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In this paper, we have generalized the fractional cubic isothermal auto-catalytic chemical system (FCIACS) with Liouville-Caputo, Caputo-
Fabrizio-Caputo, and Atangana-Baleanu-Caputo fractional time derivatives, respectively. We apply the Homotopy Analysis Transform
Method (HATM) to compute the approximate solutions of FCIACS using these fractional derivatives. We study the convergence analysis of
HATM by computing the residual error function. Also, we find the optimal valuek sb we assure the convergence of the approximate
solutions. Finally we show the behavior of the approximate solutions graphically. The results obtained are very effectiveness and accuracy.
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1. Introduction oy 9%
875287&+u11}%_kv1’ (4)

Travelling reaction-diffusion waves occur in many situations 5 92
U2 U9

of interest in chemistry, biology, physics, engineeriljg. _In e =z upv? + y(ug — ug), (5)
some cases, such waves are isolated events, travelling inde- € <

pendently of other chemical processes. Many chemical sys- Ove 0%y )

tems exhibit chemical waveise., reactants are converted into 675 = re + ugv3, (6)

products as the front propagates through the reaction mix-
ture, in which autocatalytic reaction couples with molecu- »
lar diffusion to give constant waveform and constant velocityVith the boundary conditions
fronts [1-3].

In this paper we ponsider reaction-Qiffusion travelling lim w(s, &) =1, lim vi(,6)=0. (7)
waves that can be initiated in a coupled isothermal chemical <s—+o° s—too
system governed by cubic autocatalysis. We assumed that
reactions take place along semipermeable membrane inter-
faces with the reaction on one interface (regipnThe cubic
isothermal, auto-catalytic reaction step in regidpi¢ given

by

In the above equations we assume that cubic autocatalytic
is only present in the other regidil with the same rate;.

The two regions were considered to be coupled through a lin-
ear diffusive interchange of the auto-catalyitic The param-

U +V — 2V (raterjuv?), (1) etersy andk refer to the couple between the two regions and

the st th of th to-catalystd 4].
with the step of the linear decay e strength of the auto-catalyst decay [4]

In fractional differentiation analysis, there are many dif-
V — W(ratersv), (2)  ferent definitions of fractional derivatives. The Liouville-
wherew andv are the concentrations of the reactahaind  Caputo fractional derivative involve the convolution of the lo-

auto-catalyst/, r; andr, are the rate constants amt is cal derivative of a given function with power law function [5].

some inert product of reaction. The non-dimensional equaRecently, Caputo and Fabrizio in [6], proposed a novel frac-
tions are given by tional derivative based on the exponential decay law with-

) out singularities [7-10]. Atangana and Baleanu in [11], intro-

Our _ 9wy w0 + y(us — 3 duced a fractional derivative based in the Mittag-Leffler law
5 — u1v] +y(u2 —u), ®3) . e ) .

o8 05 (this function is of course the more generalized exponential
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function) and permits describe complex physical problemsvhere -
that follows at the same time the power and exponential de- Ey(E) = Z ="
cay law [12-14]. e YY)

Many numerical methods for solving fractional differ- ) o
ential equations have been developed over the past fel§ the Mittag-Leffler function and/(5) = M(0) = M(1) =
years, such as homotopy analysis method, proposed by Liad; ]
has been successfully applied to solving many problems in Ifi 0 < g < 1, then we define the Laplace trans-
physics and engineering [15-18]. The homotopy analysi§0rm for the Liouville-Caputo, Caquo—Fabrlz!o—Qaputo and
method is based on construction of a homotopy which con?he Atangana-Baleanu-Caputo fractional derivatives, respec-
tinuously deforms an initial guess approximation to the exactively as follows
solution of the given problem. Another powerful methods for

model by applying Liouville-Caputo, Caputo-Fabrizio and
Atangana-Baleanu fractional order derivatives in Liouville-
Caputo sense using HATM.

finding exact solutions have been found in [19-24]. L (ocD?{U(% 5)}) = s"L{u(s,0)}
In this paper we obtain analytical approximate solutions 1
to fractional cubic isothermal auto-catalytic chemical system _ Z u(k)(g 0+)Sﬁ7k71 (11)
k=0

£ (§7DHuls,€)}) = M(8)

sL{u(s,§)}(s) — u(s,0)
X( s+B(1—s) ) (12)

2. Basic definitions

Fractional calculus unifies and generalizes the notions of
integer-order differentiation. Now, we give some basic defi-
nitions and properties of FC theory.

