
RESEARCH Revista Mexicana de Fı́sica64 (2018) 662–670 NOVEMBER-DECEMBER 2018

Local available quantum correlations for Bell diagonal
states and Markovian decoherence

H.L. Albrecht Q.a,∗, D.F. Mundarainb, and M.I. Caicedo S.a

aDepartamento de F́ısica, Universidad Siḿon Boĺıvar,
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Local available quantum correlations (LAQCs), as defined by Mundarain et al., are analytically determined for Bell Diagonal states. Using the
Kraus operators formalism, we analyze the dissipative dynamics of 2-qubit LAQCs under Markovian decoherence. This is done for Werner
states under the depolarizing and phase damping channels. Since Werner states are among those that exhibit the so calledentanglement sudden
death, the results are compared with the ones obtained for Quantum Discord, as analyzed by Werlang et al., as well as for entanglement,
i.e. Concurrence. The LAQCs quantifier only vanishes asymptotically, as was shown to be the case for Quantum Discord, in spite of being
lower.
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1. Introduction

The study of quantum correlations is at the core of Quan-
tum Information Theory (QIT). Entanglement [1] had been
considered to solely encompass what Schrödinger himself es-
teemed to be “thecharacteristic trait of quantum mechanics,
the one that enforces its entire departure from classical lines
of thought” [2]. The development of Quantum Discord (QD)
by Olliver and Zurek, and independently by Henderson and
Vedral [3], in 2001 showed that there are quantum correla-
tions that are not included within the separability criteria of
entanglement. Using Werner states as an example, both ar-
ticles show that there are states that are not entangled,i.e.
null concurrence [4], and yet exhibit nonzero QD. This has
given a new impulse to a highly dynamical subfield of QIT,
the study of new quantifiers for quantum correlations.

Local measurements are the key ingredient to properly
define correlations. They are important because correlations
must quantify the ability of one local observer to infer the re-
sults of a second local observer from his own local results.
The aforementioned Quantum Discord [3]:

DA(ρAB) ≡ min
{ΠA

i }

{
I(ρAB)− I[(ΠA ⊗ 1)ρAB ]

}

= min
Ω0

[I(ρAB)− I(ρcq
AB)] (1)

is based on comparing the quantum Mutual Information, de-
fined for the original stateρAB as

I(ρAB) ≡ S(ρA) + S(ρB)− S(ρAB) (2)

with a corresponding classical-quantum (or A-classical) state

ρcq
AB =

∑

i

pi |i〉〈i| ⊗ ρi
B =

∑

i

pi Π(A)
i ⊗ ρi

B (3)

which is a postmeasurement state in the absence of readout,
where the measurement is performed locally over the A sub-
system ofρAB . Analogously, one can defineDB(ρAB) com-
paring with a quantum-classical (or B-classical) state

ρqc
AB =

∑

i

pi ρi
A ⊗ |i〉〈i| =

∑

i

pi ρi
A ⊗Π(B)

i (4)

Quantifiers of quantum correlations using either A-classical
or B-classical states are called Discords and are, in general,
not symmetrical.

Other quantifiers [5] are based on the difference of a
quantity (e.g. mutual information, relative entropy, etc.) with
respect to systems in which both subsystems have been lo-
cally measured. These type of states are labeled as strictly
classical

ρc
AB =

∑
pij |φi〉A〈φi| ⊗ |ψj〉B〈ψj | (5)

where〈φi|φj〉 = δij , 〈ψi|ψj〉 = δij , ∀ i, j. It is said that
there exists a local basis for whichρc

AB is diagonal. A spe-
cial case of strictly classical states (5) worthy of mention are
product states,ρΠ

AB = ρA ⊗ ρB . For these type of states, the
coefficientpij in Eq. (5) needs to be factorizable,pij = pipj .
That is

ρΠ
AB = ρA ⊗ ρB =

[∑
pi|φi〉A〈φi|

]
⊗

[∑
pj |ψj〉B〈ψj |

]

=
∑

pipj |φi〉A〈φi| ⊗ |ψj〉B〈ψj | (6)

