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Analysis of the oscillatory liquid metal flow in an alternate MHD generator
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The zero-mean oscillatory flow of a liquid metal in an alternate magnetohydrodynamic electric generator is explored analytically. The flow,
confined in a two-dimensional insulating wall duct under a transverse magnetic field, is driven by an externally imposed oscillatory pressure
gradient. The flow behaviour is analyzed in two different regions. First, asymptotic solutions for low and high oscillating frequencies in
the uniform magnetic field region far from the magnet edges, are used to explore the phase lag produced by the Lorentz force between the
velocity and the axial pressure gradient. In addition, the entrance flow region where the oscillatory fluid motion interacts with the non-
uniform magnetic field is studied. A perturbation analysis of the boundary layer flow in this region reveals that non-linear effects lead to
the appearance of steady streaming vortices superimposed on the harmonic flow. The influence of these vortices on the performance of th
generator is analyzed.
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1. Introduction ics of the oscillatory flow interacting with a magnetic field.
In contrast with steady MHD duct flows that have been
In the last decade, the interest on magnetohydrodynamigidely studied experimentally and theoretically [12], oscil-
(MHD) electrical generators has been renewed due to its pgatory MHD flows have been much less explored [13]. In this
tential applications as converters of acoustic [1, 2] and oceapaper, we use a two-dimensional model of an MHD gener-
wave energy [3,4]. A MHD generator is a device that con-ator to investigate analytically the laminar liquid metal flow
verts the kinetic energy of an electrically conducting fluid, created by an oscillatory pressure gradient (for instance, pro-
for instance a liquid metal, into electrical energy through theduced by either thermoacoustic effect or ocean waves) im-
interaction with a magnetic field. A common MHD generator posed at the extremes of the generator duct. We analyze
consists of a duct with a rectangular cross-section immerseghe flow in two different regions. First, we consider the re-
in a static magnetic field that is transverse to a pair of insulatgion far from the edges of the generator where the mag-
ing walls. The walls parallel to the applied field are electricalnetic field is uniform. With the aim of understanding the
conductors (electrodes). When a conducting fluid flows ininterplay of the imposed pressure gradient and the braking
side the duct, its motion within the imposed magnetic fieldL_orentz force created by the interaction of the induced cur-
induces an electrical current perpendicular to both the fluident with the applied magnetic field, asymptotic solutions are
motion and the applied field that can be extracted through thelerived in the limits of low and high oscillating frequencies.
electrodes connected to an external load. If the fluid motiormrhe second analyzed flow region is where the applied mag-
is unidirectional, a DC current is induced while, if the fluid netic field is non-uniform, that is, the region where the flow
moves in oscillatory motion, an AC current is generated. Inenters or leaves the applied magnetic field. Several studies
this way, the kinetic energy of the fluid is converted directly have addressed the MHD unidirectional flow in this region
into electrical energy without the need of mechanical parts(see for instance [14, 15]), however, it appears that the oscil-
DC MHD generators were the first to be developed, particutatory MHD duct flow in a fringing magnetic field has not
larly at high temperatures using plasma as a working fluid [5]been previously considered. Assuming high oscillation fre-
In the late eighties a proposal was made at Los Alamos Naguencies, we pay a particular attention to the behavior of the
tional Laboratory to transform acoustic power into electricaloscillatory boundary layers immersed in the spatially vary-
power through a liquid metal MHD acoustic transducer [6].ing magnetic field. These layers, which are a combination of
In these devices, the thermoacoustic effect is used to genethe Stokes and Hartmann layers, determine the flow dynam-
ate an oscillatory motion of a conducting fluid in a duct im- ics to a large extent. Using a perturbation solution, it is found
mersed in an applied transverse magnetic field [2, 7, 8]. Althat non-linear effects give rise to steady streaming vortices
ternate liquid metal MHD generators were later proposed tan the fringing magnetic field. The effect that these vortices
convert the oscillatory motion of ocean waves into electric-may have on the overall performance of the generator is dis-
ity [9-11]. cussed.
A full evaluation of the performance of liquid metal MHD
generators should rely on a detailed analysis of the dynam-
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Load pressure gradient, and the magnetic field strength. In turn,
R,, = pooU,h is the magnetic Reynolds number that gives
an estimation of the induced magnetic field compared with

@ h the applied field [12], wherg, is the magnetic permeability
Current of vacuum
— .
y The oscillatory motion of the fluid inside the magnetic
— ]4"_ field induces an electric current density in the spanwige (
Electrode direction. The current, in turn, interacts with the applied
Flow z : L . ; .
field originating a braking Lorentz force in the axiat
direction. Usually, in liquid metal MHD flows the low mag-
FIGURE 1. Sketch of the MHD alternate generator. netic Reynolds number approximation holds, which means

that the magnetic field induced by the fluid motion is much
smaller than the applied field and can be neglected [12].