Definition 1. The Liouville-Caputo operator (C) with order £ (%BCDf{u(<,£)}) = M(p)

(o > 0) is defined as follows [5] B L{ule, £)}(s) — 5P {u(c, )}
(R ) @

Considering these fractional order derivatives, we de-
velop a new model FCIACS by replacing partial derivatives

(4
°(1250) = 5= / (0 — 21D ()

m—1<f<m, (8)  with respect to¢ by time fractional derivatives of orde?.
formeN,t>0,f€Cm u>—1. Then the set of the Eqgs. (3)-(6) become
Definition 2. The Caputo-Fabrizio fractional order derivative OB 9
in the Liouville-Caputo sense (CFC) with ordgr > 0) is 0 Dgur = e —urvi +7(uz —w), (14)
given by [6] (()')ngl = vy ¢ +urv — kv, (15)
M(3)
CFC B8 _ .
(0D9 ()> T m-8 E))D?uz = ug,¢q — U0y +y(ur — un), (16)
0 ﬂ S)Dg'UQ = V2,¢¢ + U2U§a (17)
X /exp (ﬁ(ﬁt)> D™ ()dt,
0 m where the operatofg')Df can be of type Liouville-Caputo

m—1<8<m, ) § D¢, Caputo-Fabrizio-Caput™“ D/, and Atangana-
_ o Baleanu-Caputg 2¢ Df time fractional derivatives with or-
whereM () is a constant of normalization that dependiof ey 3.
which satisfies that)/(0) = M (1) = 1.
Definition 3. The Atangana-Baleanu fractional derivative in )
the Liouville-Caputo sense (ABC) with ordés > 0) is de- 3. Solution of the problem

fined as follows [11
[L1] In this section, we apply the HATM [25-26] on FCIACS

ABC (ODB(-)) _ M 0 . model. We take the initial conditions to satisfy the bound-
P m— 3 / 8 ary conditions, namely
50 ui(5,0) = 1 — a; exp(—¢?), (18)
g <m—ﬁ(9 - ”) Dt 0i(5,0) = by exp(—?). (19)
m—1<p<m, (10)  wherei = 1,2.
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As we know that HAM is based on a particular type of with initial conditions

continuous mapping [27-32]

ui(C,f) - ¢i(§7£; Q)a Ui(§,€) - 7/%‘(%5; Q)v

such that, as the embedding parametéercreases fron to
1; ¢:(s,&; 0), (s, &; o) varies from the initial iteration to the

exact solution.

(20) i(<, 05 0) = uio(s,0), Yi(s, 05 0) = vio(s,0),
whereh # 0 is the auxiliary parameter anl (¢,£) # 0 is

the auxiliary function.

Involving Egs. (8)—(13) and [27-32] we can present the

following nonlinear operators as

Ma(61(5,€:0)) = L (1(5,6:0)) — 21 (6,0)
— Q0 (s,0)£(Prs(s: &5 0)

— 01(6,& 00915, & 0) +Y(b2(s, & 0)