Quantifiers of this sort include Measurement-Induced
Disturbance (MID), introduced by Luo [6], as well as its ame-
liorated form (AMID), introduced by Wuet al. [7].
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General quantum correlations defined in terms of local bi-
partite measurements were considered recently by Wuet al.
in [8], where they introduce and study non-symmetric quan-
tum correlations using the Holevo quantity [9] and, in a brief
final appendix, they define symmetric quantum correlations
in terms of mutual information. The LAQCs developed in
[10] focused on a slightly different version of those symmet-
ric correlations, preserving the requirement that any available
ones must always be defined in terms of mutual information
of local bipartite measurements.

This work is focused on analytically calculating the
LAQCs quantifier for the family of BD states, given by

ρBD =
1
4

(
1⊗ 1 +

∑
ciσi ⊗ σi

)
(7)

where the coefficientsci ∈ [−1, 1] are such thatρBD is a
well behaved density matrix (i.e. has non-negative eigenval-
ues) andσi are the well known Pauli matrices, and giving a
first glimpse into its dissipative dynamics. This is done by as-
suming Markovian decoherence and using the Kraus operator
formalism for two particular quantum channels: depolariza-
tion [11] and phase damping [12]. We will also make use of
the Bloch representation for 2-qubits, given by

ρ =
1
4

(I4 + ~x · ~σ ⊗ I2 + I2 ⊗ ~y · ~σ + T · ~σ ⊗ ~σ)

=
1
4

(
I4 +

3∑
n=1

xnσn ⊗ I2

+
3∑

n=1

ynI2 ⊗ ~σn +
3∑

m,n=1

Tnmσn ⊗ σm

)
(8)

where{~x, ~y,T} are the Bloch parameters given byxn =
Tr[ρ(σn ⊗ I2)], yn = Tr[ρ(I2 ⊗ σn)] andTnm = Tr[ρ(σn ⊗
σm)].

The present article is structured as follows: in Sec. 2
we review the main results obtained in [10] by defining our
procedure for calculating the local available quantum corre-
lations quantifier. Section 3 is dedicated to the explicit cal-
culation of this quantifier for Bell diagonal (BD) states. We
start by performing the calculation for a highly symmetri-
cal subset of BD states, namely Werner states. These results
are then generalized for the whole BD states family. Section
4 is devoted to the subject of Markovian decoherence. We
start by presenting the Kraus operators formalism and pro-
ceed to analyze two dissipative quantum channels, namely
depolarizing [11] and phase damping [12], acting on the set
of Werner states and determining the dissipative dynamics of
the LAQCs quantifier by means of our previous result for BD
states. Finally, Sec. 5 is devoted to the summary.

2. Local available quantum correlations for 2-
qubits

A density operatorρ of a bipartite systemAB can always be
written in terms of different basis

ρ =
∑

klmn

ρmn
kl |km〉〈ln| =

∑

ijpq

Rjq
ip |B(i, j)〉〈B(p, q)| (9)

wherek, l, m, n ∈ {0, 1}, {|km〉} is the well-known compu-
tational basis, that is, the basis of eigenvector ofσz, which is
local, and{|B(i, j)〉} is another local basis, which is equiva-
lent under local unitary transformations to the former one:

|B(i, j)〉 = U†
a ⊗ U†

b |ij〉 (10)

Any such basis for the Hilbert space of qubits can be
thought of as a new computational basis,i.e. the basis of
eigenvector ofσû ≡ ~σ · û, where~σ is the vector whose com-
ponents are the Pauli matrices andû is a generic unitary vec-
tor. The choosing of such direction can depend on various
conditions and / or requirements of the system at hand.

Since strictly classical states are states which are diagonal
in some local basis, one can defineXρ as the strictly classi-
cal state (5) induced by a measurement which minimizes the
relative entropy

S(ρ||Xρ) = min
χρ

S(ρ||χρ) (11)

whereχB
ρ given by

χB
ρ =

∑

ij

[〈B(i, j)|ρ|B(i, j)〉] |B(i, j)〉〈B(i, j)| (12)

andS(ρ||χ) = −Tr(ρlog2χ) − S(ρ). The minimization of
such relative entropy is equivalent to finding the optimal ba-
sis {|B(i, j)opt〉} which will then serve as the new compu-
tational basis. Local available quantum correlations are then
defined in terms of this optimal computational basis.

