8]:

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0, (1)

(
u∂u

∂x
+

v∂u

∂y
+

w∂u

∂z

)
=

µ

ρ

∂2u

∂z2

[
1 + Γ2

(
∂u

∂z

)2](n−1)/2

+
µ

ρ
(n− 1)Γ2 ∂2u

∂z2

(
∂u

∂z

)2[
1 + Γ2

(
∂u

∂z

)2](n−3)/2

(2)

− σB2u,
(

u∂v

∂x
+

v∂v

∂y
+

w∂v

∂z

)
= υ

∂2v

∂z2
− σB2v, (3)

(
u∂T

∂x
+

v∂T

∂y
+

w∂T

∂z

)
+ λ

( (
u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z

)
∂T

∂x

)
+

(
u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z

)
∂T

∂y

+
(

u
∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z

)
∂T

∂z
+ u

∂v

∂x

∂T

∂y
+ v

∂u

∂y

∂T

∂x
+ 2uv

∂2T

∂x∂y
+ 2vw

∂2T

∂y∂z

+ 2uw
∂2T

∂x∂z
+ u2 ∂2T

∂x2
+ v2 ∂2T

∂y2
+ w2 ∂2T

∂z2

)
= α

∂2T

∂z2
+ q′′′, (4)

Rev. Mex. Fis.64 (2018) 519–529



3D FLOW OF CARREAU POLYMER FLUID OVER VARIABLE THICKNESS SHEET IN A SUSPENSION OF MICROORGANISMS. . . 521

FIGURE 1. Flow configuration of the problem.
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as
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From the equation above,A∗ > 0, B∗ > 0 represents the
internal heat generation whileA∗ < 0, B∗ < 0 denotes the
heat absorption coefficients respectively. Now, as we trans-
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with the help of (11), (12) and (13), Eqs. (2)-(4) converted as
the below differential equations:
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WhereRex = UxX/v andX = (x + b)

FIGURE 2. Impact ofM onf ′(η).

Rev. Mex. Fis.64 (2018) 519–529



3D FLOW OF CARREAU POLYMER FLUID OVER VARIABLE THICKNESS SHEET IN A SUSPENSION OF MICROORGANISMS. . . 523

TABLE I. Values of local friction factor for different physical governing parameters forn = 1 andn = 0.5 cases.

M We Kr γ Pe A∗ B∗ β1 −f ′′(0) −g′′(0)

n = 1 n = 0.5 n = 1 n = 0.5

0.5 1.198579 1.204921 1.213151 1.219822

1.0 1.276179 1.284636 1.314271 1.323920

1.5 1.345101 1.355883 1.400997 1.413920

1 1.108638 1.210664 1.119063 1.224781

3 0.915229 1.226421 0.921319 1.238011

5 0.808500 1.236994 0.813276 1.246745

0.1 1.198579 1.204921 1.213151 1.219822

0.3 1.198579 1.204921 1.213151 1.219822

0.5 1.198579 1.204921 1.213151 1.219822

0.1 1.198583 1.204917 1.213148 1.219819

0.3 1.198579 1.204921 1.213152 1.219822

0.5 1.198579 1.204921 1.213152 1.219822

0.1 1.198585 1.204921 1.213151 1.219822

0.4 1.198579 1.204921 1.213151 1.219822

0.7 1.198573 1.204921 1.213151 1.219822

0.1 1.198579 1.204921 1.213150 1.219821

0.4 1.198578 1.204921 1.213150 1.219821

0.7 1.198578 1.204921 1.213144 1.219820

0.1 1.198579 1.204921 1.213150 1.219821

0.15 1.198579 1.204921 1.213151 1.219822

0.2 1.198579 1.204921 1.213152 1.219822

0.1 1.198579 1.204921 1.213151 1.219822

0.3 1.198579 1.204921 1.213151 1.219822

0.5 1.198579 1.204921 1.213151 1.219822

FIGURE 3. Impact ofM ong′(η).

3. Results and Discussion

The set of ordinary differential Eqs. (15)-(19) are solved nu-
merically by applying Runge-Kutta fourth order method with
shooting technique. The numerical values of non-dimensional

FIGURE 4. Impact ofM onθ(η).

parameters such asM , We, kr, γ, Pe, A∗, B∗, β1, andβ1,
on local skin friction coefficient, local Nusselt number and
Sherwood numbers are demonstrated in the Tables I and II.
In the present investigation, we examine two cases such as
Newtonian and non-Newtonian, and obtained dual solutions
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TABLE II. Values of local Nusselt, Sherwood number and motile Sherwood numbers for different physical governing parameters forn = 1

andn = 0.5 cases.

