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We solved the Schrödinger equation with Quadratic Exponential-Type Potential (QEP) model in D-dimensions using the Modified factoriza-
tion method. The energy eigenvalues and total wavefunctions were obtained in a Gauss hypergeometric form. The thermodynamic properties
including vibrational partition function, vibrational mean energy, vibrational mean free energy and vibrational entropy have been calcu-
lated for the electronic state of (X1 ∑+

g ) Rubidium (Rb2) dimer. The QEP discussed can be applied extensively in Physics and Chemistry,
especially in molecular dynamics.
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1. Introduction

The importance of the exact solutions of the non-relativistic
wave equations in quantum mechanics cannot be over-
emphasized. As such, non-relativistic spinless particles can
be described using Schrödinger wave equation [1]. Most of
the exactly solvable potentials are either exponential in na-
ture. Some of these potentials that have been investigated in-
clude the Hulthen potential [2], Manning-Rosen potential [3],
Eckart potential [4], Six-Parameter Exponential-Type Poten-
tial [5], Hylleraas potential [6], Eckart plus Modified Hyller-
aas potential [7] and other combined potentials [8]. The ex-
act solutions of these equations with the potentials mentioned
above are only possible in the s-wave where the angular mo-
mentum is zero. In a situation where the angular momentum
is not zero, an approximate solution is obtained.

Different methods employed over the years in obtaining
these solutions include Nikiforov-Uvarov (NU) method [9-
12], Supersymmetry quantum mechanics (SUSYQM) [13-
16], Asymptotic iteration methos (AIM) [17], Proper and
exact quantization rule [18-19], Factorization method [20],
Functional Analysis Approach FAA (also known here as
Modified Factorization Method) [21], etc. The modified
factorization method is usually used to transform a second-
order homogeneous linear differential equation into a hy-
pergeometric equation, with the help of a transformation
scheme [22]. The uniqueness, simplicity and clarity of this
method makes it preferable over other methods mentioned
above. Recently, different authors have used this method
in calculation of interaction potential energy curve and vi-
brational levels for Lithium molecule with the improved ex-

pression of the Manning-Rosen empirical potential energy
model [23]; molecular energies of the improved Rosen-
Morse potential energy model [24]; diatomic molecule en-
ergies of the Rosen-Morse potential energy model [25]; etc.

The Quadratic exponential-type potential (QEP) model of
our interest can be used in the description of molecular dy-
namics [26-27]. It can also be used to study the vibrational
energy of diatomic molecules [28]. This potential as earlier
studied [29] has various applications in Physics and Chem-
istry.

The thermodynamic properties for the quadratic
exponential-type potential are also studied in this research.
These include vibrational partition function, vibrational mean
energy, vibrational mean free energy, vibrational entropy, etc.
Before now, different authors have investigated the thermo-
dynamic properties for some physical systems [30-36]. The
priority of this work is fact that the thermodynamic proper-
ties of this potential have not been considered to the best of
our knowledge.

The organization of this work is in different folds. Firstly,
we consider the Schrödinger equation for a spherically sym-
metric potential in D-dimensions and solve the Schrödinger
equation for itsl-state solution. Here, we will apply an ap-
propriate approximation scheme to the centrifugal term. The
energy eigenvalues will be obtained and the corresponding
wavefunction expressed in terms of hypergeometric function.
The next section will be dedicated to the thermodynamic
properties for the QEP model and this will be used in the
study of certain mononuclear diatomic molecules. The con-
clusion will be given in the last section.
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2. Solutions of the Schr̈odinger Equation in D-
Dimensions

The radial part of the Schrödinger equation in D-dimensions
[37] is given by:

Ψ ∗ (r) +
2µ

~2
(Enl − V (r))ψ(r) +

1
r2

×
[
(D − 1)(D − 3)

4
+ l(l + D − 2)

]
ψ(r) = 0 (1)

whereµ is the reduced mass,Enl is the non-relativistic en-
ergy eigenvalues to be determined. The QEP model is defined
as [29],

V (r) =
V0(ae2αr + beαr + c)

(eαr − 1)2
(2)

where,a, b, c are the adjustable parameters of the QEP, while
V0 andα are the depth and the range of the QEP respectively.
Substituting Eq. (2) into Eq. (1) gives:

Ψ ∗ (r) +

[
2µEnl

~2
−

(
(ae2αr + beαr + c)

(eαr − 1)2
+

1
r2

×
[
(D − 1)(D − 3)

4
+ l(l + D − 2)

])]
ψ(r) = 0. (3)

In solving Eq. (3), we invoke an approximation
scheme [38] to deal with the centrifugal term sincel 6= 0.
The approximation scheme is given by:

