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By using the generalized exponential rational function method, we obtain new periodic and hyperbolic soliton solutions for the conformable
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1. Introduction

The Ginzburg-Landau equation describes the optical soli-
ton propagation through a wide range of waveguides such
as crystals, optical metamaterials, optical fibers, and opti-
cal couplers [1-9]. Many powerful methods have been estab-
lished to find soliton solutions of the Ginzburg-Landau equa-
tion including the modified simple equation method [10,11],
the semi-inverse variational principle [12,13], the extended
Jacobi elliptic function expansion method [14,15], the expo-
nential rational function [16], the generalized exponential ra-
tional function method (GERFM) [17], among others.

Due to the complex nature of the optical soliton propa-
gation, several works consider the fractional calculus to con-
struct new optical soliton solutions [18-21]. Nevertheless,
fractional derivatives do not obey some basic properties of
integer derivative such as product rule and chain rule. Re-
cently, a local derivative called conformable derivative has
been formulated by Khalil in [22]. The conformable calcu-
lus satisfies all the properties of the standard calculus, for
instance, the chain rule. This derivative can be considered to
be a natural extension of the classical derivative [23-30].

Let f : [0,∞) → R, the conformable derivative of a
functionf(t) of orderα, is defined as [22]

Dα
t f(t) = lim

ε→0

f(t + εt1−α)− f(t)
ε

,

α ∈ (0, 1], t > 0. (1)

In this paper, the conformable GERFM is employed to
study the complex time Ginzburg-Landau equation with Kerr
law nonlinearity [31].

iDα
t q + aqxx + b|q|2q

=
β

[
2|q|2 (|q|2)

xx
− [(|q|2)

x

]2] + γq

|q|2q∗ , (2)

whereDα
t is the conformable derivative of orderα ∈ (0, 1],

x represents the non-dimensional distance across the fiber,a
represents the coefficient of group velocity dispersion, andb
represents the coefficient of nonlinearity. The termβ arises
from the perturbation effects andγ is related to the detun-
ing effect. All above-mentioned parameters are constants real
values.

2. Overview of the generalized exponential ra-
tional function method

Let us state the main steps of GERFM as follows [17]

1. Let us take into account the following nonlinear partial
differential equation

L(Υ, Υx, Υt, Υxx, . . .) = 0. (3)

Using the transformationsΥ = Υ(χ) andχ = σx−ϕt,
in nonlinear partial differential equation (3), we define
attain

L(Υ, Υ′, Υ′′, . . .) = 0, (4)

which is proposed as an ordinary differential equation;
where the values ofσ andϕ will be determined later.

2. Consider Eq. (4) has the solution of the form

Υ(χ) = A0 +
M∑

k=1

AkΨ(χ)k +
M∑

k=1

BkΨ(χ)−k, (5)
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where

Ψ(χ) =
p1e

q1χ + p2e
q2χ

p3eq3χ + p4eq4χ
. (6)

The values of constantspi, qi(1 ≤ i ≤ 4), A0, Ak and
Bk(1 ≤ k ≤ M) are determined, in such a way that
solution (5) always satisfy Eq. (4). By considering the
homogenous balance principle, the value ofM is de-
termined.

3. Placing Eq. (5) into Eq. (4), we give the following al-
gebraic equationΞ(Λ1, Λ2,Λ3,Λ4) = 0, in terms of
Λi = eqiχ for i = 1, . . . , 4. After setting each of the
coefficients of variables inΞ to zero, a system of non-
linear equations in terms ofpi, qi(1 ≤ i ≤ 4), and
σ, ϕ, A0, Ak andBk(1 ≤ k ≤ M) are generated.

4. By solving the above equations systems using
any symbolic computation software, the values of
pi, qi(1 ≤ i ≤ 4), A0, Ak, andBk(1 ≤ k ≤ M) are
determined, replacing these values into Eq. (5) pro-
vides us the soliton solutions of Eq. (3).