Expanding in Taylor series; (¢, &; o) andy; (s, &; o) with
respect t, we get

(bi(g,f; Q) = ui,0(<a£) + Zui,j(gag)rgjv

Jj=1

¢i(§a 57 Q) = ’Ui,O(ga g) + Z Vi,j (ga g)ij

(23)
- ¢1(§7€; Q))? j=1
Mi(1(s,650) = L(W1(s,65 0)) where
1
— Zu1(s,0) — QO « b (c £
L6 0) = QY(s, B)L (¥1,65(5: &5 0) wis(c,€) = ;8f¢ba(;§, 0) oo,
— k1(s, &5 0) + ¢1(s, & Q)i/}f(c,ﬁ;@)) : .
vigls,€) = L2V 8D, (24)
Na(ga(s, &5 0)) = L(pa(s, & 0)) 7 gt 00
- luQ(g 0) — Q(')(S,ﬂ)£(¢27<<(g7£; 0) If we let o = 1 in Eq. (23), the series become
S
_¢(7€; )1/12(,& ) =
2 ¢ ’ ) ¢ ’U/i(§,f) = ui,0(<7§) + Zui,j(gag)v
+7(01(¢, & 0) — 2(s,&; Q))7 j=1
Mo(ta(s,&;0)) = £ (2(5, & ) ~ ~vs(s,0) (25)

—QO)(s, ﬁ)ﬁ(wg,gg(c, & o)

+ ¢2(s, & U5 (s, & @))7
whereQ() (s, 3) can be of type Liouville-Caputo

1
Q(C) (Svﬂ) =3
Caputo-Fabrizio-Caputo
QCFO) (5. gy = B(l—s)+s
(5,8) = =373 M3

and Atangana-Baleanu-Caputo
B(-1+s7F)+1
M(3)

QB (5, 8) =

(§§ fUzo§§ +ZU’L]§§
Jj=1

Considering [25-26], theath-order deformation equation

(21)  is constructed of the following manner

L(uij(s, &) —
L(vi (s, &) —

)
Rj (ui),
R (v),

Xju; (j-1)(s,&)) = hH(s,§)

vai«,(j—l) (C, f)) = hH(gv g)

0
-

with initial conditionsu; ;(s,0) = 0 andwv; ;(s,0) = 0, for
i>1

(26)

and
if j<1,
if j>1.

Using the embedding parameter we develop the fol-

lowing set of equations

(1= 0)L(di(s,&50) — uiols, §))

= ohH (s, Ni(¢i(<, & 0)),
(1= 0)L(i(s, & 0) — vio(s,€))

= 0hH (s, )Mi(¢i(s, & 0)),

(22)

. 1

R () = £ (u1,-1)(<,6) = Sun(s,0)(1 = &)
—Q0)(s, g),c(ul,(j,l),gg(c, t)

—uy, (-1 (S, §)Ui(j71)(§, &) +(uz,(-1)(s,€)

- ul,(j—l)(§7f)))a
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‘ 1
R (01) = L) (v1,6-1)(6.9) = S0a(s.0)(1 = &)

RE)(’LLQ) =L (Ugy(jfl)(gag)) - §1L2(§, 0)(1 - Xj)

Rﬁ-')(?&) =Lj—1) (v2,5-1)(s,8)) — §U2(<70)(1 - &)

Applying inverse Laplace transform, we have

u15(5.0)

vi(5.0)

2,4(5.0)

v2.¢(5,0)

FIGURE 1.

¢=6,£=0,a1 =0.2,b1 =0.1, a2 = 1 andbz = 0.4. Solid line (C), Dotted line (CFC), and Dash - Dotted line (ABC).
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- Q() (57 6)‘6(1}1,@71)5( (§, 5) + U1,(j-1) (ga f)vi(ljfl)(gv g) - kvl,(jfl)(g f)) :

vij = Xj; o1y + RLTIRY (vg).