Whitout loss of generality, the search for{|B(i, j)opt〉}
can be thought of as the search for the optimal local unitary
transformationsUop

a ⊗ Uop
b such that

ρ′ = Uop
a ⊗ Uop

b ρ Uop
a
† ⊗ Uop

b
†

=
∑

ijpq

(Rop)jq
ip |ij〉〈pq|, i, j, p, q ∈ {0, 1} (13)
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Therefore, analyzing the criteria for minimization of the
aforementioned relative entropy is related to the behavior of
the coefficients(Rop)jq

ip . This is done by defining the most
general orthonormal base (10) for each subsystem in terms
of the original computational base:

A : |µ0〉 = cos
(

θA

2

)
|0〉+ sin

(
θA

2

)
eiφA |1〉,

|µ1〉 = − sin
(

θA

2

)
|0〉+ cos

(
θA

2

)
eiφA |1〉

B : |ν0〉 = cos
(

θB

2

)
|0〉+ sin

(
θB

2

)
eiφB |1〉,

|ν1〉 = − sin
(

θB

2

)
|0〉+ cos

(
θB

2

)
eiφB |1〉 (14)

It is important to keep in mind that this pro-
cess is equivalent to finding the unitary vectors
ûA = (sin θA cos φA, sin θA sin φA, cos θA) and ûB =
(sin θB cos φB , sin θB sin φB , cos θB) as to define the new
σûA

⊗σûB
whose eigenvectors define the new computational

basis.

In this context, Mundarainet al. define the classical cor-
relations quantifier as

C(ρ) = S
(
Xρ||ΠXρ

)
(15)

whereΠXρ
is the product state (6) nearest toXρ. As shown

by Modi et al. [13], the relative entropy of a generic state,e.g.
Xρ, and its nearest product state,i.e. Π

Xρ
, is the total mutual

information (2) of the generic state. Therefore, the previ-
ous definition for the classical correlations quantifier may be
rewritten as:

C(ρ) = I(Xρ) (16)

whereI(Xρ) is the mutual information of the local bipartite
measurement associated withXρ. Since the mutual informa-
tion may be written as

I(ρ) =
∑

i,j

Pθ,φ(iA, jB) log2

[
Pθ,φ(iA, jB)

Pθ,φ(iA)Pθ,φ(jB)

]
(17)

wherePθ,φ(iA, jB) = 〈µi| ⊗ 〈νj | ρ |µi〉 ⊗ |νj〉 are the prob-
ability distributions corresponding toρAB andPθ,φ(iA) =
〈µi| ρA |µi〉, Pθ,φ(jB) = 〈νj | ρB |νj〉 the ones correspond-
ing to its marginalsρA andρB , the required minimization of
the relative entropy (11) yields a minima for the classical cor-
relations quantifier defined in (16). It is straightforward to see
from Eq. (13) thatPθ,φ(iA, jB) is directly related to(Rop)jq

ip

when{|µi〉 ⊗ |νj〉} is the optimal computational basis.

Once the optimal anglesθ andφ are found and, therefore,
the optimal computational basis is defined, the state is rewrit-
ten in terms of this new basis. Since local available quantum
correlations are defined in terms of complementary basis, we
are interested in determining a new unitary vectorû⊥, con-
tained in the plane orthogonal to our previousû. To do so,
we define a new unitary vector̂uΦi for each subsystem and
define the following basis:

|u0〉(Φn) =
1√
2

(|0〉opt + eiΦn |1〉opt

)
,

|u1〉(Φn) =
1√
2

(|0〉opt − eiΦn |1〉opt

)
(18)

where{|0〉opt, |1〉opt} is the optimal computational basis and
the anglesΦn define a direction in the plane perpendicular
to û for each subsystem, as to define our complementary ba-
sis [8]. In doing so, we are now able to determine the lo-
cal available quantum correlations, which are quantified in
terms of the maximal mutual information for measurements
performed on~σ · ûΦi

. That is, we compute the following
probability distributions

PΦ(ia, jb, Φa, Φb) = 〈ui| ⊗ 〈uj | ρ |ui〉 ⊗ |uj〉 (19)

and by means of (17), we determine the mutual information
I(ΦA,ΦB), which is then maximized.