2. Oscillatory flow in an MHD generator Hence, the magnetic field is uncoupled from the fluid motion
and governed by the magnetostatic equations.
We consider the oscillatory flow of a liquid metal in a duct of

rectangular cross-section under a transverse magnetic field. . . L .
The walls perpendicular to the applied field are electrical in-3-  Flow in the uniform magnetic field region

sulators, while those parallel to the field are perfect conduc\—Ne now assume that the aspect ratio of the generator is very

tors connected to an external load (see Fig. 1). The oscillatorp/ rge, that isyo/h >> 1 (see Fig. 1) so that the conducting

ﬂOWIS driven by a zero mean, time-periodic pressure gradlenWaIIS (electrodes) are located at distant positions +z,,
imposed at the extremes of the duct.

. connected to an external electrical circuit. Under this ap-
The system of equations that govern the unsteady flow = .~ " . . .

) . : : . - proximation, we can consider that the oscillatory flow is two-
of an incompressible, electrically conducting viscous fluid

. e L dimensional, confined between the insulating walls trans-
in the presence of a magnetic field are the continuity equa- o . )
. ! : , . " “verse to the magnetic field (see Fig. 2). Since the current
tion, Navier-Stokes equation, Faraday’s law of induction,.

Ampere’s law, Gauss’s law for the magnetic field and ohm's'S induced in the direction perpendicular to the plane of mo-

- ) . . . tion, there must exist an electric fielH,, the value of which
law which, respectively, can be conveniently written in the . o
. . i depends on the external electrical load. As the magnetic field
following dimensionless form

remains unperturbed, Faraday’s law of induction reduces to

V-u=0, 1) V x E = 0 and the electric field becomes potential. In fact,
, it can be shown that under the present assumptigris spa-
ou R - 1 o Ha*, tially constant and it is at most a function of time [16].
B }Tg(“ V)u=-Vp+ RTJV ut R B, 2) We now restrict to the region where the applied field is
R2 9B uniform so that, in dimensionless terni8,= y. In this re-
VXE=-——2— V x B = R,.j, (3)  gion the flow is fully developed, therefore,= u(y, t) x and
R ot the Navier-Stokes equation reduces to
V-B=0, j=E+uxB, 4)
ou Op 1 60%u Ha?
where the flow velocitya, the pressure, the magnetic field ot~ 0r R,y Riw(Ez +u). )
B, the electric fieldE and the current densitiyare normal- ) ) ) )
ized byU, = G/pw, Gh, B,, U,B, andoU,B,, respec- We disregard transient solutions and consider that the har-

tively. Here,G andw are the amplitude and frequency of the monic axial pressure gradient‘ that drive; the flow is given
imposed oscillatory pressure gradieptando are the mass Y the real part of-0p/0x = €. Assuming that the axial -
density and the electrical conductivity of the fluidljs the ~ Velocity component and the electric field are also harmonic
distance between the walls transverse to the magnetic fieldnctions of time,u = ug(y)e” and £, = —Ke', with K
andB, is the maximum strength of the applied field, respec-
tively. The coordinatesa y, z) and timet, are normalized
by h and1/w, respectively.

Further, the dimensionless parametéts = wh?/v, . i
R = Gh3/pv, Ha = B,h/cpv, are the frequency param- L, 4
eter (or oscillation Reynolds number), the amplitude param- '
eter and the Hartmann number, respectively, wheig the
kinematic viscosity. Assuming that the physical and geo- N
metrical properties of the system remain unchanged, these
dimensionless parameters express, correspondingly, the ifficure 2. Two-dimensional model of the flow in an MHD alter-
fluence of the oscillation frequency, the amplitude of thenate generator.
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a constant known as the load factor [17], a solution to the3.1. Low-frequency solution: R, < 1

Eqg. (5) that satisfies the no-slip boundary conditions can be o . .
found, namely, In the low frequency limit it is possible to obtain a regular

asymptotic solution in the flow domain [18]. Since we are
cosh A — cosh \y interested in the limit wherR,, takes very small values, it
Acosh \ — sinh )\> ’ 6) is convenient to use the rescaled variables «/R,, and
E. = E./R,, so that Eq. (5) becomes
where\ = v/ Ha? + iR, andU,, is the dimensionless spa- A 5
tial average of the velocity profile in the cross-section. From oi _ _op + o7 _ Ha?(E, + 1) 7
this solution it is possible to establish a model of the alter- © ot dr ~ 0y? - '
nate MHD generator that allows to assess the electrical pe

formance of the device [17]. o . . lutions given as the real part of the expressians g(y)ett
In the present work the attention is focused in the N-and £, = —Ke'*, an equation for the functiog(y) is found.

terplay of inertia and the braking Lorentz force. The eX-\ye expand this function as a perturbation series on the small
plicit form of the velocity profile (6) is, however, not par- parameteR,,, namely

ticularly insightful. In order to get a better understanding of

the physical behavior of this oscillatory MHD flow, we look 9(y) = Go(y) + Rugn(y) + O(R2), (8)

for asymptotic solutions in the limit®,, < 1 andR,, > 1,

which correspond to the low and high frequency oscillatoryand solve the corresponding equations with no-slip boundary
motions, respectively. conditions at each order on the paramdggr. After taking

| the real part, the final result is

u(y,t) = Upnett ) (

gubstituting the harmonic pressure gradient and assuming so-

. . cosh Ha y 1 sinh Ha y cosh Ha y
t) = o l————— t w —tanh Ho————
iy t) =@ p{ [ cosh Ha ]COS TR 2Ha <y cosh Ha A AT sh Ha
1 coshHay . 9
— |1 - — t O(R, 9
T e ( cosh Ha )] S }+ (R.), ©

wherei,, = Ha™? + K. At zero-order inR,,, a quasi-steady Hartmann flow in phase with the pressure gradient oscillation, is
obtained. As usual, the profile is flattenedFas increases [12]. An out of phase contribution is also foun@@®,,), but it is
modulated by terms ab(Ha ') andO(Ha~2) which become negligible the higher tti&: values are. When the Hartmann
number is very smali,e. Ha — 0, a purely hydrodynamic flow is recovered