- Q(')(&ﬁ)ﬁ(uz,(jfl),qq(%t) - U2,(j71)(€a5)113,@71)(95) + y(u1,-1)(s, &) — U2,(j71)(§>§)))7

sx105}

-5.x1078 |

0.00004 F

0.00002 |

ofF

—0.00002 |

—0.00004 b
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of
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=]

0.000015
0.00001 F
5.x107%F

ok

—5.x1075EF
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(27)

(28)

Plotting theh-curves fors-terms of HATM solutions using the C, CFC and ABC operators wWite: 0.7, k = 0.01, v = 0.4,
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4. Numerical results
In this section we evaluate the first approximations for the

Ot ey = hr= £lw 1 A
Liouville-Caputo, Caputo-Fabrizio-Caputo and Atangana- Vi (6 €) = hil (E(“%O(<>§)) - g”(<’ 0)(1 — &;)
Baleanu-Caputo operators respectively. The intervals of con-

vergence obtained by thecurves, the averaged residual er- — QU (s, B)L(vi,0,6c(5, &) — (2 — )kvo(s, )
ror, and the residual error function were evaluated. Further-
more, we will show the behavior of the HATM solutions for 2

! 1 ) i ) . 31
different values of fractional derivativé. + wi,0(s, §)viols f))) (31)

We take the initial approximation as

We can obtain the first approximation via Liouville-Caputo,
ui0(5,§) = uio(s,0),  wio(s, &) =vio0(s,0). (29)  Caputo-Fabrizio-Caputo and Atangana-Baleanu-Caputo op-

. , _ L _erators, withQ® (s, 3), Q°FC(s, 3) and Q4B (s, 3), re-
Forj = 1, we obtain the first approximation as following spectively.

0 . 1 And by the similar procedure we can evaluate the rest of
u;1(5,€) = hil (ﬁ (wi0(c,€)) = Sui(s, 0)(1 — A1) the approximations. We therefore have HATM solutions of
Egs. (14)-(17)

—00) (s, B)L (110,665, ) ~i,0(5, )02 (s, ) )

, ) o Ui (s, &) 32
(1) u10(5, ) — uz0(,6)) (30) U6 = w6 ) + ) =07 (D)
Y(u1,0(S, 2,016:5))s o
8.x10°¢ ] _.F
7.%10°¢ 4x10¢E, { 3sx10 2 | b
p— 3.5% 106 F} X0 ,
x 25%10°°
2 sxi0¢ 2 3x10°fY = ! ¥
< 3 % LB ! 2.x10°8F * = =
4.x10 25%10°5F 4 ! sf O\ ' =
z v / 1.5 10" 7
3.x 10" 2 %107 opfl 7
2% 1075 g T el LBy N/
- 15%10°¢ Soce 5310°7 3
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i b h
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FIGURE 2. Plotting the average residual error faiterms of HATM solutions using the Liouville-Caputo, Caputo-Fabrizio-Caputo and
Atangana-Baleanu-Caputo operators arranged from left to right@vith0.7,0 < ¢, £ < 10,k = 0.001, v = 0.4, a; = 0.002, b1 = 0.002,
az = 0.001, b2 = 0.001.
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TABLE Il. The average residual error férterms of HATM solu-
tions with3 = 0.7,0 < ¢,¢ < 10,k = 0.001,v = 0.4,a; =
0.002,b; = 0.002, a2 = 0.001, b2 = 0.001, using the C, CFC and
ABC operators, respectively.

TABLE |. The average residual error fdrterms of HATM solu-
tions with3 = 0.7,0 < ¢,& < 10,k = 0.001,y = 0.4,a; =
0.002,b; = 0.002, a2 = 0.001, b2 = 0.001, using the C, CFC and
ABC operators, respectively.