3. Application

In order to find solutions of Eq. (2), the following new vari-
ables are introduced

q (x, t) = Θ(χ)eiΦ(x,t), ξ = x−
( ν

α

)
tα,

Φ(x, t) = −kx +
(w

α

)
tα, (7)

whereν andk are the speed and frequency of the soliton,
respectively;w represents the wave number of the soliton.
Considering Eq. (7), we convert Eq. (2) in the following
expression

(a− 4β)Θ′′ − (
w + ak2 + γ

)
Θ + bΘ3 = 0, (8)

from real part

ν = −2ak, (9)

and Eq. (9), from the imaginary parts.
If we apply the balance principle on the termsΘ3 andΘ′′

in Eq. (8), we have3M = M + 2, soM = 1. Using Eq. (6)
together withM = 1, we have

Θ(χ) = A0 + A1Ψ(χ) +
B1

Ψ(χ)
. (10)

Proceeding as outlined in second section, we obtain the fol-
lowing sets of solutions

Set 1:
One obtainsp = [−1, 0, 1, 1] andq = [0, 0, 1, 1], so Eq. (6)
turns to

Ψ (χ) = − 1
1 + eχ

. (11)

We also obtain

k = k, w = −k2a− a/2 + 2 β − γ,

A0 =
−√2

√
4 β − a

2
√

b
,

A1 =
−√2

√
4 β − a√
b

, B1 = 0.

Placing values in Eqs. (10) and (11), yields the following
solution

Θ (χ) =
(1− eχ)

√
4 β − a

√
2√

b (2 + 2 eχ)
,

and

q1 (x, t) =




(
1− e(x+ 2ak

α tα)
)√

4 β − a
√

2
√

b
(
2 + 2 e(x+ 2ak

α tα)
)




× ei(−kx+(w
α )tα). (12)

Set 2:
One obtainsp = [−3,−2, 1, 1] andq = [1, 0, 1, 0], so Eq.

(6) turns to

Ψ(χ) =
−3− 2 eχ

1 + eχ
. (13)

We also obtain

k =
√

2
√

4 β − a− 2 γ − 2 w

2
√

a
, w = w,

A0 =
−5

√
2
√

4 β − a

2
√

b
, A1 = 0,

B1 =
−6

√
2
√

4 β − a√
b

.

Placing values in Eqs. (10) and (13), yields the following
solution

Θ (χ) =
√

2
√

4 β − a (2 eχ − 3)√
b (6 + 4 eχ)

,

and

q2 (x, t) =



√

2
√

4 β − a
(
2 e(x+ 2ak

α tα) − 3
)

√
b
(
6 + 4 e(x+ 2ak

α tα)
)




× ei(−kx+(w
α )tα). (14)

Set 3: One obtainsp = [2, 0, 1, 1] andq = [−1, 0, 1,−1], so
Eq. (6) turns to

Ψ(χ) =
cosh (χ)− sinh (χ)

cosh (χ)
. (15)
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We also obtain

k =
√

8 β − 2 a− γ − w√
a

, w = w,

A0 =
√

2
√

4 β − a√
b

,

A1 =
−√2

√
4 β − a√
b

, B1 = 0. (16)

Placing values in Eqs. (10) and (15), yields the following
solution

Θ (χ) =
sinh (χ)

√
2
√

4 β − a√
b cosh (χ)

,

and

q3 (x, t) =

(
sinh

(
x + 2ak

α tα
)√

2
√

4 β − a√
b cosh

(
x + 2ak

α tα
)

)

× ei(−kx+(w
α )tα). (17)

Set 4:
One obtainsp = [−3,−1, 1, 1] andq = [1,−1, 1,−1], so
Eq. (6) turns to

Ψ(χ) = − sinh (χ) + 2 cosh (χ)
cosh (χ)

. (18)

We also obtain

k =
√

8 β − 2 a− γ −+w√
a

, w = w,

A0 =
2
√

2
√

4 β − a√
b

,

A1 = 0, B1 =
3
√

2
√

4 β − a√
b

.

Placing values in Eqs. (10) and (18), yields the following
solution

Θ (χ) =
√

2
√

4 β − a (2 sinh (χ) + cosh (χ))√
b (2 cosh (χ) + sinh (χ))

,

and

q4 (x, t) =

(√
2
√

4 β − a
(
2 sinh

(
x + 2ak

α tα
)

+ cosh
(
x + 2ak

α tα
))

√
b
(
2 cosh

(
x + 2ak

α tα
)

+ sinh
(
x + 2ak

α tα
))

)
× ei(−kx+(w

α )tα). (19)

Set 5:
One obtainsp = [1− i,−1− i,−1, 1] andq = [i,−i, i,−i], so Eq. (6) turns to

Ψ(χ) =
cos (χ)− sin (χ)

sin (χ)
. (20)

We also obtain

k = k, w = −k2a + 2 a− 8 β − γ, A0 =
√

2
√

4 β − a√
b

, A1 = 0, B1 =
2
√

2
√

4 β − a√
b

.