(1-9%)
2

R, .
a(y,t) = { cost + ﬂ(l — %) (5 — y*) sin t} ) (10)
which shows an in-phase Poiseuille flow contribution. The phase angle between the pressure gradient and the velocity is giver

by

_ 1 sinh Hay cosh Hay 1 _ cosh Hay
RW |:2Ha (y cosh Ha tanh Ha cosh Ha + Ha? 1 cosh Ha

[1 _ cosh Hay} (11)

0 = arctan

cosh Ha

Note that whenH{a — 0 viscosity originates a non-zero phase angle, nanfiely, — arctan[R,, (5 — y?)/12]. In turn, when
Ha — oo, the phase angle reduces to zero indicating that the flow is frozen by the strong magnetic field interaction.

3.2. High-frequency solution: R, > 1

At high f . i o \ution for th K/\/e now look for a solutioy(y) as an expansion in the small
igh frequencies a uniform asymptotic solution for eparameterR;l, namely,

whole domain does not exist. Therefore, matching asymp-
totic solutions in the core and the boundary layer has to be

1
sought. For the core, we start from Eq. (5) and introduce 9(y) = go(y) + Rfﬁ@) +O(R?). (13)
the variablesy = g(y)e' andE, = —Ke'!, assuming that @
_ it g
—0p/0z = e*. Hence, we get the equation Here, we assume th&fa? = vR,,, wherey is a positive real

number. Then in the limik, — oo, from Eq. (12) and (13),
the first order solution in the coredgs = (1++vK)/(y+1) =

, 1 [d?
zg—lzR—w d—yg—Hag(g—K) . (12)
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(1+~K)(y—1)/(y*+1). Therefore, the core velocity field An illustrative way of visualizing the phase lag produced

is by the Lorentz force between the velocity and the pressure
(1+~vK) ) ) gradient is by noticing that these quantities satisfy the para-
Ue = W(V cost +sint) + O(R,). (14)  metric equations of an ellipse in the planes. —9p/dx [19].

_ _ _ o ~ Ifwe defineX = —dp/dz andY = u, we get for either the
This represents a uniform time-periodic flow that lags behinc;ore or the boundary layer flows

the imposed pressure gradient according to the valug, of
where the phase angle between the pressure gradient and the a? ,  2a Y2
core velocity if. = — arctan[1/4]. Fory < 1, a purely hy- <b2 1) X7 = WXY + 252 =1
drodynamic flow is obtained. In this case, the Lorentz force
is negligible and there is a lag ef7/2 in the motion of the  \where f(v) = (1 +~K)/(v2 + 1). For the core flow,
core with respect to the pressure gradient. In turn, # 1, a = v andb = 1, while for the boundary layer flow, we
the Lorentz force is of the same order of magnitude as th@aye, = v — exp(—aY)(acos Y — sinBY) andb =
inertial acceleration, and the core flow presents a phase dif _ exp(—aY)(cos BY + vsin Y. In Figs. 3, Eq. (19) is
ference of—m /4 with respect to the pressure gradient. Whenplotted during a whole cycle for the cage, = 30, K = 0.8,
7 > 1, the Lorentz force is dominant, therefore, the phaseynd differenty values. Some interesting information can be
lag is negligible and the core follows the pressure gradiengxtracted from these plots, particularly because they clearly
oscillation. compare the velocity amplitude before and after the pressure
Let us now consider the boundary layer flow. We intro-gradient inversion. In fact, the vertical coordinate axis in-
duce the stretched variabte = R./*(1 + y) in the bottom dicates the precise moment at which the pressure gradient
boundary layer, hence at the walf, = 0 andu(0,) = 0. s inverted. In the second and fourth quadrants, the pres-

(19)

Then Eq. (12) becomes sure gradient acts in favor of the fluid motion, while in the
42, first and third quadrants it acts against the fluid motion. Fig-
Jyz i tl= v(gy — K). (15)  ure 3a shows the curves corresponding to the core flow. As

it was shown, in the laminar hydrodynamic regime= 0,

i.e. Ha = 0) the core flow presents a phase difference of
—m /2 with respect to the pressure gradient whp > 1,

