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Nonlinear mixed convective nanofluid flow along moving vertical rough plate
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The objective of the current research paper is to investigate the effects of surface roughness on magnetohydrodynamic nonlinear mixed
convection nanofluid flow over vertically moving plate. The highly coupled dimensional nonlinear partial differential equations (NPDE)
are converted into dimensionless NPDE along with the boundary conditions with the help of non-similar transformations. The resulting set
of dimensionless nonlinear PDE’s are solved by using the Quasilinearization technique and implicit finite difference method. Impacts of
various dimensionless parameters, namely, Brownian diffusion (Nb), nonlinear mixed convection (γ), nanoparticle buoyancy ratio (Nr),
Lewis number (Le), thermophoresis (Nt), frequency (n), magnetic (M ), and small parameter (α) are studied in detail on profiles as well
as gradients. The results reveal that increasing values ofγ increase the velocity profile, while increasing values ofNr decrease the same.
Further, increasing values ofα andn exhibit sinusoidal variations on skin-friction coefficient, heat, and nanoparticle mass transfer rates.
Moreover, the presence of nonlinear mixed convection parameter has significant effects on fluid flow compared to its absence. In addition to
this, rate of heat transfer is analyzed in presence and absence of nanoparticles.
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1. Introduction

Many researchers have investigated linear variations in the
temperature as well as density relations. The study of non-
linear variations in temperature and density relation [1-4] is
a new idea to analyze the impacts of thermo-physical proper-
ties, such as temperature variations, viscous dissipation, den-
sity variations, etc. In such cases, nonlinearity plays a vital
role and applications can be seen in the engineering and in-
dustrial applications. Some of these are, for example, thermal
systems, combustion, geothermal power, reactor safety, elec-
tronics cooling, solar collectors, and drying surfaces, which
exhibit the nonlinearity phenomenon in temperature and den-
sity variations when operating at high temperatures[1-3]. The
nonlinearity term has been considered in the buoyant force
due to its notable physical significance on fluid flow and heat
transport properties of fluids.

Sinha [1] has studied the frictional heating system effects
and heat sources on convective flows along with the vary-
ing density in terms of quadratic temperature difference. Va-
jravelu and Sastri [2] have investigated the wall heat transfer
between vertical walls in presence and absence of nonlinear
density temperature variations. Motsaet al. [3] have inves-
tigated the impact of nonlinear temperature as well as den-
sity variations on nanoliquid flow over the convective verti-
cal surface. In the work of [3], the governing nonlinear PDE’s
are numerically solved by the spectral linearization technique
and their results reveal that higher values of thermophoresis
parameter and nonlinear temperature enhance the magnitude
of the velocity profile. Bandaruet al. [4] have inspected
the impact of nonlinear convection and the thermophoretic
coefficient on a rotating fluid due to a rapid rotating cone
and their results reveal that the increasing values of nonlinear

temperature, as well as concentration, increase the magnitude
of surface-friction, Nusselt number, and Sherwood number
significantly. Further, Mandal and Mukhopadhyay [5] have
examined the effects on micropolar fluid flow over exponen-
tially stretching sheet in presence and absence of nonlinear
convection and their results show that the velocity profile in-
creases for the presence of both nonlinear and mixed convec-
tion parameters.

Surface roughness [6] can be defined as the small irregu-
larities on surface texture that are an integral part of a mate-
rial or the production of the materials. The study of surface
roughness has many applications in the area of science and
technology, namely, electronic cooling devices, heat trans-
fer exchangers, production of polymers and nuclear reactor
cooling, etc. [7-9]. Ehasnet al. [7] have studied the ther-
mal and hydro-kinematic properties of water-based alumina
nanofluid flow between two parallel rough plates. Salimpour
et al. [8] have studied rate of heat transfer on iron oxide/de-
ionized with water as base fluid and also with the Cu surface.
Furthermore, their study reveals that boiling stagnation point
increases heat transfer rate for both rough and smooth sur-
faces with high heat flux. Influence of roughness and convec-
tive heat transfer flow on the boundary surface was studied
by Panet al. [9]. In their study, numerical simulation was
carried out by COMSOL5.3 and their results indicate that the
drag of liquid increases the surface roughness, significantly.