1
r2
≈ α2

[
1
12

+
eαr

eαr − 1)2

]
. (4)

Substituting Eq. (4) into Eq. (3) and employing a coordi-
nate transformation of the formZ = (eαr/eαr − 1), Eq. (3)
reduces to:

Z(1− Z)ψ′′(Z)− (2Z − 1)ψ′(Z) +

[
− ε0

Z(1− Z)

− γZ

Z(1− Z)
− ξ(1− Z)

Z
+ Λ

]
ψ(Z) = 0. (5)

Where

−ε0 =
2µEnl

~2α2
+

1
12

[
(D − 1)(D − 3)

4

+ l(l + D − 2)

]
, (6)

γ =
2µV0a

~2α2
, (7)

Λ=
2µV0b

~2α2
−

[
(D−1)(D−3)

4
+l(l+D−2)

]
, (8)

ζ =
2µV0c

~2α2
. (9)

From the asymptotic behaviour of Eq. (5), (i.e., r →
0(Z → 1) andr →∞(Z → 0)), we write the wave function
ψ(Z) as:

ψ(Z) = Zν(1− Z)ωF (Z). (10)

Substituting Eq. (10) into Eq. (5), we obtain the follow-
ing equation:

Z(1− Z)F ′(Z) + [1 + 2ν − (2ν + ω + 2)Z]F ′(Z)

− [(ν + ω)2 + (ν + ω)− (γ + Λ + ξ)]F (Z)

+

[
v2 − ξ − ε0

z(1− Z)
+

ω2 − v2 − γ + ξ

1− z

]
F (Z). (11)

Equation (11) will become a Gauss hypergeometric equa-
tion if and only the following equations vanish:

v2 − ξ − ε0 = 0 (12)

ω2 − v2 − γ − ξ = 0 (13)

Thus, Eq. (8) now reduced to:

Z(1− Z)F ′′(Z) + [1 + 2v − (2v + 2ω + 2)Z]F ′(Z)

−
[(

v+ω+
1
2
+

√
1
4
+γ+Λ+ξ

)

×
(

v+ω+
1
2
−

√
1
4
+γ+Λ+ξ

)]
F (Z) = 0. (14)

From the Gauss hypergeometric function, the solution of
Eq. (11) can be obtained as:

F (Z) = 2F1(a1, b1, c1, Z) =
Γ(c1)

Γ(a1)Γ(b1)

=
∞∑

k=0

Γ(a1 + k1)Γ(b1 + k1)
Γ(c1 + k1)

Zk1

k1!
(15)

where the unknown parameters are expressed as:

a1 = v + ω +
1
2

+

√
1
4

+ γ + Λ + ξ, (16)

b1 = v + ω +
1
2
−

√
1
4

+ γ + Λ + ξ, (17)

c1 = 1 + 2v. (18)

Substituting Eqs. (15-18) into Eq. (10), we obtain the
solution of the wave functionψ(Z) as:

ψ(Z) = Zν(1− Z)ω
2F1V + ω +

(
1
2

+

√
1
4

+ γ + Λ + ξ,

v + ω +
1
2
−

√
1
4

+ γ + Λ + ξ; 1 + 2v; Z

)
. (19)
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The hypergeometric functionF (Z) will only become a
polynomial of a particular degree (n) when either Eq. (16)
or (17) is equal to a negative integer (n). This leads to a fi-
nite hypergeometric function wheren = 0, 1, 2, 3, . . . , nmax.
Under the following quantum condition,

a1 = −n (20)

Combining Eqs. (16), (19) and (20), we have:

v + ω +
1
2

+

√
1
4

+ γ + Λ + ξ = −n (21)

v + ω +
1
2
−

√
1
4

+ γ + Λ + ξ = −n (22)

Employing Eqs. (10) and (22) respectively, results in the
following expressions:

(ω − v)(ω − v) = γ − ξ (23)

v + ω =

√
1
4

+ γ + Λ + ξ − 1
2
− n (24)

Substituting Eq. (26) into Eq. (27) gives:

ω − v =
γ − ξ√

1
4 + γ + Λ + ξ − 1

2 − n
. (25)

Combining Eqs. (24) and (25) appropriately, we have the
following expressions given below:

v =
1
2

[√
1
4

+ γ + Λ + ξ − 1
2
− n

− γ − ξ√
1
4 + γ + Λ + ξ − 1

2 − n

]
(26)

ω =
1
2

[√
1
4

+ γ + Λ + ξ − 1
2
− n

+
γ − ξ√

1
4 + γ + Λ + ξ − 1

2 − n

]
, (27)

Eq. (27) above can also be written as:

ω =

[
ξ − γ

2(χ + n)
− (χ + n)

2

]
. (28)

Where

χ =
1
2
[1−

√
4(γ + Λ + ξ) + 1] (29)

Evaluating Eq. (12) and (13) results in the expression:

ε0 = ω2 − γ. (30)

Substituting Eqs. (6), (7) and (28) into Eq. (30)
gives the non-relativistic energy eigenvalues of the Quadratic
Exponential-Type Potential as:

Enl=−~
2α

2µ

{[
ξ−γ

2(χ+n)
− (χ+n)

2

]2

+
1
12

[
(D−1)(D−3)

4
+l(l+D−2)

]}
+V0a (31)

Also, the corresponding total wave function in a Gauss
hypergeometric form is given as:

ψ(r) = (−1)eανr(eανr − 1)−(ν+ω)
2F1

(
ν + ω +

1
2

+

√
1
4

+ γ + Λ + ξ, ν + ω +
1
2

−
√

1
4

+ γ + Λ + ξ; 1 + 2ν; (1− e−αr)−1

)
(32)

Using Eqs. (16), (14), (15) and (17), Eq. (29) can be
expressed as:

ψ(r) = (−1)eανr(eαr − 1)−(ν+ω)
2F1

[
− n, n

+ 2

(
ν + ω +

1
2

)
; 1 + 2ν; (1− eαr)−1

]
(33)

3. Partition Function and Thermodynamic
Properties

First of all, we write Eq. (31) in a closed form as:

Enl = −~
2α2

2µ

(
P1

2(χ + n)
− (χ + n)

2

)2

+ P2 (34)

where

P1 = ξ − γ (35)

P2 = V0a−~
2α2

24µ

[
(D−1)(D−3)

4
+l(l+2D−2)

]
. (36)

The partition function of the bound state system at a given
temperatureT , is given by [39],

Z(β) =
λ∑

n=0

e−βEnl , β =
1

kβT
. (37)

Where kβ is the Boltzmann constant,Enl is the non-
relativistic energy eigenvalues of the QEP model. Substitut-
ing Eq. (37) into Eq. (40) gives:

Z(β)=
λ∑

n=0

e−β[P2−(~2α2/2µ){(P1/2(χ+n))−((χ+n)/2)}2]

(38)
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Replacing the sum by an integral in the classical limit, we
have:

Z(β)=

λ∫

0

e[Lβρ2+(M/ρ2)β+Nβ]dρ (39)

Due to the complicated nature of the integral contained in
Eq. (39) above, we employ a Maple software to evaluate the
partition function as given below [39]

Z(β) =
1
2
e(Lρ2β+Nβ)

√
Mβ

[
2λe(Mβ/λ2)

√
Mβ

−
2
√

Mβ
√

πerfi
(√

Mβ
λ

)
√

Mβ
− 2

√
π

]
(40)

Where

ρ = χ + n, dρ = dn L =
~2α2

8µ
,

M =
~2α2P 2

1

8µ
N = −

(
~2α2P1

4µ
+ P2

)
(41)

The imaginary error function given in Eq. (40) is defined
as [39]:

erfi(x) =
erfi(x)

i
=

2√
π

x∫

0

et2dt. (42)

Different numerical calculations can also be carried out
using the imaginary error function given in Eq. (42), with the
help of Maple software [40].

Using the vibrational partition function given in Eq. (40),
other thermodynamic properties of the QEP model can be de-
termined as follows:

3.1. The Vibrational Mean Energy U

U(β) = −∂ ln Z(β)
∂β

= − 1

eLβρ2+Nβ
√

Mβ

(
2λe(Mβ/λ2)

√
Mβ

− 2
√

πerfi

(
√

Mβ
λ

)
− 2

√
π

)

×
(

2

(
1
2
(Lρ2 + N)eLβρ2+Nβ

√
Mβ

(
2λe(Mβ/λ2)

√
Mβ

− 2
√

πerfi

(√
Mβ

λ

)
− 2

√
π

)

+
1
4

eLβρ2+Nβ

(
2λe(Mβ/λ2)√

Mβ
− 2

√
πerfi

(
√

Mβ
λ

)
− 2

√
π

)
M

√
Mβ

− 1
2

eLβρ2+Nβλe(Mβ/λ2)

β

))
(43)

3.2. Vibratioal Mean Free Energy, F

F (β) = −β−1 ln Z(β) = −β−1 ln

(
1
2
e(Lρ2β+Nβ)

√
Mβ

[
2λe(Mβ/λ2)

√
Mβ

−
2
√

Mβ
√

πerfi

(√
Mβ
λ

)

√
Mβ

− 2
√

π

])
(44)