Bind the corresponding curve is a circle. For increasing values
of ~, the curve is distorted and rotated clockwise as a result of
stronger magnetic interaction which changes the phase differ-

for the corresponding functiog, in the boundary layer. Ex-
pressingg, as a series like (13), the solution of Eqg. (15) that
satisfies no-slip boundary conditions and that matches wit
the core flow §, |y 1= (1+~vK)/(7?+ 1)) within an error

of orderO(R_'), leads to the boundary layer flow

(1+~K) ence between the velocity and the pressure gradient. When
u(Y,t) = W the Lorentz force is of the same order of magnitude as the
inertial acceleratiom( = 1), a tilted ellipse is obtained while
% { [y — exp(—aY)(y cos Y — sin BY)] cost in the casey > 1 (Ha — o0), no phase difference exists be-
tween the flow and the pressure gradient, therefore, the curve
reduces to a straight line. The corresponding curves for the
+ [1 — exp(—aY)(cos BY + ysin fY)]sin f} boundary layer flow are shown in Fig. 3b. Although similar
ellipses are formed, note that they are not the same as in the
+O(R?), (16)  core flow since, in addition to the magnetic interaction, vis-
cosity also affects the phase difference between the velocity
where ) . :
1/2 and the pressure gradient. In fact, no circle is formed even

a } _ |V ElEy , (17) whenHa = 0. However, wheny >> 1 (Ha — oo) a straight

g 2 line is formed indicating that the phase difference disappears.
The phase angle between the boundary layer and the pres-

sure gradient is given by

—[1—exp(—aY)(cos BY ++sin fY)]
~v—exp(—aY)(ycos BY —sin fY) } - 18)

Again, in-phase and out-of-phase contributions are obtaineth this section, we address the oscillatory flow of the liquid

in the boundary layer, the structure of which depends omnetal close to the edges of the magnets where the magnetic
the value ofy. Providedy < 1, a purely hydrodynamic field is non-uniform. In this region, the transverse magnetic
(Stokes) boundary layer is found [18]. When= 1, a field varies from its maximum strength to zero as ihdis-
mixture of Stokes and Hartmann layers results. Finally, intance to the edge of the magnet increases. Although the cross-
the casey > 1, magnetic forces dominate and a Hart- section of the duct does not change, this can be considered as
mann layer oscillating in phase with the pressure gradienan entrance flow problem due the non-homogeneity of the
(@~ (1/R,,)[1 — e~V7Y] cost) is obtained. magnetic field. Forced oscillations produced by the imposed

4. Flow in the non-uniform magnetic field re-
gion

0p= arctan {

Rev. Mex. Fis65 (2019) 239-250
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produced by an oscillatory laminar boundary layer close to an

1.5 : ' ' ' ' insulating curved wall was previously studied using a pertur-
bation expansion taking the inverse of the Strouhal number
Ly i as a small parameter [26]. Following a similar procedure,
we explore here the appearance of steady streaming in the
0.5 . boundary layers of the MHD generator promoted by the non-
uniformity of the applied transverse magnetic field.

K ol i As in Sec. 3, we consider the oscillatory motion of the
liquid metal limited by two infinite insulating plane walls at
rest under a transverse magnetic field. We are now focused

0.5 ¢ i on the region close to the edges of the magnets, so the trans-
verse magnetic field is expressed in the fdBm= B, (z)¥ ,
-1t . where the variation of the field in the axial direction is given
in dimensionless form as [15, 27]
-1.5 : : : : : 1
-5 -1 <05 0 05 1 1.5 By() = ———7 (20)
a) —dp/dx 1+emsime
1.5 . . . . . Herex is a positive constant whose magnitude governs the
e magnetic field gradient. Figure 4 shows the magnetic field
1L b0 = | distribution for different vales of,. We can observe that
1000 — B, — 0asz — —oo andB, — 1 asz — oo. Although this
field is not curl-free, it is a reasonable approximation that
0.5 r iy take into account the streamwise variation of the magnetic
field [15, 27].
=1 0r . We assume that as a result of the imposed pressure gra-
dient, beyond the boundary layer (outer flow) the fluid oscil-
05 L i lates irrotationally with a zero-mean in the axial direction so
that the corresponding velocity component in dimensionless
form can be expressed as the real patf 6f, t) = Uy (z)e.
-Lr iy Owing to continuity, the component of the velocity in the per-
pendicular direction to the wall is (y +¢) (dU/dz) e’ where
15 . s s . . cis a complex constant. The governing equations of the outer
-5 -1 05 0 0.5 1 1.5 flow in dimensionless form are
b) —dp/dx
-7;(] I I ] ]
FIGURE 3. (a): The phase-like plane for the core velocity solution L 0022 —
for differenty values and<’ = 0.8. (b): The phase-like plane for 0.75 —
the boundary layer velocity solution for differeptaluesy” = 0.5 08 | %g - g
andK = 0.8.
pressure gradient in the outer flow produce an oscillatory flow 0.6 | ]
in the Stokes-Hartmann boundary layer, however, due to the,s™
action of viscosity, the flow oscillations in this layer do not 04 L i
average to zero but a net steady flow is produced, known as
steady streaming [21, 22]. The steady streaming is induced
by the non-linear Reynolds stresses in the boundary layer tha 0.2t .
appear due to the axial dependence of the streamwise veloc
ity, produced in this case by the existence of the non-uniform 0 |
field. In hydrodynamic flows, steady streaming appears, for . . . . .