The suspension of nanometer sized metalic particles in
base fluid yields the nanofluid. The term “nanofluid” was
coined by Choi and Eastman [10] in 1995. The nanoparticles
are formed by several materials such as metal oxides, ceram-
ics, semiconductors, or alloyed nanoparticles etc. Nanofluids
have gained great attention due to their controlling and en-
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hancing of heat transport properties that make them suitable
for engineering and industrial purposes such as solid-state
lighting, power generation, microfluidics, cancer treatment,
nuclear reactor cooling, heat exchangers, etc. [10-12]. Re-
cently, Subhashini and Sumathi [11] have studied the effects
of mixed convective nanofluid flow over a vertically moving
plate with three different nanoparticles, namely, Copper, Alu-
minium Oxide, and Titanium Oxide along with water as the
base fluid. Sheikholeslamiet al. [12] have investigated the
convective heat transfer by a magneto nanofluid with water
as the base fluid in a three-dimensional enclosure. Addition-
ally, Ganesh Kumaret al. [13] have studied the heat transport
characteristics on converging and diverging channel through
water-based TiO2 nanoparticles.

The above literature study points out that the effects of
surface roughness and nonlinear mixed convection nanofluid
flow is an advanced research approach and no attention has
been given so far to study their effects. Thus, the aim of
present paper is to study the Magnetohydrodynamics (MHD)
nonlinear mixed convective nanofluid flow effects on sur-
face roughness. In order to achieve the desired numeri-
cal accuracy, the obtained results are compared with the
works of Minkowycz and Sparrow [14] and Mohamadet al.
[15] for the various numerical values ofRi on heat transfer
rate(Re−1/2Nu) in Table I. Minkowycz and Sparrow [14]
have studied the local non-similarity solutions for boundary
layer problem using non-similar solutions. Mohamadet al.
[15] have investigated the impacts of thermal radiation on
mixed convection magnetohydrodynamic nanofluid flow past
a moving plate. Further, the corresponding governing sys-
tem of PDE’s are solved with the help of local linearization
method, Runge-Kutta method of fourth order (RK4) and the
shooting technique. In the current analysis, governing equa-
tions are solved by using non-similar transformations, Quasi-
linearization and the implicit finite difference method [16-
19]. Thus, the obtained numerical results are validated with
the works of [14] and [15] in the limiting case ofξ = 0,
whenPr = 0, Re = 0, Nb = 0, Ec = 0, M = 0, Le = 0,
Nt = 0, ε = 0, Nr = 0, α = 0, n = 0, andγ = 0. The com-
parison shows that the obtained results are in good agreement
with the previously established results.

2. Mathematical formulation

In the present problem, a steady, laminar nonlinear mixed
convection nanofluid flow along moving vertical rough plate
is considered. The plate is taken along thex-axis andy-axis
is measured perpendicular to the plate as shown in Fig. 1.
The surface roughness is assumed to be along the plate and
is modeled in terms of sine waveform of small amplitude and
high frequency. The surface roughness is modelled through a
deterministic approach [20].

The velocity of the plate is taken asU0(x), while that of
the free stream is taken asU∞(x). The temperature of the
moving plate is more than that of ambient fluid(Tw > T∞),
where,Tw andT∞ are the wall temperature and ambient fluid

FIGURE 1. Flow geometry and co-ordinate system.

temperature, respectively. Here,φw and φ∞ indicate the
nanoparticle volume fraction at the wall and away from the
surface, respectively. The nonlinear temperature variations
are considered in the buoyancy force term, and the density
variations are modelled through Boussinesq approximation
[21-23]. In the Buongiorno two-phase model, every parti-
cle has an independent existence in the carrier liquid, which
possibly gives rise to several slip mechanisms. Among these
mechanisms, thermophoresis and Brownian diffusion effects
are dominant in the absence of turbulent flow, and hence, we
have considered these effects in the present analysis by em-
ploying the former model [24]. Thus, the suitable governing
equations are [3,25-28].