3. LAQCs for Bell Diagonal states

3.1. Werner States

As to better illustrate the calculation of the LAQCs quantifier,
we start by determining it for a highly symmetrical subset of
BD states (7), namely Werner states,ρw:

ρw = z|Φ+〉〈Φ+|+ 1− z

4
I4, z ∈ [0, 1] (20)

where z ∈ [0, 1] and |Φ+〉 = 1√
2

(|0〉|0〉+ |1〉|1〉) is a
Bell state. Notice that (20) is obtained from (7) by setting
c1 = −c2 = c3 = z. It is well known that for these states,
z < 1/3 impliesρw is separable. Nevertheless, as was shown
by Olliver & Zurek and Henderson& Vedral in [3], these
states have non-vanishing quantum correlations,i.e. their
quantum discord is only null forz = 0.

The density matrix for the Werner states, using the stan-
dard computational matrix, is written as:

ρw =
1
4




1 + z 0 0 2z
0 1− z 0 0
0 0 1− z 0
2z 0 0 1 + z


 (21)

By means of (14), the elementsRij (9) for the Werner
states are obtained:
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R00 = 〈µ0| ⊗ 〈ν0|ρw|µ0〉 ⊗ |ν0〉 =
1
4

+
[
cos

(
θA

2

)
cos

(
θB

2

)
sin

(
θA

2

)
sin

(
θB

2

)
cos (φA + φB)

]
z

+
[
cos2

(
θA

2

)
cos2

(
θB

2

)
− 1

2

{
cos2

(
θA

2

)
+ cos2

(
θB

2

)}
+

1
4

]
z

R10 = 〈µ1| ⊗ 〈ν0|ρw|µ1〉 ⊗ |ν0〉 =
1
4
−

[
cos

(
θA

2

)
cos

(
θB

2

)
sin

(
θA

2

)
sin

(
θB

2

)
cos (φA + φB)

]
z

−
[
cos2

(
θA

2

)
cos2

(
θB

2

)
− 1

2

{
cos2

(
θA

2

)
+ cos2

(
θB

2

)}
+

1
4

]
z

R01 = 〈µ0| ⊗ 〈ν1|ρw|µ0〉 ⊗ |ν1〉 = R10

R11 = 〈µ1| ⊗ 〈ν1|ρw|µ1〉 ⊗ |ν1〉 = R00 (22)

Since we are using (17) to minimize (11), all that is
needed are the optimal angles{θA, θB , φA, φB}. First, we
use the symmetry under exchange of subsystems A↔ B to
simplify our previous expressions usingθ1 = θ2 = θ and
φ1 = φ2 = φ. Using this, equation (22) may be written in a
more compact form as:

Rij =
1
4

[
1− (−1)i+jz

]− (−1)i+j sin2

(
θ

2

)

× cos2
(

θ

2

)
[1− cos(2φ)] z (23)

wherei, j ∈ {0, 1}. In this expression we have that the first
term is (1 ± z)/4 separated from the sector with the angu-
lar dependence. Therefore, our optimization implies obtain-
ing angles that minimize or even cancel out this term for ei-
ther R00 = R11 or R10 = R01. Analyzing the minimum
of (23), it is found that this occurs forθ = φ = nπ as
well as for θ = φ = n(π/2). Due to the high symmetry
of Werner states, either of these choices is consistent for ob-
taining the closest strictly classical state toρw and, moreover,
the density matrix for these states (20) is invariant under (13)
with either choice ofθ andφ. Therefore, it is consistent to
measure our classical correlations in the standard computa-
tional basis, that is, forθ1 = θ2 = φ1 = φ2 = 0, and
Pθ,φ(iA, jB) = (1/4)