instance, at the entrance of a rigid tube when a zero-mear

oscillatory flow is imposed [23] or in the classic problem of

oscillating bluff bodies [22,24]. The persistence of the steady

-6 -4 -2 0 2 4 6
X

streaming beyond the boundary layer is one of the diSt_inCtiV¢|GURE 4. Dimensionless applied magnetic field distribution as
aspects of this class of oscillatory flows [25]. The action ofa function of the axial coordinate in the magnet edge region for
a uniform transverse magnetic field on the steady streamingifferent values of the:, parameter.
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4.1. First order solution

ou + esUa—U = —Nw@ — N, J. By, (21)  We now look for a solution of the boundary layer problem as
ot Oz Oz a perturbation expansion in the small parametefFrom the
J.=E,+UB,, 9J. -0, (22) incompressible condition, the velocity components are
0z
where the outer velocity/, the pressure, the outer current _ W _ o (31)

U=——, UV=——
density.J, and the electric fieldZ, are normalized by/.. , Oy Ox
U Bih, cUsx By andUs Boh, respectively. Herd/,, is  where is the stream function that can be expressed in the
the amplitude of the outer flow velocity. Likewise, the co- form

ordinates £, y, z) and timet are normalized by: and1/w,

respectively. Further, the inverse of the Strouhal numker, W(x,y,t) = do(x, y,t) + esthr(z,y,t) + O(el).  (32)

and the oscillation interaction parametai,, [26] are given

by where the first and second approximations are denoted, re-

oB2 spectively, by subindexes 0 and 1. By eliminating the pres-
€s=— Ny, = =—. (23)  sure gradient and current densities in Eq. (26) with the sub-

R, pw o )
These dimensionless parameters estimate, respectively, t tF:tunon of Egs. (21), (22), (27), and using (31) and (32), we

ratio of the amplitude of the oscillation to the characteristic Ind thaty’y satisfies the equation

length 2 and the ratio of the magnetic to the inertial forces. 2y, 1 8% L Oy OU )
Equation (21) corresponds to the Euler equatior_1 while equa- W&y "R, dy3 + N yTy ~ o N.B,U, (33)
tions (22) express the Ohm'’s law and conservation of current

in the outer flow. In order to guarantee that boundary-layeMith boundary conditions

Us Ha?

separation will not arise, the small amplitude of oscillation Mo
approximation is assumed, thatis< 1. 871;(‘%’ 0,t) =0, (34)
From Egs. (21) and (22), the explicit form of the function )
Up(x) can be determined at the lowest ordet jnnamely, %(x, 0,¢) = 0, (35)
N,(1+ ByK) v
Ui =— Y ¢ 24
(@) i+ N,B2 (24) %(m,y,t) — U(z,t); as y— oo. (36)
Y
where the harmonic variation of the electric field was aS‘Assuming that
sumed.
In turn, the inner layer flow is governed by the equations: Yo(z,y,t) = Up(x)&o(z,y)e™, (37)
? + ? =0 (25) the functioné, satisfies
4 Y
3
du du | du\ dp 87530 % [iR,+ Ha’B.] = —(Ha’B] +iR.,), (38)
a+65 u%—i—va—y = — w% ay 8y ? 1
1 924 with boundary conditions
—— — N,j.B, 2
TRy N (26) P60(a,0) _ dole,y)
60(.’17,0):37:07 ) — 1
0j, Y Y
'z - Ez B 5 - = 0, 27
J By 0z @7) as y — oo. (39)

wherelU,, andoU,, By have been used to normalize the ve-
locity components in:— andy—directions { andv) and the
inner current densityj,, respectively. In order to ensure the

The solution of (38) that satisfies conditions (39) is

_ —(a+1
validity of the boundary-layer approximation for the inner oz, y) =y — o +i6(1 —e ﬁ)y)v (40)
flow, it is assumed thak,, > 1. The boundary conditions to
be satisfied by the inner flow are where
u(z,0,t) = 0, (28) [\/Ha'B! + R? + Ha?B2| "
(z,0,1) = 0, (29) o) = 2 ’
u(z,y,t) — U(z,t); as y——o0,  (30) ] o
where (28) and (29) represent the no-slip condition of the ve- \/Ha*B} + R% — Ha*B;,
locity components at the wall and (30) is the matching con- Blx) = 9
dition for the inner and outer flows. L J
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From the solution (40) it is possible to estimate the thick-The solution is given in the form

ness of the Stokes-Hartmann boundary layer, nandebhy R,

1/[e(x)?+B(x)?]"/2. Notice that due to the streamwise vari- i(2,y) = {H“e—xy

ation of the magnetic field, the layer thickness is not uniform AU, ( )

in this region. The layer is much thinner where the magnetic oy oy

field is strong B, ~ 1). If Ha? >> R,,, the layer thickness is T Rige T Kzl + "‘4 ’ (45)
of the order of the Hartmann layer, namelyx Ha~! [12].