3.3. Vibrational Entropy, S

S(β) = k ln Z(β)− kβ
∂ ln Z(β)

∂β
= k ln

[
1
2
eLβρ2+Nβ

√
Mβ

(
2λe(Mβ/λ2)

√
Mβ

− 2
√

πerfi

(√
Mβ

λ

)
− 2

√
π

)]

− 1

eLβρ2+Nβ
√

Mβ

[
2λe(Mβ/λ2)

√
Mβ

− 2
√

πerfi

(√
Mβ

λ

)
− 2

√
π

]

×
[
2kβ

[
1
2
(Lρ2 + N)eLβρ2+Nβ

√
Mβ

[
2λe(Mβ/λ2)

√
Mβ

− 2
√

πerfi

(√
Mβ

λ

)
− 2

√
π

]
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+
1
4

eLβρ2+Nβ

[
2λe(Mβ/λ2)

√
Mβ

− 2
√

πerfi

(√
Mβ

λ

)
− 2

√
π

]
M

√
Mβ

− 1
2

eLβρ2+Nβλe(Mβ/λ2)

β

]]
(45)

FIGURE 1. Vibrational Partition Function as a function ofβ for
differentλ (with D = 3).

FIGURE 2. Vibrational Mean Energy as a function ofβ for differ-
entλ (with D = 3).

FIGURE 3. Vibrational Mean Free Energy as a function ofβ for
differentλ (with D = 3).

FIGURE 4. Vibrational Entropy as a function ofβ for differentλ
(with D = 3).

FIGURE 5. Vibrational Partition Function as a function ofβ for
differentD (with λ = 25).

FIGURE 6. Vibrational Partition Function as a function ofλ for
differentD (with β = 10).
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FIGURE 7. Vibrational Mean Free as a function ofβ for different
D (with λ = 25).

FIGURE 8. Vibrational Mean Free Energy as a function ofλ for
differentD (with β = 10).

FIGURE 9. Vibrational Mean Energy as a function ofβ for differ-
entD (with λ = 25).

4. Results and Discussions

In this research, the electronic state of Rubidium dimer
Rb2(X1

∑+
g ) molecule is considered. We take the experi-

mental values of(X1
∑+

g ) state of Rubidium(Rb2) dimer
from the literature [41]: α = 0.055 × 103 (cm−1) and
µ = 42.4559 a.m.u. With the experimental data given above
as inputs, the vibrational partion function and other ther-
modynamic functions are plotted for the(X1

∑+
g ) state of

(Rb2) for various values of maximum vibration quantum
number,λ, in Fig. 1-4, respectively. In Fig. 1, the parti-
tion function andβ increases with a decrease in maximum
vibration quantum number. Figure 2 shows a monotonic de-
crease in vibrational mean energy asβ andλ increases. We
observe a monotonic increase in mean free energy andβ as
λ decreases in Fig. 3. In Fig. 4, there is a sharp increase
in vibrational entropy at specificβ as the maximum vibra-
tion quantum number increases. It is worthy to note that the
above figures are considered at a specific dimension (D = 3).
Variations of the thermodynamic functions with temperature
and maximum vibration quantum number were also consid-
ered for different dimensions. Figure 5 shows an increase in
partition function and temperature as the dimension increase,
at a maximum vibration quantum number of 25. In Fig. 6,
the partition function increases with increase inλ from the
origin, asD increases with low temperatures (β = 10). A
monotonic increase in mean free energy is observed in Fig. 7
as the temperature increase, with a decrease in dimension
with a constantλ = 25. Figure 8 shows a decrease in mean
free energy with an increase inλ as the dimension decreases
at a constantβ = 10. In Fig. 9, there is a monotonic decrease
in mean energy asβ increases with a decrease in dimension
at constantλ = 25. Figure 10 shows a slow monotonic de-
crease in vibrational entropy as maximum vibration quantum
number increases with decrease in dimension at a constant
β = 10.

5. Conclusion

In the present study, the Schrödinger equation has been
solved in D-dimension with QEP using the modified Factor-

FIGURE 10. Vibrational Entropy as a function ofλ for differentD
(with β = 10).
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ization method and the energy eigenvalues and total wave-
functions obtained in terms of hypergeometric function. We
have also calculated the partition function and other thermo-
dynamic properties of vibrational mean energy. Vibrational
mean free energy and vibrational entropy, for the electronic
state of(X1

∑+
g ) Rubidium(Rb2) dimer. The behaviour of

these thermodynamic functions with temperature and maxi-
mum vibration quantum numbers at specific dimension and
at different dimensions, respectively have been plotted and
discussed extensively. The QEP model has been noted to be
most applicable in the study of molecular dynamics.
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