(
1− (−1)i+jz

)
and marginal proba-

bilities Pθ,φ(iA) = Pθ,φ(iB) = (1/2). Using these expres-
sions, the classical correlations quantifier (16) may be written
as

C(ρw) =
1 + z

2
log2(1 + z) +

1− z

2
log2(1− z) (24)

To determine the LAQCs quantifier for the Werner states,
we need to define the complementary basis. Since we can
consistently measure the classical correlations on theZ di-
rection, the complementary basis used will be eigenstates of
~σ · û, whereû now lies in theXY plane. The probability

distributions PΦ(iA, jB , ΦA,ΦB) are then determined
from (19), where we also make use of the symmetry un-
der exchange of subsystems A↔ B so thatΦA = ΦB = Φ,
obtaining:

PΦ(0A, 0B , Φ)=
1
4
[1+z cos(2Φ)]=PΦ(1A, 1B ,Φ)

PΦ(1A, 0B , Φ)=
1
4
[1−z cos(2Φ)]=PΦ(0A, 1B ,Φ) (25)

where once again we have thatP (0A(B)) = P (1A(B)) = 1/2
for the marginalsρA andρB . From these expressions it is
again straightforward that the maximum is obtained either for
Φ = nπ, with n = 0, 1, 2, or for Φ = n(π/2), with n = 1, 3.
By means of (17), the LAQCs quantifier is then

I(ρ′w) =
1 + z

2
log2(1 + z) +

1− z

2
log2(1− z) (26)

Therefore, we have that for Werner states, there is the
same amount of classical correlations as there are locally
available quantum correlations.

3.1.1. Comparing with other quantifiers

We briefly compare our result (26) for the LAQCs quantifier
with other quantum correlations quantifiers, such as quantum
discord [3] and concurrence, a quantifier for entanglement.

It is well known that concurrencei, as introduced by
Wootters [4], has a simple expression for Werner states, given
by:

Cw = max
{

0,
3z − 1

2

}
(27)

The expression for quantum discord for Werner states is
derived from the analytical one obtained by Luo in [14] for
the more general case of BD states, given by
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DBD =
1− c1 − c2 − c3

4
log2(1− c1 − c2 − c3)

+
1− c1 + c2 + c3

4
log2(1− c1 + c2 + c3)

+
1 + c1 − c2 + c3

4
log2(1 + c1 − c2 + c3)

+
1 + c1 + c2 − c3

4
log2(1 + c1 + c2 − c3)

− 1− c

2
log2

(
1− c

2

)
− 1 + c

2
log2

(
1 + c

2

)
(28)

Using the fact thatc1 = −c2 = c3 = z, one can readily
obtain the desired expression:

Dw =
1− z

4
log2(1− z)− 1 + z

2
log2(1 + z)

+
1 + 3z

4
log2(1 + 3z) (29)

Comparison of the LAQCs quantifier with concurrence
and quantum discord is shown graphically in Fig. 1. As ob-
served in an example presented in [10], the quantifier for the
LAQCs has values lower than the ones for Quantum Dis-
cord. In the aforementioned case, the 2-qubit pure state
|ψ〉 = cos θ|01〉+ sin θ|10〉, written in the optimal computa-
tional basis, exhibits lower values of the LAQCs quantifier for
all values of the parameterθ, except forθ = 0, π/2, π, where
both quantifiers are null, and forθ = π/4, 3π/4, where both
are equal to 1. This same behavior is observed for the Werner
states, where both quantifiers exhibit an analogous qualitative
behavior, yet the LAQCs quntifier is almost allways lower,
except forz = 1, where both are null, and forz = 1, where
they are maximal,i.e. equal to 1.

FIGURE 1. Quantum correlations quantifiers for the Werner states:
LAQC (red line), Concurrence (yellow line) and Quantum Discord
(green line).