Continuity equation:

∂u

∂x
+

∂v

∂y
= 0, (1)

Momentum equation:
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Nanoparticle volume fraction equation:
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with the corresponding boundary conditions given by

y = 0 : u = Uw(x) = U0

(
1 + α sin

(nx

L

))
,

v = 0, T = Tw, φ = φw,

y →∞ : u → U∞, T → T∞, φ → φ∞, (5)

wherex andy are the distances alongx andy co-ordinates,
u andv are the velocity component alongx andy axes,U0

is the reference velocity,Uw is the wall velocity,U∞ is free
stream velocity,B0 is the magnetic field strength,σ is elec-
trical conductivity of the fluid,β0 andβ1 represent the linear
and nonlinear thermal expansion coefficients of nanofluid,g
is the acceleration due to gravity,ρ is the density of nanofluid,
ρp is the nanoparticle mass density,αm is the thermal diffu-
sivity of nanofluid,φ is nanoparticle volume fraction,φw and
φ∞ are the nanoparticle volume fraction at the wall and am-
bient conditions,T is the temperature,Tw andT∞ denote the
temperature at the wall and ambient conditions,DB is the
Brownian diffusion coefficient,DT is thermophoretic coef-
ficient, ρpCpp represents the heat capacity of nanoparticles,
ρCnf denotes the heat capacity of nanofluid,α is the small
parameter, andn is the frequency parameter.

Non-similar transformations:

ξ =
x

L
, η = y

√(
U0

vx

)
, fn = F,

ψ(x, y) =
√

(vU0x)f(ξ, η),

T − T∞ = (Tw − T∞)G(ξ, η),

φ− φ∞ = (φw − φ∞)S(ξ, η),

u =
∂ψ

∂y
, v = −∂ψ

∂x
. (6)

With the application of Eq. (6), (1) satisfied identically
and the Eqs. (2)-(4), are as follows:

Fηη +
{

f

2
+ ξfξ

}
Fη − ξFξF + ξM2Re(ε− F )

+ ξRiG(1 + γG)− ξRiNrS = 0, (7)

Gηη + Pr

{
f

2
+ ξfξ

}
Gη + PrNbSηGη + PrNtG2

η

+ ξPrReEcM2(ε− F )2 = 0, (8)

Sηη + Le

{
f

2
+ ξfξ

}
Sη − ξLeSξF +

Nt

Nb
Gηη = 0. (9)

The non-dimensional boundary conditions are

F = 1 + α sin(nξ), G = 1, S = 1 at η = 0,

F → ε, G → 0, S → 0 as η →∞. (10)

In this analysis,F is the dimensionless velocity,G
is the dimensionless temperature,S denotes dimension-
less nanoparticle volume fraction,f is the non-dimensional

stream function,ξ andη are the transformed variables,ψ is
the stream function,

Nr =
(

ρp − ρ

ρ

)
(φw0 − φ∞)
β0(Tw − T∞)

1
(1− φ∞)

denotes the nanoparticle buoyancy ratio parameter,Pr =
v/αm represents the Prandtl number,ε = U∞/U0 is the ve-
locity ratio parameter,M = B0/[U0(

√
σv/ρ)] is the Mag-

netic parameter,Ec = U2
0 /[Cnf (Tw−T∞)] denotes the Eck-

ert number (viscous dissipation parameter),γ = β1/β0(Tw−
T∞) represents the nonlinear mixed convection parameter,
Le = v/DB is the Lewis number,Ri = Gr/Re2 denotes
the Richardson number,Re = U0L/v is the Reynolds num-
ber,

Gr =
gβ0(1− φ∞)(Tw − T∞)L3

v2

is the Grashof number,Nb = JDB [(φw − φ∞)/v] and
Nt = JDT [(TW − T∞)/vT∞] are the Brownian diffu-
sion parameter and thermophoresis parameter, respectively.
where,J is the ratio between heat capacity of nanoparticles to
the heat capacity of the nanofluidJ = ρpCpp/ρCnf Kindly
include comma instead of full stop.

f(ξ, η) =

η∫

0

Fdη + fw, (11)

wherefw = 0, represents an impermeable surface.

