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This paper presents an application of a Fractional-Order Time Delay Neural Networks to chaos synchronization. The two main method-
ologies, on which the approach is based, are fractional-order time-delay recurrent neural networks and the fractional-order inverse optimal
control for nonlinear systems. The problem of trajectory tracking is studied, based on the fractional-order Lyapunov-Krasovskii and Lur'e
theory, that achieves the global asymptotic stability of the tracking error between a delayed recurrent neural network and a reference func-
tion is obtained. The method is illustrated for the synchronization, the analytic results we present a trajectory tracking simulation of a
fractional-order time-delay dynamical network and the Fractional Order Chua’s circuits.
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1. Introduction a Dynamical Neural Network, was discussed in [4]. We fur-
ther extend these results to the Fractional Order Time-Delay
This paper analyzes the Trajectory Tracking for a FractionaNeural Networks case for nonlinear system trajectory track-
Order Nonlinear System for a Fractional Order Time-D6|aying_ The proposed new scheme is Composed of a Fractional
Neural Network, which is forced to follow a Fractional Or- Order delayed dynamical neural identifier, which builds an
der Reference signal generated by a nonlinear chaotic sygn-line model for the unknown delayed neural network, and
tem. The control law that guarantees trajectory tracking isontrol law.
obtained by using the Fractional Order Lyapunov-Krasovskii  There are several ways of defining the derivative and

and Lur'e methodology Chaotic behavior, as a characteristigactional integral, for example, the derivative of Grunwald-
of a dynamical system, could be desirable or undesired, da-etnikov given by Eq. (1)

pending on the current application. In mixing substances pro-

cess, a chaotic behavior might improve the efficiency of the oD f(t) = lim 1

system, while in the process which involves vibrations, chaos O—o 0

could produce critical structural failures. As a consequence, [(t—a)/0]

it is important to be able to manipulate the chaotic nature of X Z (1) ( @ ) fit—30). ()
the system, driving a stable system to be chaotic or otherwise =0 J

stabilize a chaotic system. In many applications, it is also
important to change the chaotic nature of a system without nb
losing the chaotic behavior. Controlling and synchronizingdVen bY:

Wherel is a flooring-operator while the RL definition is

chaotic dynamical systems has recently attracted a great deal t
of attentiqn within the engineering society, in Which differ- JDYF(t) = / ~dr. (2)
ent techniques have been proposed. For instance, linear state (n—a) dt” t—T)e "*

space feedback, Lyapunov-Krasovskii function methods [1],
adaptive control [2]. Using the inverse optimal control ap-  For (n — 1 < a < n) andI'(z) is the well-known Euler’s
proach, a control law [3], which allows reproducing chaos onGamma function.
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Similarly, the notation used in ordinary differential equa- where, D{*ax.., is the statey,. is the input, f(x) and g(x)
tions, we will use the following notation, Eq. (3), when are smooth nonlinear functions of appropriate dimensions.
we are referring to the fractional-order differential equations  As is clear, this is very general, and the model (6) can be
where,ay, € 7. complex such as chaotic nonlinear system.

Which is:

g(t,z,a, Dz, aDx, .. .) = 0. () 3. Trajectory tracking
The Caputo’s definition can be written as The objective is to develop a control law such that the delayed
1 £ (7) neural network (5) tracks theT trajectory of the dynamical sys-
aDP? f(t) = / p— (4) tem (6). We dene the tracking error as= = — x,, whose
Ia —n) J ) derivative for time is:
For(n — 1 < a < n). o, _ na @

Trajectory tracking, synchronization, and control of lin- aDie = aDjx —aDi'w:. )
ear and nonlinear systems are a very important problem in Substituting (5) and (6) in (7), we obtain
science and control engineering. In this paper, we will ex-
tend these concepts to force the nonlinear system (Fractional , poe = Az + Wolz(t — 7)] + u — f(2,) — g(z,)u
Order Delayed Plant) to follow any linear and nonlinear Frac-
tional reference signals generated by fractional order differ- aDj'e = Ae + Wolz(t — 7)] +u — f(zr)
ential equations.

This obtained result, modeling by differential equations —glwr)ur + Az, ®
of fractional order, is new, unlike other results obtained by Adding and subtracting to (8) the termig, [z, (t — 7)]
the authors, modeled by ordinary differential edifications. anda(t), we have

The effectiveness of the methodologies, from our point
of view, are equal, the difference is that we have observed pee — Ae + W (o[z(t — 7)) — ol (t — 7)]) + (u — a(t))
that the response of the controller is in smaller magnitude in
the systems of fractional order than in the systems of ordi- + [Az, + Wz, (t — 7)] + a(t)]
nary differential equations, and also, in the systems of frac- ~ f(ay) — g(r)ur 9)
tional order have some slack by varying the order of the frac-
tional system, which causes the response of the system t0 Rghereq («) is a function to be determined. For system (5)
smoother, which does not happen with ordinary non-lineatg follow model (6), the following solvability assumption is
systems. needed, as discussed in [7]:

The applicability of the approach is illustrated by one Assumption 1. There exist functiopgt) anda(t), such
example: chaos synchronization. In the following, we firsty,4¢

briefly describe the dynamic of the fractional order Time-
Delay Neural Network to be used. aD@p = Ap(t) + Wolz(t — 7)] + a(t);

p(t) = mr(t)~ (10)

It follows from (10) and (6) that

T

2. Mathematical models

The differential equation will be modeled by the neural net-
work [5]:

aDfz, = A(x) + WTz(t — 1)+ Qu
z,u € R", AW, e R™*" (5)

[Azy + Wolz,(t — 7)] + a(t)] = aDixr = f(zr) + g(ar)ur
a(t) = f(z,) + gz )uyr — Az, — Wolz,.(t—7)].  (11)

So that (9) becomes
wherer is the fixed known time delay; is the statey is the

input, A = —\I, with \ being a positive constanty’ is the aD% = Ae + W (o[z(t — 7)]
state-feedback matrix, angd(x) = tan h(*) is a Lipschitz
function [6] such thatr(z) = 0 only atz = 0, with Lipschitz —olz(t = 7)]+ (u— b))

constantZ,,. It is clear that = 0 is an equilibrium point of
this system, whem = 0.

The system, to be tracked by the neural network, is de-
fined as:

Let's definei = (u — a(t))
aDie=Ae+W(olx(t — 7)) — oz, (t = 7)]) + a. (12)
aD{x,. = f(z,) + g(z,)up, Itis clear that = 0, is an equilibrium point of (12), when

. N em @ = 0. In this way, the tracking problem can be restated as a
zrur €RY, f(x) €R™, g(x) €R (6)  global asymptotic stabilization problem for the system (12).
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4. Tracking error stabilization and control de-
sign

Since¢(e, x,.) is a sector function foe, there exist pos-
itive constants:; andk, such thatk; || e [|2< ¢(e, z,)T <
ko || e |13 [11]. Also, since¢(e, ) is Lipschitz fore, there
To establish the convergence of (12)do= 0, which en-  exist a positive constant, such thaty(e,z,) ¢(e, z,) <
sures the desired tracking, .rst, we propose the following.2 || e ||3. Henceforth (19) can be rewritten and then we
Krasovskii [8] and Lur’e functional [9]. This is essential for have that
the design of a globally and asymptotically stabilizing control

law. We select

Vie) = En: 7 o(r, z)dr

=17

t—1
+ / OL(s)WTW o (s)ds. (13)

The time derivative of (13), along the trajectories of (12)

aDJV = ¢(1,2,) e+ ¢F (YW W, (t)
— by (t =T)W W, (t —7)

aDV = ¢le, x,)T Ae + d(e,x.) "W (o[x(t — 7)]
— oz (t—7)]) + e, z) i+ ¢T ()W W g (1)
— by (t =T)W W, (t —7) (15)

(14)

We selecpl (t — 7) = (o[z(t — 7)] — o[z, (t — 7)])

aDV = —Ag(e,x,) e + ¢le, x, )T WL (t — )
+ole, ) a+ oL (t — YW Wos(t — 1)
— G (t=T)W Wy (t — 1) (16)

Next, let consider the following inequality, proved
in [10]:
XTY +YTX < XTAX +YTATY (17)

which holds for all matrices(,Y € R™**¥, andA € R"*"
with A = AT > 0. Applying (17) withA = I to the term
ple,z,.)" WL (t — ), we get

aD}V < ~Ao(e )" e + S ole ) o, a0)

+ %@f(t —TYWIW o, (t —7) + d(e,x,)Ta

+ g (W W, (t)
— oLt =)W W, (t — 7). (18)
By simplifying (18), we obtain
aDEV < —Ap(e,zn)Te + %(Z)(e,xr)Tqﬁ(e,xr)
— SO = DWW, (t 1)
+o(e,x) U+ L (W W, (1), (19)

1
DpV() < - M- 2] e

— SO =Wt~ 7)

+ole,z) a+ oy (W We(t).  (20)
By simplifying (20), we have
DpV(e) <=M - 2] e
+ole,x) a+ o, (OWIWo(H). (1)

Since ¢, is Lipschitz with Lipschitz constankt,, [12],
then

I 6o (t) | =l o(z(t)) = oz (8) < L7 || 2(t) — 2 (t) |

=L |le(t) |5 - (22)
Applying to o7 ()W W ¢4 (t)
P (W W, (t) <|| & (W W (t) |
S LI W3l e) |5 - (23)

With L2 the Lipschitz constant of (23)(x). To the right
hand, third term of (17), we obtain:

1
DEV(e) < - M - 32 e B

+ Lo | W B[ e) I3 +o(e,z)Ta.  (24)
Now, we suggest to use the following control law:
a=—2+2x L7 | W |3)é(e,z,)"
~B(R(e)"H(LyV)T. (25)

Whereg is a positive constant ar{dz(e)) ! is a function
of e. At this point, substituting (25) into (24), we obtain

aDfV(e) < =M+ Lo+ Lo | WIS ] [le 3. (26)

ThenaDgV(e) < 0 for all e # 0. This means that the
proposed control law (27) can globally and asymptotically
stabilize the error system, therefore ensuring the tracking of
(5) by (6).