Nevertheless, this does not imply that both quantifiers
will necessarily show in general a similar qualitative behav-
ior. As was also pointed out in [10], for the family of mixed
statesρ = p|Ψ−〉〈Ψ−|+ (1− p)|00〉〈00|, numerical calcula-
tions of both QD and LAQCs quatifiers show, as expected,
that the one for LAQCs is less than the one for QD, but
also that they behave qualitatively quite differently. More-
over, in the aforementioned work, Mundarain et al. proof
that quantum-classical states have null LAQCS, which is not
necessarily the case for QD as defined in (1).

3.2. General case

We now proceed to the general case of BD states (7). Fol-
lowing the same procedure as before, we determine the coef-
ficientsRij :

R00 = 〈µ0| ⊗ 〈ν0|ρw|µ0〉 ⊗ |ν0〉 =
1
2

cos
(

θ1

2

)
cos

(
θ2

2

)
sin

(
θ1

2

)
sin

(
θ2

2

)

× [
cos(φ1 − φ2)(c1 + c2) + cos(φ1 + φ2)(c1 − c2)

]

+
{

cos2
(

θ1

2

)
cos2

(
θ2

2

)
− 1

2

[
cos2

(
θ1

2

)
+ cos2

(
θ2

2

)]
+

1
4

}
c3 +

1
4

= R11

R10 = 〈µ1| ⊗ 〈ν0|ρw|µ1〉 ⊗ |ν0〉 = −1
2

cos
(

θ1

2

)
cos

(
θ2

2

)
sin

(
θ1

2

)
sin

(
θ2

2

)

× [
cos(φ1 − φ2)(c1 + c2) + cos(φ1 + φ2)(c1 − c2)

]

−
{

cos2
(

θ1

2

)
cos2

(
θ2

2

)
− 1

2

[
cos2

(
θ1

2

)
+ cos2

(
θ2

2

)]
+

1
4

}
c3 +

1
4

= R01 (30)
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Since all BD states have maximally mixed marginals, we
can again make use of the symmetry under exchange of sub-
systems A↔ B, that is,θ1 = θ2 = θ as well asφ1 = φ2 = φ,
and rewrite (30) in a more compact form as:

Rij =
1
4

[
1 + (−1)i+jc3

]
+ (−1)i+j 1

2
cos2

(
θ

2

)
sin2

(
θ

2

)

× [(c1 + c2) + cos(2φ)(c1 − c2)− 2c3] (31)

From (31) it is straightforward to realize that{Rii, Rij} ∈
[0, 1/2].

In this case, the minimization will depend on whether
|c2| > |c3| or |c2| < |c3|, that is, oncm ≡ min{|c2|, |c3|}.
For cm = |c2|, θ = n(π/2), with n = 1, 2, andφ = (π/2),
while θ = nπ, with n = 0, 1, 2, andφ = nπ, with n = 0, 1,
for cm = |c3|. Therefore, we can write our coefficientsR

(opt)
ij

as

R00 = R11 =
1
4
(1 + cm),

R10 = R01 =
1
4
(1− cm) (32)

As happened for Werner states, due to the symmetry of
BD states, the density matrix associated with (7) is invariant
under the aforementioned unitary transformations (13) for the
previously chosen optimal computational basis. Identifying
Rij from (32) as our probabilities distributionsPθ,φ(iA, jB)
and the fact thatP (0A(B)) = P (1A(B)) = (1/2), the classi-
cal correlations quantifier (16) is then given by

C(ρw) =
1 + cm

2
log2(1 + cm)

+
1− cm

2
log2(1− cm) (33)

As previously done for the Werner states, the LAQCs
quantifier is then calculated in the basis (18), withΦA, ΦB =
Φ due to the symmetry under subsystem exchange A↔ B,
and the distribution probabilitiesPΦ(iA, jB , Φ) (19) are then
given by:

PΦ(0A, 0B , Φ)=
1
4

[
1+

c1 + c2

2
+

c1 − c2

2
cos(2Φ)

]

Pφ(1A, 0B , Φ)=
1
4

[
1−c1 + c2

2
+

c1 − c2

2
cos(2Φ)