Placing values in Eqs. (10) and (20), yields the following solution

Θ(χ) =
(sin (χ) + cos (χ))

√
2
√

4 β − a√
b (cos (χ)− sin (χ))

,

and

q5 (x, t) =

((
sin

(
x + 2ak

α tα
)

+ cos
(
x + 2ak

α tα
))√

2
√

4 β − a√
b
(
cos

(
x + 2ak

α tα
)− sin

(
x + 2ak

α tα
))

)
× ei(−kx+(w

α )tα). (21)

Set 6:
One obtainsp = [−2− i, 2− i,−1, 1] andq = [i,−i, i,−i], so Eq. (6) turns to

Ψ(χ) =
2 sin (χ) + cos (χ)

sin (χ)
. (22)

We also obtain

k = k, w = −k2a + 2 a− 8 β − γ, A0 =
−2

√
2
√

4 β − a√
b

, A1 = 0, B1 =
5
√

2
√

4 β − a√
b

.
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Placing values in Eqs. (10) and (22), yields the following solution

Θ(χ) =
√

2
√

4 β − a (sin (χ)− 2 cos (χ))√
b (cos (χ) + 2 sin (χ))

,

and

q6 (x, t) =

(√
2
√

4 β − a
(
sin

(
x + 2ak

α tα
)− 2 cos

(
x + 2ak

α tα
))

√
b
(
cos

(
x + 2ak

α tα
)

+ 2 sin
(
x + 2ak

α tα
))

)
× ei(−kx+(w

α )tα). (23)

Set 7:
One obtainsp = [2− i,−2− i,−1, 1] andq = [i,−i, i,−i], so Eq. (6) turns to

Ψ(χ) = −2 sin (χ)− cos (χ)
sin (χ)

. (24)

We also obtain

k = k, w = −k2a + 2 a− 8 β − γ, A0 =
2
√

2
√

4 β − a√
b

, A1 = 0, B1 =
5
√

2
√

4 β − a√
b

.

Placing values in Eqs. (10) and (24), yields the following solution

Θ (χ) =
−√2

√
4 β − a (sin (χ) + 2 cos (χ))√
b (− cos (χ) + 2 sin (χ))

,

and

q7 (x, t) =

(
−√2

√
4 β − a

(
sin

(
x + 2ak

α tα
)

+ 2 cos
(
x + 2ak

α tα
))

√
b
(− cos

(
x + 2ak

α tα
)

+ 2 sin
(
x + 2ak

α tα
))

)
× ei(−kx+(w

α )tα). (25)

Set 8:
One obtainsp = [2, 0, 1,−1] andq = [1, 0, 1,−1], so Eq. (6) turns to

Ψ(χ) =
cosh (χ) + sinh (χ)

sinh (χ)
. (26)

We also obtain

k = k, w = −k2a− 2 a + 8 β − γ, A0 =
−√2

√
4 β − a√
b

, A1 =
√

2
√

4 β − a√
b

, B1 = 0.

Placing values in Eqs. (10) and (26), yields the following solution

Θ (χ) =
cosh (χ)

√
2
√

4 β − a√
b sinh (χ)

,

and

q8 (x, t) =

(
cosh

(
x + 2ak

α tα
)√

2
√

4 β − a√
b sinh

(
x + 2ak

α tα
)

)
× ei(−kx+(w

α )tα). (27)

Figures 1(a-d) show numerical simulations of Eq. (27) forα = 1, 0.7, 0.5, 0.3, arbitrarily chosen.
Set 9:

One obtainsp = [−1, 3, 1,−1] andq = [1,−1, 1,−1], so Eq. (6) turns to

Ψ(χ) =
cosh (χ)− 2 sinh (χ)

sinh (χ)
. (28)

We also obtain

k = k, w = −k2a− 2 a + 8 β − γ, A0 =
−2

√
2
√

4 β − a√
b

, A1 = 0, B1 =
−3

√
2
√

4 β − a√
b

.

Rev. Mex. F́ıs. 65 (2019) 73–81



OPTICAL SOLITON SOLUTIONS OF THE GINZBURG-LANDAU EQUATION WITH CONFORMABLE DERIVATIVE. . . 77

FIGURE 1. 3D Plot soliton solution related to Eq. (29).