M We Kr γ Pe A∗ B∗ β1 (Nux) Shx MShx

n = 1 n = 0.5 n = 1 n = 0.5 n = 1 n = 0.5

0.5 0.280175 0.333139 0.582159 0.670933 0.128627 0.197692

1.0 0.249072 0.289382 0.569954 0.650575 0.112324 0.171775

1.5 0.221223 0.248416 0.559690 0.633886 0.099315 0.151585

1 0.285105 0.339112 0.585471 0.675937 0.131859 0.202557

3 0.300297 0.355684 0.595672 0.690700 0.143005 0.218644

5 0.311365 0.366383 0.603558 0.701693 0.152836 0.232245

0.1 0.280175 0.333139 0.509237 0.606086 0.163399 0.227578

0.3 0.280175 0.333139 0.642994 0.725634 0.100818 0.173453

0.5 0.280175 0.333139 0.742534 0.816177 0.057197 0.134867

0.1 0.263228 0.336052 0.582158 0.670931 0.128630 0.197698

0.3 0.270681 0.334158 0.582159 0.670933 0.128627 0.197692

0.5 0.280175 0.333139 0.582159 0.670933 0.128627 0.197692

0.1 0.280176 0.333139 0.582158 0.670933 0.357354 0.458658

0.4 0.280175 0.333139 0.582159 0.670933 0.184660 0.262361

0.7 0.280175 0.333139 0.582159 0.670933 0.019269 0.069907

0.1 0.323435 0.385548 0.582159 0.128627 0.670933 0.197692

0.4 0.193656 0.228322 0.582159 0.128627 0.670933 0.197692

0.7 0.063877 0.071093 0.582159 0.128627 0.670933 0.197692

0.1 0.280175 0.333139 0.582159 0.670933 0.128627 0.197692

0.15 0.197842 0.218259 0.582159 0.670933 0.128627 0.197692

0.2 0.083141 0.009758 0.582159 0.670933 0.128627 0.197692

0.1 0.280175 0.333139 0.582159 0.670933 0.174098 0.258137

0.3 0.280175 0.333139 0.582159 0.670933 0.151362 0.227915

0.5 0.280175 0.333139 0.582159 0.670933 0.128627 0.197692

FIGURE 5. Impact ofM onφ(η).

by keepingn = 0.5 and n = 1 for Newtonian and non-
Newtonian fluids.

Figures 2-6 show the effect of the magnetic parameter on
velocities, temperature, concentration and density of motile

FIGURE 6. Impact ofM onφ(η).

organism for both Newtonian (n = 1) and non-Newtonian
(n = 0.5) liquids. From Figs. 2 and 3, it is evident that the
strength of magnetic field is to diminish the velocities. This
reduction can be attributed to the fact that the magnetic field
provides a resisting type force known as the Lorentz force.
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This force tends to lessen the motion of liquid and as a conse-
quence, the velocity depreciates. From Fig. 4, temperature is
found to be enhancing with the magnetic field. Here the fric-
tional resistance on account of the magnetic field resulting
in the reduction of velocity, and there by, enhances the tem-
perature. The effect of magnetic field performs an increasing
effect on concentration and density of motile organism (see
Figs. 5 and 6).

Figures 7 and 8 are plotted to demonstrate the influence
of the Weissenberg number (We) on the velocities. Figure 7
investigates that the primary velocity increases with the in-
creasing values of Weissenberg number, whereas the sec-
ondary velocity shows the opposite behavior (see Fig. 8).
In Figs. 9-11, the physical behavior of the boundary layer
near to the surface can be seen by observing the temperature,
concentration and density of motile organism profiles respec-
tively for various values of Weissenberg number. The profiles
of temperature (Fig. 9), concentration (Fig. 10) and density
of motile organism (Fig. 11) clearly depict the decreasing
phenomenon with the increasing Weissenberg number.

FIGURE 7. Impact ofWe onf ′(η).

FIGURE 8. Impact ofWe ong′(η).

FIGURE 9. Impact ofWe onθ(η).

FIGURE 10. Impact ofWe onφ(η).

FIGURE 11. Impact ofWe onχ(η).
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FIGURE 12. Impact ofKr onφ(η).

FIGURE 13. Impact ofKr onχ(η).

The impact of chemical reaction parameterkr on species
concentration profile is depicted in Fig. 12. It is observed that
an increase in the value of chemical reaction parameter re-
duces the concentration of species in the boundary layer ow-
ing to the fact that destructive chemical reaction reduces the
solutal boundary layer and enhances the mass transfer while
it shows opposite trend on density of motile organism (see
Fig. 13).

Figure 14 depicts the temperature profile for various val-
ues of thermal relaxation parameterγ. From this Fig. 14,
it is evident that the temperature as well as thermal boundary
layer thickness retard, with the presence of thermal relaxation
parameter. This is due to the fact, that for enhancing values
of thermal relaxation, time the fluid particles steadily trans-
fer heat to its surrounding particles. Figure 15 elucidates that
density of motile organism increases with increasing values
of Peclet numberPe.