The gradients defined at the wall are as below:

Skin friction coefficient:

Cf =
2v

(
∂u
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)
y=0

U2
w

= 2
√

(ξRe)
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√
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Heat transfer rate:
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)
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√
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√
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Nanoparticle mass transfer rate:

NSh = −x

(
∂φ
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)
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= −S(ξ, 0)

√
(ξRe), (14)

or Re−1/2NSh = −Sη(ξ, 0)
√

ξ.
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3. Method of solution

The Quasilinearization technique is used to solve the system
of nonlinear non-dimensional PDE from Eqs. (7)-(9) with
appropriate boundary constraints (10) and the resultant set of
equations are given below:

F i+1
ηη + Ai

1F
i+1
η + Ai

2F
i+1
η

+ Ai
3F

i+1
ξ + Ai

4G
i+1 + Ai

5S
i+1 = Ai

6, (15)

Gi+1
ηη + Bi

1G
i+1
η + Bi

2G
i+1
ξ + Bi

3F
i+1

+ Bi
4S

i+1
η = Bi

5, (16)

Si+1
ηη + Ci

1S
i+1
η + Ci

2S
i+1
ξ + Ci

3F
i+1

+ Ci
4G

i+1
ηη = Ci

5, (17)

where coefficient functions at theith iteratve index are known
and that at(i + 1)th are to be find out.

The relevant boundary constraints are as given below:

F i+1 = 1 + α sin(nξ), Gi+1 = 1, Si+1 = 1,

at η = 0.

F i+1 = ε, Gi+1 = 0, Si+1 = 0,

at η = η∞. (18)

whereη∞ is the edge of boundary layer.
The coefficients in Eqs. (15)-(17) are

Ai
1 =

{
f

2
+ ξfξ

}
; Ai

2 = −ξ(Fξ + M2Re);

Ai
3 = −ξF ; Ai

4 = ξRi(1 + 2γG); Ai
5 = −ξRiNr;
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{
f

2
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}
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2 = −ξPrF ; Bi
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η − ξPrGξF + PrNbSηGη
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{
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2
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}
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2 = −ξLeF ; Ci
3 = −ξLeSξ;
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4 =

Nt

Nb
; Ci

5 = −ξLeFSξ;

Eqsuations (15)-(17), are discretized at each iteration step
by using the formula of second-order central difference in
boundary layer (η) direction and the backward difference for-
mula in the streamwise (ξ) direction. For each iteration pro-
cess, the results are in the form of block tri-diagonal matrix
(BTDM). Then, BTDM computation has been carried by us-
ing Vargas’s algorithm [29]. The step sizes∆η and∆ξ are

optimized and a convergence criterion is employed to guar-
antee the convergence of numerical solutions. Thus, when
the difference between the present and previous iterations ap-
proaches the value lesser than10−4, the iteration process is
terminated.

That is,

max
{∣∣∣∣(Fη)i+1

w − (Fη)i
w

∣∣∣∣,
∣∣∣∣(Gη)i+1

w − (Gη)i
w

∣∣∣∣,
∣∣∣∣(Sη)i+1

w − (Sη)i
w

∣∣∣∣,
}

< 10−4. (19)

4. Results and discussion

For the present problem, results are computed for the cases
of absence and presence of a nonlinear mixed convection pa-
rameter, surface roughness, and nanoparticles. The values
γ 6= 0 andγ = 0 indicate the presence and absence of nonlin-
ear mixed convection parameter, respectively. Surface rough-
ness is Modeled in terms of a small parameterα along with
the frequency parametern. The valueα = 0 indicates a the
smooth surface andα 6= 0 indicates a rough surface. The val-
uesNr = 0.1, Le = 10, Nt = 0.1, andNb = 0.1 are taken
in presence of nanoparticles, while these parameters are set
to zero for the absence of nanoparticles [28]. The value of
other parameters are taken asPr = 7.0, Ri = 10, Re = 10,
ε = 0.5, Ec = 0.1, [28]. The terms nanofluid and ordinary
fluid indicate the base fluid with and without nanoparticles,
respectively. The valuesM = 0 andM 6= 0 indicate the
absence and presence of applied magnetic field.