Placing values in Eqs. (10) and (28), yields the following solution

Θ(χ) =
−√2

√
4 β − a (− sinh (χ) + 2 cosh (χ))√

b (cosh (χ)− 2 sinh (χ))
,

and

q9 (x, t) =

(
−√2

√
4 β − a

(− sinh
(
x + 2ak

α tα
)

+ 2 cosh
(
x + 2ak

α tα
))

√
b
(
cosh

(
x + 2ak

α tα
)− 2 sinh

(
x + 2ak

α tα
))

)
× ei(−kx+(w

α )tα). (29)

Figures 2(a-d) show numerical simulations of Eq. (29) forα = 1, 0.7, 0.5, 0.3, arbitrarily chosen.
Set 10:

One obtainsp = [i,−i, 1, 1] andq = [i,−i, i,−i], so Eq. (6) turns to

Ψ(χ) = − sin (χ)
cos (χ)

. (30)

We also obtain

k = k, w = −k2a− 4 a + 16 β − γ, A0 = 0, A1 =
−√2

√
4 β − a√
b

, B1 =
−√2

√
4 β − a√
b

.
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FIGURE 2. 3D Plot soliton solution related to Eq. (29).

Placing values in Eqs. (10) and (30), yields the following solution

Θ(χ) =
√

2
√

4 β − a√
b cos (χ) sin (χ)

,

and

q10 (x, t) =

( √
2
√

4 β − a√
b cos

(
x + 2ak

α tα
)
sin

(
x + 2ak

α tα
)
)
× ei(−kx+(w

α )tα). (31)

Figures 3(a-d) show numerical simulations of Eq. (31) forα = 1, 0.7, 0.5, 0.3, arbitrarily chosen.
Set 11:
One obtainsp = [1, 1,−1, 1] andq = [1,−1, 1,−1], so Eq. (6) turns to

Ψ(χ) = −cosh (χ)
sinh (χ)

. (32)

We also obtain

k =
√

32 β − 8 a− γ − w√
a

, w = w, A0 = 0, A1 =
−√2

√
4 β − a√
b

, B1 =
−√2

√
4 β − a√
b

.

Rev. Mex. F́ıs. 65 (2019) 73–81



OPTICAL SOLITON SOLUTIONS OF THE GINZBURG-LANDAU EQUATION WITH CONFORMABLE DERIVATIVE. . . 79

FIGURE 3. 3D Plot soliton solution related to Eq. (31).

Placing values in Eqs. (10) and (32), yields the following solution

Θ(χ) =

√
2
√

4 β − a
(
coth2 (χ) + 1

)
√

b coth (χ)
,

and

q11 (x, t) =

(√
2
√

4 β − a
(
coth2

(
x + 2ak

α tα
)

+ 1
)

√
b coth

(
x + 2ak

α tα
)

)
× ei(−kx+(w

α )tα). (33)

Figures 4(a-d) show numerical simulations of Eq. (33) forα = 1, 0.7, 0.5, 0.3, arbitrarily chosen.

4. Numerical simulations

In this work, we obtained different numerical solutions con-
sidering different alfa orders to obtain soliton solutions. The
numerical solutions show that the change of fractional order
modify the nature of the solution, and has a huge influence on
the nonlinear propagation of the solitons. The analytical so-
lutions allow graphing soliton solutions of type dark, bright,

singular or combinations. Results showed that when the time
derivative decreases, the amplitude of the solitons also de-
creases. It happens due to the decrease in velocity of the soli-
ton, the orderα characterizing the existence of the fractional
structures on the system. The new analytical soliton solutions
obtained in this paper have not been reported in the literature
so far. Classical soliton solutions are recovered in the limit
whenα → 1.
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FIGURE 4. 3D Plot soliton solution related to Eq. (33).

5. Conclusion

In this work, we consider the generalized exponential ratio-
nal function method to obtain approximate soliton solutions
of the conformable Ginzburg-Landau equation with Kerr law
nonlinearity. The Ginzburg-Landau equation describes the
optical soliton propagation through a wide range of waveg-
uides such as crystals, optical metamaterials, optical fibers
and optical couplers. These soliton play an important and
key role for information transfer via optical fibers.

The results showed that the generalized exponential ratio-
nal function method is a promising approach to integrate the
Ginzburg-Landau equation. We believe that this method also
can be extrapolated to other nonlinear problems which arise
in the theory of solitons.
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