Far enough from the magnet edges, say 10z, the mag- Withy = a(z) +if(x) andA = a,(z) + if(x), where
netic field vanishes so th&fa = 0, and the velocity compo-

1
nents reduce to JHa*B} +4R2 + Ha®B2 | *

_ _ 2
= Up(a)e’ (1 — e~ 1H0m), i 1

0
vo = — Wo i (,, “Laoy 1- €<1+i>n)D ’ [\/Ha*Bi + 4R2 — Ha? B2
which coincide with the ordinary hydrodynamic limit [21], - -
wheren = y4/R./2. In that region, the layer thickness re- The constants;;, k2, k3, andsy4 in (45) are defined in the

duces to that of the Stokes layer, thafis: 1/R./>. Appendix. .
Solution (45) correctly recovers the hydrodynamic solu-

tion [21] when the magnetic field strength tends to zero. Par-
ticularly, the contribution to the tangential velocity reduces

Nl=

4.2. Second order approximation

The equation for the second order approximatiqrio order o
€ has the form ue(z,y) _ 1[_ je— (V20 4 ;o —(+i)n
0 2
%Yy 1 &%y LN, B2 O Y
otdy R, Oy° v dy —(i— 1)776_(1+i)77:|. (46)

OU — Ovhg 0%ty | Do 01hg
= U87 " oy dzoy + oz 02 (41)  In turn, the boundary value problem satisfied by the steady

state part¢yg, is
Note that the products of the harmonic functions and deriva-

tives on the right-hand side of (41) introduce terms propor- o¢ o¢ R ¢y D8y T
tional tosin 2t andcos 2t, as well as steady-state terms. This ;S S Ve LLasLl - 2—0—0
means that convective non-linear terms give rise to steady % % 4 9

state terms that contribute to the steady streaming flow. In

*8250 Uo(z) 9 92¢  9& 9%
der to solve Eq. (41 that -
order to solve Eq. (41) we assume tha +& e )( 9y 020y~ Dy 90y
dU, -
Yi(x,y,t) = UOTJJO (&ie(z,y)e® + &15(z,y)), (42) n 3250 9% n 0%2¢, 9% (47)
oy? 0xr  Oy? Ox
where the real part of/y(«) must be taken. The equation
satisfied by, is C1,=&,=0, at y=0, (48)
335115 (H 2B2 %R, )(%U fls — 0, as y— oo, (49)
oy + Oy where conjugate complex quantities are denoted by an over-
bar and\; = Ha?B, (). The solution of equation (47) that
2 2 s Y
_Bo 9% + 9% 076 Uo(x) satisfies the required boundary conditions is
2 oy Oy 0x0y Uj(x)
R,
H? 0&y 02 s(x, (KS €72 4 9 ne MY
+£0 SU ( ) 50 60 (43) €1 ( y) U(/)( )/ﬁ:sﬁ 1 2
Uy(z) 0w dy?
L i3 —i3
with boundary conditions ™ (maae™ + haze ™) + KS?’)’ (50)
01 01 where constants,;(j = 1 to 6) are defined in the appendix.
1e(z,0) = Ty(%o) =0 and oy 0 It can be shown that taking the limit of vanishing magnetic
field, Eq. (50) and its derivative reduce to the corresponding
as y — 0. (44)  expressions for the hydrodynamic flow [21, 26].
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FIGURE 5. 9¢1,/0y as a function of the-coordinate for different 3
values ofN,, at a fixed position within the fringing fielde(= 0.5).
R, =10, K = 0.8 andzo = 0.5.
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5 . . . {;. . . [ FIGURE 7. Stream lines of the steady streaming flgw (z, y) =
B 4 3 9 1 0 1 9 3 4 Uo(dUy/dz)é1s in the region of non-uniform magnetic field.
) ) ) ) R, =10, N, = 10 and (@)zo = 0.5 and (b)zo = 1.5.
T
FIGURE 6. Steady part of the stream function.(z,y) = well as the non-slip condition at the wall [21, 25]. Therefore,
Uo(dUy/dzx)é15 as a function of the--coordinate ay = 1, for dif- the condition at infinity must be relaxed, imposing that
ferent values of the constamp that modulates the magnetic field remains finite as the distance from the wall tends to infinity.
gradient.R,, = 10, N, = 10, K = 0.8. In this way, the steady streaming flow goes beyond the

_ boundary layer, penetrating into the potential flow. The fi-
In the boundary layer, the second order steady velocityjte velocity at the edge of the boundary layer can be used

component parallel to the wall is given by as the inner boundary condition for the outer flow [25]. Al-
AUy 9€, though far form the magnet edgés,;/Jy tends to the hy-
u1s = €U . drodynamic limit agy — oo, notice thatdU/dz — 0 when

the magnetic field is negligible. Therefore, the steady stream-

whered¢, s /0y can be obtained from Eq. (50). In the hydro- ing disappears in the purely hydrodynamic region. Evidently,
dynamic casei . vanishing magnetic field) it results that, as dU/dz is also zero in the uniform magnetic field region.