4.1. Velocity, temperature, and nanoparticle volume
fraction profiles

Figure 2 portrays the effects of streamwise co-ordinate and
non-similarity variableξ on velocity profileF (ξ, η) and tem-

FIGURE 2. Effect ofξ on(F, G) for Pr = 7.0, Ri = 10, Le = 10,
Re = 10, Nr = 0.1, M = 0.1, Nt = 0.1, Ec = 0.1, Nb = 0.1,
ε = 0.5, α = 0.5, γ = 0.1 andn = 50.
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FIGURE 3. Effect ofNr andγ onF (ξ, η) for ξ = 0.5, Pr = 7.0,
Le = 10, Ri = 10, Ec = 0.1, Re = 10, Nb = 0.1, Nt = 0.1,
M = 0.1, ε = 0.5, α = 0.5, andn = 50.

FIGURE 4. Effect of Nt andγ on G(ξ, η) for ξ = 0.5, Le = 10,
Pr = 7.0, Re = 10, Ri = 10, Nb = 0.1, ε = 0.5, M = 0.1,
Nr = 0.1, Ec = 0.1, α = 0.5, andn = 50.

perature profileG(ξ, η) respectively. A small increase in the
value ofξ enhances the magnitude of velocity profile, while
reduces the temperature profile near the wall. The reason be-
ing is that the rising values ofξ act as a favourable pressure
gradient on velocity profile while, the same rising values ofξ
act as a negative pressure gradient on the temperature profile.
Thus, increase in the magnitude of velocity profileF (ξ, η)
and decrease in the magnitude of temperature profileG(ξ, η)
is observed for non-zero values ofξ.

The influence of the nonlinear mixed convection param-
eter γ, thermophoresis parameterNt, Lewis numberLe,
and nanoparticle buoyancy ratio parameterNr on velocity
F (ξ, η), temperatureG(ξ, η), and nanoparticle volume frac-
tion S(ξ, η) profiles are shown in Figs. 3-5. In particular,
Fig. 3 displays the variations due to nonlinear mixed convec-
tion parameterγ and nanoparticle buoyancy ratio parameter
Nr on velocity profileF (ξ, η). The higher values ofγ en-
hance the magnitude of the velocity profile. A reason for this

FIGURE 5. Effect of Le andγ on S(ξ, η) for ξ = 0.5, Pr = 7.0,
Nb = 0.1, Ri = 10, Nt = 0.1, Re = 10, Nr = 0.1, Ec = 0.1,
M = 0.1, ε = 0.5, α = 0.5, andn = 50.

is that the rising values ofγ rises the temperature of fluid,
and which accelerates the fluid particles. Meanwhile, the
larger values ofNr decrease the magnitude of velocity pro-
file. The higher values ofNr reduces the buoyancy due to
temperature in the nanofluid and this causes such variations
in velocity profile.

The effects of nonlinear mixed convection parameterγ
as well as thermophoresis parameterNt on temperature pro-
file G(ξ, η) are depicted in Fig. 4. The graph reveals that
the larger value ofNt increases the magnitude of tempera-
ture profile, while an increase in the value ofγ decreases the
magnitude of temperature profile. This is due to fact that the
thermophoresis force generated by the temperature gradient
induces a faster movement of nanoparticles from the region
of hot surface to cold surface and which drives the tempera-
ture of the fluid. Consequently, presence of nonlinear mixed
convection (γ = 1) reduces thermal boundary layer thick-
ness, which in turn decreases the magnitude of the tempera-
ture profile.