- — Operators ~ Optimal value df,,, Minimum of E., (h)
Operators  Optimal value df,,, Minimum of E, (h) c 0.011900 3133 x 107
—U. . X
C —0.011844 1.542 x 107°
e 055125 e 8 0o CFC —0.053997 3.486 x 1077
- Ao X ABC —0.096408 1.633 x 107
ABC —0.0973563 5.431 x 1077 , —
- — Operators  Optimal value d@f,, Minimum of E,, (h)
Operators Optimal value df,, Minimum of E,,, (h) c 0.0L1807 3.834 < 10—
—0.011811 1.542 x 1076 ' '
< 0.0118 54210 CFC —0.055014 3.592 x 1077
CFC —0.055427 1.466 x 107° e
ABC —0.097085 1.432 x 10
ABC —0.097383 5.438 x 1077
(a) (b)
!r.\‘ i 'I i i,.‘\
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R r‘,f \
:/ “ 0.003 ) ]‘ "Ic
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0.000 .._._._--’-""’-4‘... Fod . F n/ ‘s..' -"“*:‘--.._.__.. 0.000 '."-""-:r:/‘. \:4’ - & \”\:‘*—.._..
-4 =& 0 2 4 -4 =2 1] 2 4
5 S
(c)
’l.\ 0.0020 i
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& :;;.\“ { ,' 3 £ 00010
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0.0005 | fro 4 ] :l [AN
Ji Y ,'}" W 0.0005
e % NN
0.0000 -,-4-5"""/ \,-I . # - "\":-"—-4-1- 0.0000
-4 -2 0 2 4

FIGURE 3. Plotting the residual error functions fdrterms of HATM solutions with3 = 0.7, £ = 20, k =

0.001, v = 0.4, a1 = 0.002,

b1 = 0.002, a2 = 0.001, b2 = 0.001. Solid line (C), Dotted line (CFC), and Dash - Dotted line (ABC).

1
(6,6 = vi0(s,€) +Z Uw ) (33) B (h) E+D(Tr+1)
Jj=1
= 2
Figures 1(a)-(d) shows the numerical solutions for =« e 10s 105
uie(s,0), vie(s,0) againsth with 5 = 0.7 k = 0.01,y = % ZZ [N (Z ik ( = ’T)) ., (34)
0.4,6=6,£ =0,a; = 0.2,b; = 0.1, az = 1 andb, = 0.4. $=04=0 h=0
We plot theh-curves of-terms of HATM solutions (32)—(33) 1
with the aim to observe the intervals of convergence. In these By, (h) = E+ DT +1)
figures, the straight line that parallels thexis provides the -
valid region of the convergence [30]. Now, we compute the E T m 10s 10; 2
optimal values of the convergence-control parameters by the X ZZ [M <Z Vi, k ( = ’T)) , (35)
5=0 j=0 k=0

minimum of the averaged residual errors [33-38].
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FIGURE 4. The plot of4-terms of HATM solutions using LC, CFC and ABC operators with- 0.4, k = 0.01,y = 0.6, £ = 15,a1 = 0.8,

b1:1,a2:11b2

= 0.9. Solid line (C), Dash line (CFC) and Dash-Dot-Dash line (ABC).

: : B : . : o
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FIGURE 5. The plot of4-terms of HATM solutions using LC,CFC and ABC operators with= 0.9, & = 0.01, v =

a1 =0.8,b1 =1, a2 = 1, b2 = 0.9. Solid line: (C), Dash line: (CFC), and Dash-Dot-Dash line:(ABC).
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corresponding to a nonlinear algebraic equations 5. Conclusion

In this paper, HATM was employed analytically to compute

dEw; (h) =0, 4B, (h) =0. (36) the approximate solutions of FCIACS using the Liouville-
dh dh Caputo, Caputo-Fabrizio-Caputo and Atangana-Baleanu-

Caputo fractional derivatives. The interval of the conver-

Figure 2(a)-(d) and Tables I-Il show the averaged resid9ence of HATM and optimal value df were compute. Also
ual error for the Liouville-Caputo (C), Caputo-Fabrizio- the residual error functions were obtained. The order of the

Caputo (CFC), and Atangana-Baleanu-Caputo (ABC) operdverage residual error and residual error functions indicate
ators. These figures show tH,, (k) and E,, (h) for 4- that the approximations that have been calculated by HATM
terms obtained with HATM. Soltutions we éet into (34) - with C, CFC and ABC fractional derivatives to the accuracy

(35) = = 10 andY = 10 with k¥ = 0.001, v = 0.4, and effectiveness of our results.
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