the distance from the wall tends to infinity, , does not tend Unlike the hydrodynamic case, when a magnetic field is
to zero. As a matter of fact, in this case it is not possible topresent the steady solution (50) does satisfy the vanishing
satisfy simultaneously the conditian, — 0 asn — oo as of the streaming flow as the distance from the walls tends
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to infinity [26]. This means that the streaming motion doesa uniform time periodic flow that lags from the imposed pres-
not penetrate from the boundary layer into the potential flowsure gradient according to the strength of the magnetic field.
Figure 5 shows the contribution to the tangential velocityWhen the magnetic field is negligible, a purely hydrodynamic
0¢15/0y as a function of the-coordinate at a fixed position flow is obtained and the lag between the core and the pressure
within the fringing field ¢ = 0.5) for increasing values of gradient is—7 /2. For very strong magnetic field, the lag is
N, with R, = 10, K = 0.8 andxy = 0.5. It can be ob- negligible and the core follows the pressure gradient oscilla-
served that a®V,, increase®)¢,,/dy — 0 and therefore the tion. Out of phase and in phase contributions were also found
steady streaming becomes weaker as the strength of the fieldthe boundary layer, where a purely hydrodynamic (Stokes)
grows. This means that the disturbance created by streamirimpundary layer is obtained for negligible field while a Hart-
vortices at the extremes of the generator should not affect itmann layer, oscillating in phase with the pressure gradient, is
performance drastically. obtained for strong fields. These results can be conveniently
The steady part of the stream function;s(x,y) =  synthesized graphically.
Uo(dUy/dx)&15, is shown in Fig. 6 as a function of the The analysis of the entrance oscillatory flow in the fring-
x—coordinate for different values of the constant that ing field region at the edges of the MHD generator was car-
modulates the magnetic field gradient. The influence of theied out for high oscillation frequencies using a perturba-
fringing region is clearly shown, the largest valuegof oc-  tion method, assuming the small amplitude of oscillation ap-
cur when the field gradient is more pronounced. This showproximation. From the first order solution, the thickness of
that the stronger the magnetic field gradient the more conthe boundary layer was estimated, and it resulted a combi-
fined the streaming vortices are and the more intense the flowation of the Stokes and Hartmann layers, each of which
is. are recovered in the corresponding limits. The second or-
In Fig. 7, the streamlines in the fringing field region are der solution revealed that, superimposed to the primary os-
displayed for the casesy = 0.5 andzy, = 1.5. Two steady cillatory flow, a secondary flow composed by a time periodic
recirculations are observed which extend, accordingly to thenotion oscillating with twice the original frequency and a
value ofzxg, across the zone where the magnetic field passesteady streaming contribution exist. A pair of steady stream-
from a uniform value to zero. ing vortices emerges in the fringing field region as a conse-
quence of non-linear effects caused by the spatial variation
of the magnetic field. The extension and intensity of the vor-
tices grow as the magnetic field gradient increases. Unlike
We have explored the zero-mean oscillatory two-dimensionaih€ hydrodynamic case, these vortices do not penetrate into
flow of a liquid metal in an alternate MHD generator driven the potential flow but remain confined in the boundary layer
by an imposed harmonic pressure gradient. The finite externd, moreover, their strength decreases as the magnetic field
sion of the applied magnetic field transverse to the electrib@écomes stronger. Although the disturbance created by the
cally insulating duct walls was considered for the analysis oftéady streaming vortices is not expected to affect the perfor-
the flow behavior. In the uniform field region, characteristicmance of the MHD generator, one could conveniently con-
flows were explored through asymptotic solutions for a smalfider a smooth magnetic field gradient for design purposes.
(R, < 1) and high R, > 1) oscillation frequencies and
arbitrary Hartmann numbers. For small frequencies, a firspcknowledgments
order quasi-steady Hartmann flow in phase with the pressure
gradient is obtained, while an out of phase contribution isThis work was supported b@entro Mexicano de Innovaim
found atO(R,,). For high frequencies a solution for the core en Enerfa Oc¢anqg CEMIE-Ocano No. 249795 SENER-
and boundary layer was obtained. The core solution represe@ONACYT and by CONACYT under Project 240785.

5. Concluding remarks

Appendix
A.

The constants appearing in Eq. (45) are defined as follows:

o U1 + V2
H=—F—",
Vi3
hyy = Vg + Uy
2= —(0—),
Vi6
Uo (o +1i8")
Kt3 =

72 (A2 — 8iaf — 4a? +432)’
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_ V7
VXY + A2 (27 + )’

Rt4
where

Vg = 22U |\ — o (TA? + 726%) + 48ia” B + 120 + TA2B% + 128" — 2ia (TA?B + 24/3%) |,

Dio = —29Up (A2 + 10iaf + 50° — 56°) (o +if'),

dis = (X = 4%0) (2 - 2iaf — o + 57)°,

Ura = —205[20% +48° + o (=88 + 3yp* + N*y) + o*(—4 = Biy) — yo® +iX*yB + iys7),
O = 2Up (o +iB) (—2iB + a(~2 — 2iyB) — ya® + yB> + N%y))) ,

s =7 (2 = 2i08 — o + 3)°

Oy = 1263U) — 12i33U} + o2 |2UL(TA + 18i8) — 5U (o + w’)] + B2 (14X}, + 5U, (o + i)

+ 20| 204 (A2 + TidB — 98%) — Up(2X + 5iB) (o + zﬂ’)] — N2Uy (o 4 i) + 4NBIAUY + 4NBU, (B —id) .