]
(34)

where we also have thatPφ(0A, 0B , Φ) = Pφ(1A, 1B ,Φ) and
Pφ(1A, 0B ,Φ) = Pφ(0A, 1B , Φ). The maximization of (34)
will now depend on whether|c1| > |c2| or |c1| < |c2|, that
is, it will depend oncM ≡ max{|c1|, |c2|}. Therefore,

cM = |c1| ⇒ Φ = nπ ⇒ PΦ(iA, jB)

=
1
4
(1± c1) =

1
4
(1± cM )

cM = |c2| ⇒ Φ = n
π

2
⇒ PΦ(iA, jB)

=
1
4
(1± c2) =

1
4
(1± cM ) (35)

where once again we have thatP (0A(B)) = P (1A(B)) = 1/2
for the corresponding marginalsρA andρB . Taking all this
into account, the LAQCs quantifier is then

I(ρ′w) =
1 + cM

2
log2(1 + cM )

+
1− cM

2
log2(1− cM ) (36)

4. Decoherence

Modeling the behavior of any real quantum system must take
into account that it will not be completely isolated. There
will be a much larger system surrounding the quantum one,
called environment, which in general will have infinite de-
grees of freedom. This interaction between quantum system
and environment, albeit efforts to minimize it, will induce
a process of decoherence and relaxation. This in turn may
hinder the ability of the system to maintain quantum correla-
tions, therefore affecting its ability to perform certain tasks in
quantum computing, among others. The study of this process
can be done, under the Markovian approximation, either by
using a master equation,i.e. the Lindblad equation [15], also
referred to as the Lindblad-Kossakowski equation [16], or a
quantum dynamical semigroup approach,i.e. Kraus opera-
tor [17] formalism. In what follows we will make use of the
later, with common interactions to both subsystems,i.e. with
the interaction parameterγ equal for both subsystems so that:

ρ → ρ′ =
∑

i,j

(Ei ⊗Ej) ρ (Ei ⊗Ej)
† (37)

Within this framework, we will study two dissipative
quantum channels: Depolarizing [11] and Phase Damping
Channel [12].

4.1. Depolarizing Channel

This quantum operation represents the process of substituting
an initial single qubit stateρ with a maximally mixed one,
I/2, with probability1− γ that the qubit is left unaltered. In
terms of the Bloch sphere, the effect of this quantum chan-
nel is to uniformly contract the radius of the sphere from 1 to
1− γ [11]. Its Kraus operators are given by

E0 =

√
1− 3γ

4
I2, E1 =

√
γ

2
σx,

E2 =
√

γ

2
σy, E3 =

√
γ

2
σz (38)

Applying these operators on a Werner state (20) via (37),
it is straightforward to verify that the resulting density oper-
ator has the following Bloch parameters:

xn = yn = 0, ∀n; T11 = −T22 = T33 = z(1− γ)2,

Tmn = 0, ∀m 6= n (39)
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FIGURE 2. Quantum correlations quantifiers for the Werner states
under Depolarizing channel: Concurrence, Quantum Discord and
LAQC.

which corresponds to a Werner state where the action of this
noisy quantum channel contracts the state parameterz by a
factor(1−γ)2, that is, it transformsz → z′ = z(1−γ)2. We
can now write both classical correlations and LAQCs quanti-
fiers using (24) and (26), obtaining

C(ρDepo
w ) = I(ρDepo

w )

=
1 + z(1− γ)2

2
log2[1 + z(1− γ)2]

+
1− z(1− γ)2

2
log2[1− z(1− γ)2] (40)

Let us now compare this with other quantum correlations
quantifiers. It is well known that Werner states exhibit entan-
glement sudden death (ESD) [18], as can easily be seen by
usingz′ = z(1− γ)2 in (27):

Cw = max
{

0,
3z(1− γ)2 − 1

2

}
(41)

For quantum discord [3], by means of (29) and using
z → z(1− γ)2, the following expression is obtained:

D(Depo)
w =

1
4

[
1−z(1−γ)2

]
log2

[
1−z(1−γ)2

]

−1
2

[
1+z(1−γ)2

]
log2

[
1+z(1−γ)2

]

+
1
4

[
1+3z(1−γ)2

]
log2

[
1+3z(1−γ)2

]
(42)

The behavior of the LAQCs quantifier, concurrence and
quantum discord for a Werner state under the action of a
Depolarizing Channel is shown graphically in Fig. 2. It is
worthy noticing that, since the resulting state of this quan-
tum channel is still a Werner state, the qualitative behavior
of both QD and LAQCs quantifiers is indeed similar as pre-
viously shown, maintaining the relation of the quantifier for
QD being greater than the one for LAQCs.