Finally, the control action driving the recurrent neural net-
works is given by:

u=—-2+2x L7 | WI3)e(e,z)" + f(ar)
+ g(x'r)ur - Amr - WU[$r(t - T)]

(27)

We summarize the above developed analysis in the fol-
lowing Theorem.

Theorem 1. The control law (27) ensures that the Time-
Delay Neural Network (5) tracks the reference system (6).

Rev. Mex. 5. 66 (1) 98-104



TRAJECTORY TRACKING ERROR USING FRACTIONAL ORDER TIME-DELAY RECURRENT NEURAL NETWORKS... 101

) Master 5. Simulations
2
e % To illustrate the applicability of the discussed results, we
* selected, the following delayed neural networkDy x,, =
oa \ A(z) + Wolz(t — 7)] + u, where
= -1 0 0 03 0.8 0
A= 0 -1 0 |, W=|04 03 0 |,
™ e 0 0 -1 0 0 1
x2 \,\/f/v/” X (/7T 1 2 :
a) W2 tanh(zq (t — 7))
. ave olx(t—71))=| tanh(z2(t—71)) |,
2’ tanh(x3(t — 7))
W ol T =15 sec (28)
* \ \ﬁ\\:\\ The reference signal, which the neural network has to fol-
5 z\.,,)\\ \ low is the chaotic circuit of Chua [13], described by the dif-
0 ;\ ferential equation of fractional order:
-0.2\x\ _ —~ @
PR A aD{z, = 15.6y, — 15.6x, — 15.6{ — 1.143z,
b) c o z y1
FIGURE 1. a = 1 Simulation result for the Non-Linear System and + (=1.143 +0.714) [|xr +1| = |z, — 1@ (29)
the Reference Signal synchronization between the delayed neural 2
network and the Chua.s circuits. The Non-linear system is coupled o
to the slave system with the first state variable and detay: (15 aD}yy = xr —yr — 2p

Sec): Three-dimensional view on the double scroll attractor gener-
ated for a) Non-Linear System (master system) and b) Reference
Signal (slave system).

D?ZT = —28y, (30)
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FIGURE 2. Time evolution for Delayed Neural Network and FIGURE 3. Time evolution for Delayed Neural Network and
Chua'’s circuits with initial condition (0.7; 0; 0) and the error signal Chua’s circuits with initial condition (0.7; 0; 0) and the error signal
(z1(t) — y1(¢)) for time. (z2(t) — y2(¢)) concerning time.
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dimensional view on the double scroll attractor generated for a)ral Network and Chua’s circuits with initial condition (0.7; 0; 0)
master system and b) slave system. and the error signdlzz(t) — y2(t)) concerning time.
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The experiment is performed as follows. Both systems,
the fractional-order delayed neural network and the Chua.s
circuits evolve independently until = 15 seconds: at that
time, the proposed control law (23) is incepted. Simulation
results are presented in Fig. 6, 7, 8, for state 1, state 2 and
state 3, respectively. As can be seen, tracking is successfully
achieved.

6. Conclusions

We have presented the controller design for trajectory track-
ing determined by a Fractional Order Time-Delay dynamical
network. This framework is based on dynamic Fractional Or-
der delayed neural networks, and the methodology is based
on Fractional Order Lyapunov-Krasovskii and Lur’e theory.
The proposed Inverse Optimal Control Law is applied to a
dynamical fractional order delayed neural network and the
Chua’s circuits, respectively, being able to also stabilize in
asymptotic form the tracking error between two systems. The
results of the simulation show clearly the desired tracking.

In future work, it can be mentioned that the results will
be extended to model non-linear systems, whose mathemati-
cal model is not completely known, and in that sense, it can
be decided that the laws of control and laws of learning are
robust.

It is important to mention that, we will are work on sim-
ulation in real time to control a humanoid, and these results

The following simulations were performed applying Mat- are very promising, since they would help people who have
Lab / Simulink, using the fourth order Runge Kutta method. |ost some lower limb, and to control humanoids, which could

The experiment is performed as follows. Both systemshelp in tasks that are dangerous for humans.
the delayed neural network, and the Chua’s circuits, evolve

independently untir = 15 seconds: at that time, the pro-
posed control law (23) is incepted.

For 15 seconds, the non-linear system is in open loop

(Without Control), later, passing that time delay, the controlThe authors thank the support of CONACyT and the
is applied, and the trajectory tracking objective is performedDynamical Systems group of the Facultad de Ciencias
as can be seen in Fig. 2, 3, and 4, and the tracking errors teffdsico-Matenaticas, Universidad Autonoma de Nuevo Leon,

zero after the controller goes into operation.
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