The constants appearing in Eq. (50) are defined as follows:

9 2
As (—2a2 (A2 = 82) +at + (N2 + 3?) ) Va1

Rg1 = 5
(7 = As)2a2 (v7)°
_ 1952

S CIWER

(As —20)2(\s — a +i3)%Vs3
KRs3 = 5/ 2 5

a? (v9)

As(7 4 As)2 (A2 — 4a?)” 04

Rs4 = —.2 y
(v7)

A (A2 = 402)? (A2 4 2ia8 — a® + 32)° 0,5

Rss = i

(v = A2 (79)°
Kse = 4N (7 + Xs)2(Ns — 20)% (N +20)2(Ns +7)%(Ns — a +iB)?,

where

Vg1 = 222aB3* (U} — yUod’) — N2UpB*a/ — 4Upa® (o’ +2yBB') — 8a°B (B (U} — yUpd') + 3UpB') +2U, (A2 — 26%) ')
+ Upa (o (A2 4 245%) +2yB (A2 — 46°) B') + 2Usa® B (\2yBB" — 2a/ (A2 — 357))
+ 2023 (B (A2 — 48%) (U — yUod) ,

Vg2 = (A2 —4a?)U{ | a® (287 — 31A2) + 12a° + a* (27A2 — 9A2B% — 348) + (A2 + 52)2 (A2 + 2267 —28%)

—a” (9AS 4 20A15° + 45X23* + 263°) } + Uo [a (20a8 —a® (4122 +1086%) + o* (21A2 + A23% — 1563)
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+a® (AS+ 58007 + 130231 — 360°) — (A2 + 8%) (A +22058%) — (A2 + %) (21035 + 866)> o
+ ﬁ<100a8 — 220 = B)(As + B) (A2 +52) a8 (7667 — 107A2) — a* (15A! + 69226 + 203%)
+a? (23X8 4+ 66A267) + a?(+39A23* + 456)) 5'] ,
53 =2401005 + A Uofa! (A2 + 52)7 + 20° (44,5 — 5Upa’) + 205* (A2 + 52) (2Upe’ (222 + 52) — AUj (A2 + 7))

+at ( — 526%U) — N2Upd + 62332 (20U} + 17Usa’) + 21, 8% (68Ug — 59N UY) — 32X2UL 63" — 44020, 335
+ 10U055ﬁ’> + 202 (QAj’;Uoﬂ?a' + X35 (11U [z] — 13N\ UY) — 28305 + A38* (17U — INUY) + N2Uo 373
- Uoﬂ75’> +2a°3 (ﬁ (Ug (A2 = 32367 = 31A,8%) + Upe (16A5 + 47N 6% +98%)) — 2A,Up(A; + 2A2 67

- 354)3) +a® <2U5 (63X2 4 25%) — Up (33A50/ + 50ﬂﬁ’)> + 2a” (11)\SU6 (4X2 + B%) — UoT4A, 85

+ Up3a’ (95° —7A2) ) +20a° <U5 (15X% +17A36% — 348%) + Uo <>\so/ <7352 - 13A§> — B (87A3 +195%) 5’))

+2a° <U{)2x\§ + (14X38% — 63X,8%) Ug + U (—4Xs + 84X23° + 398%) — Up43 (1322 + 9A,3°) ﬁ’),

Vg4 = —yaSUL + o® (Uf(—4 + 2iyB) + yUs (¢/ — iB')) + o [5 (U{) (43X2 + B (2X2y + B(yB + 8i))) + Upc! (2B(6 — iyp3)
- z'iny)) — UpfB' (—2iA2 + A\JyB + 2yB°) ] + B [ﬁ (Ug (4iX2 + B (A2y + B(yB + 6i))) — iUpa’ (A2y + B(yB + 2i)) )
—UpB (2002 + B (N2y + B(yB + 4i))) } +af (Azﬂ (U — yUp (o — i) + 2iyB UL — 4iX2Upe/
+ 8% (=8Ug + yUs (o — i) + 4Us 8% (8’ —ic) ) +at (Ué (Ay + B(—yB+2i)) + Up (o' (2 — iyB) — B'(y8 + 4i)))
+a® (Uo (of (=A2y +2B(yB + 2i)) +iB (4iB — 2yB% + A2y)) + 2Uf (A2 — 68% + 2iys°) ) :
01 = ~yaUy + a*(Uy(~4 — 20y8) + wUa(e’ + i) + (UGB + By - 80) ~ 4i02)
+ Uoc(28(6 + iyP3) + Miy)) = Uof' (20A3 + XJyfB + 2y/5°) ) + 52 (ﬂ (Ug (8 (X3y + B(yB — 6i)) — 4iX3)
+ U (B(2 +iyB) +iX2y) ) — UoB (B (N2y + B(yB — 4i)) — 2iA?) ) +ap (Agﬁ (2U§ — yUs (¢ +i3"))
+ 4iX2Upa — 2iyB*UL + B2 (—8Uf + yUs (o +iB)) + AU 8 (B’ + ic!) > +at <U5 (A\2y — B(yB + 2i))
+ Uy (o (2 +1yB) + B (—yB + 4¢))) +a? <2U5 (A2 — 68% — 2iyB*) — Upd! (4iB(z) — 2yB(z)* + A2y)

+ww%4mm+mme—M@0.
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