4.2. Phase Damping Channel

One of the quantum channels analyzed by Werlanget al. [19]
in order to show the robustness of Quantum Disord to deco-
herence is thePhase Damping Channelacting on a Werner
state. This noisy channel describes the loss of quantum infor-
mation without loss of energy [12]. The Kraus operators for
this quantum channel are given by:

E0 =
(

1 0
0

√
1− γ

)
E1 =

(
0 0
0

√
γ

)
(43)

Applying these operators on a Werner state (20) via (37),
the resulting density matrix has the following Bloch parame-
ters:

xn = yn = 0,∀n; T11 = −T22 = (1− γ)z, T33 = z,

Tmn = 0, ∀m 6= n (44)

which corresponds to a BD state (7) withc1 = −c2 =
(1− γ)z andc3 = z. Sincecm = min(|c2|, |c3|) = (1− γ)z
andcM = max(|c1|, |c2|) = (1− γ)z, we can now write our
classical correlations and LAQCs quantifiers using (33) and
(36), obtaining
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FIGURE 3. Quantum correlations quantifiers for the Werner states
under Phase Damping channel: Concurrence, Quantum Discord
and LAQC.

C(ρPD
w ) = I(ρPD

w ) =
1 + (1− γ)z

2
log2[1 + (1− γ)z]

+
1− (1− γ)z

2
log2[1− (1− γ)z] (45)

Even though the resulting quantum state is no longer a
Werner state, sincec1 6= c3, we again have an equal distribu-
tion of classical and quantum correlations. It is also notice-
able that once more there is no ’sudden death’ effect observed
with the LAQCs quantifier.

Concurrence for (44) is given by:

C(PD)
w = max

{
0,

z

2
(3− 2γ)− 1

2

}
(46)

and Quantum Discord is readily obtained from (28) and (44),
yielding:

D(PD)
w =

1 + z(3− 2γ)
4

log2 [1 + z(3− 2γ)]

+
1− z(1− 2γ)

4
log2 [1− z(1− 2γ)]

− 1 + z

2
log2(1 + z) (47)

The behavior of the LAQCs quantifier, quantum discord
and Concurrence for a Werner state under the action of a
Phase Damping Channel is shown graphically in Fig. 3. As
can be inferred from this graphics, the qualitative behavior of
both QD and LAQCs is in this case also quite similar, main-
taining the expected relation of QD being larger than LAQCs.

5. Conclusions

We have successfully evaluated the LAQCs quantifier for the
family of BD states, obtaining analytical formulas for it. To
do so, we started with a much simpler case, the subfamily of
Werner states, as to better illustrate the procedure for deter-
mining the LAQCs quantifier. For this subset of BD states, its
behavior has been graphically presented, comparing it with
both concurrence [4] and quantum discord [3,14]. In this case
QD and LAQCs exhibit similar qualitative behavior and, as
expected, the LAQCs quantifier is lower in value than QD.

The dissipative dynamics of the 2-qubit LAQCs quantifier
under Markovian decoherence was studied for Werner states
using the Kraus operators formalism in two cases: Depolar-
izing channel [11] and Phase Damping channel [12]. Analyt-
ical expressions were obtained for both cases and presented
graphically. As was previously reported for Quantum Dis-
cord [19], LAQCs also do not exhibit the sudden-death be-
havior shown by entanglement,i.e. concurrence.
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i. It is important to notice that we are maintaining the usual nota-
tion for Concurrence by using the letterC and in order to dis-
tinguish it from our classical correlations quantifier (16), we
are using the subscriptw to denote the Concurrence for Werner
states.
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