Figures 16 and 17 represent the plots of temperature with
variation inA∗ andB∗. The temperature increases rapidly
throughout the boundary layer due to the release of energy

FIGURE 14. Impact ofγ onθ(η).

FIGURE 15. Impact ofPe onχ(η).

FIGURE 16. Impact ofA∗ onθ(η).
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FIGURE 17. Impact ofA∗ onθ(η).

FIGURE 18. Impact ofβ1 onχ(η).

in thermal boundary layer for increasing values of temper-
ature dependent heat source/sink parameter. The density of
motile organism increases with the increasing values of liq-
uid parameterβ1 (see Fig. 18).

The numerical values of dimensionless friction factor for
various values of physical parameters are displayed in Ta-
ble I. It is observed that the skin friction coefficient increased
for magnetic parameterM and thermal relaxation parameter
γ for both n = 1 and n = 0.5. The local Nusselt num-
ber, local Sherwood number and motile microorganisms are
studied for different physical parameters like Magnetic pa-
rameter, Weissenberg number, chemical reaction parameter,
thermal relaxation parameter, Peclet number, time and space
dependent parameters, and liquid parameter are investigated
in Table II. From this Table, we found that the magnetic pa-
rameter decreases the local Nusselt number and local Sher-
wood numbers for bothn = 1 andn = 0.5. An opposite
phenomena can be observed for increasing values of Weis-
senberg number. The chemical reaction parameter enhances
the mass transfer rate and decelerates the density of motile

mass transfer rate. The space dependent and temperature de-
pendent heat source/sink suppress the local Nusselt number.

4. Conclusions

The present study addresses the 3D flow of Carreau fluid
over variable thickness sheet in suspension of microorgan-
isms with Cattaneo-Christov heat diffusion formula. The key
observations of this investigation can be described as:

• The temperature increases rapidly throughout the
boundary layer owing to the release of energy in ther-
mal boundary layer for increasing values of tempera-
ture dependent heat source/sink parameter.

• The profiles of temperature, concentration and density
of motile organism phenomenon reduced with an in-
crement in Weissenberg number.

• Non-Newtonian liquid showed better heat transfer per-
formance compare with Newtonian liquid.

• The magnetic parameter decreases the local Nusselt
and local Sherwood numbers for bothn = 1 and
n = 0.5.

• The chemical reaction parameter enhances the mass
transfer rate and decelerates the density of motile mass
transfer rate. The space dependent and temperature
dependent heat source/sink suppress the local Nusselt
number.
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Nomenclature:

a: Thermal accommodation coefficient

A: Coefficient related to stretching sheet

A∗: Dimensional stretching sheet coefficient

b: Physical parameter related to stretching sheet

B(xy): Magnetic field with space dependent

C : Concentration of the fluid

Cf : Skin friction coefficient

Cp: Specific heat capacity at constant pressure

Cs: Concentration susceptibility

C∞: Concentration of the fluid in the free stream

d: Concentration accommodation coefficient

Dm: Molecular diffusivity of the species concentration

e: Diffusion of organism’s accommodation coefficient

f1: Maxwell’s reflection coefficient

f, g: Dimensionless velocities

h∗1: Dimensional velocity slips parameter
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h∗2: Dimensional temperature jump parameter

h∗3: Dimensional concentration jump parameter

h∗4: Dimensional diffusion jump

h1: Dimensionless velocity slip parameter

h2: Dimensionless temperature jump parameter

h3: Dimensionless concentration jump parameter

h4: Dimensionless diffusion jump parameter

k: Thermal conductivity

kT : Thermal diffusion ratio

kr: Chemical reaction parameter

Le: Lewis number

m: Velocity power index parameter

M : Magnetic field interaction parameter

n: Power-law index parameter

Nux: Local Nusselt number

Pr: Prandtl number

Pe: Peclet number

Rex: Local Reynolds number

Shx: Local Sherwood number

MShx: Local motile Sherwood number

T : Temperature of the fluid

Tm: Mean fluid temperature

T∞: Temperature of the fluid in the free stream parameter

u, v, w: Velocity components in directions

x: Direction along the surface

y: Direction normal to the surface

Greek Symbols:

β: Casson fluid parameter

β1: Fluid parameter

η: Similarity variable

φ: Dimensionless concentration

χ: Density of motile organisms

σ: Electrical conductivity of the fluid

τ : Ratio of specific heats

γ: Thermal relaxation parameter

θ: Dimensionless temperature

ρ: Density of the fluid

µ: Dynamic viscosity

υ: Kinematic viscosity

δ: Wall thickness parameter

ξ1: Mean free path (constant)
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