Figure 5 displays the variations ofLe andγ on nanopar-
ticle volume fraction profileS(ξ, η). The magnitude of
nanoparticle volume fraction profileS(ξ, η) decreases for the
larger values of Lewis numberLe and nonlinear mixed con-
vection parameterγ. For the higher values ofLe, the Brow-
nian diffusion is reduced whereas for increasing values ofγ,
the temperature difference between wall and fluid increases.
These factors reduce the magnitude of nanoparticle volume
fraction profile.

4.2. Effect of Brownian diffusion and magnetic param-
eter on temperature profile and heat transfer rate

The Fig. 6 and Fig. 7 represent the variations of temperature
profile G(ξ, η) as well as the Nusselt number or rate of heat
transfer (Re−1/2Nu) for increasing values of Brownian dif-
fusion parameterNb and magnetic parameterM . For higher
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FIGURE 6. Effect ofNb andM onG(ξ, η) for ξ = 0.5, Nt = 0.1,
Nr = 0.1, Ri = 10, Le = 10, Re = 10, Pr = 7.0, Ec = 0.1,
ε = 0.5, γ = 0.1, α = 0.5, andn = 50.

FIGURE 7. Effect of Nb andM on (Re−1/2Nu) for Pr = 7.0,
Ri = 10, Re = 10, Le = 10, Nr = 0.1, Ec = 0.1, Nt = 0.1,
ε = 0.5, α = 0.5, n = 50, andγ = 0.1.

values ofNb andM , increase in the magnitude of temper-
ature profile and decrease in heat transfer rate can be ob-
served in the Fig. 6 and Fig. 7, respectively. A possible
explanation is that an increase in values ofNb increases the
random movement of nanoparticles from the hot plate to sur-
rounding fluid and the nanoparticles penetrate deeper into the
fluid. This enhances the temperature of the nanofluid. Con-
sequently, the random motion of nanoparticles reduces their
kinetic energy and this fact causes the a reduction in the heat
transfer rate. On the other hand, the presence of magnetic pa-
rameterM increases the magnitude of the temperature profile
and reduces the heat transfer rate. In presence of the mag-
netic parameterM , the Lorentz force opposes the movement
of fluid particles and this fact causes such variations in the
temperature profile as well as in heat transfer gradient.

FIGURE 8. Effect ofα andγ on (Re1/2Cf ) for Pr = 7, Ri = 10,
Re = 10, Le = 10, Nr = 0.1, Ec = 0.1, Nb = 0.1, M = 0.1
Nt = 0.1, andε = 0.5.

4.3. Surface roughness and nonlinear mixed convection
effects on gradients

4.3.1. Skin-friction coefficient

The Fig. 8(a) - 8(b) show the variation of skin-friction co-
efficient (Re−1/2Cf ) alongγ for increasing values of small
parameterα and nonlinear mixed convection parameterγ for
(a)n = 10 and (b)n = 20, respectively.

For increasing values ofα andγ, the magnitude of skin-
friction coefficient increases significantly. Moreover, the
number of oscillations increase for higher values ofn. Since
the surface roughness is modelled with small amplitude and
larger frequency sine waves, the small parameterα indicates
the depth of a sine wave, while the frequency parametern sig-
nifies the number of cycles. Thus, for more values ofα andn,
such variations can be found in the skin-friction coefficient.
In addition to this, presence of nonlinear mixed convection
(γ = 1) increases the movement of fluid particles near the
plate and this fact increases the friction at the wall.
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FIGURE 9. Effect of α andγ on (Re−1/2Nu) for Ri = 10, Re = 10, Pr = 7.0, Le = 10, Nr = 0.1, Nb = 0.1, Nt = 0.1, Ec = 0.1,
M = 0.1, andε = 0.5.

FIGURE 10. Effect ofα andγ on (Re−1/2NSh) for Pr = 7.0, Ri = 10, Nt = 0.1, Re = 10, Le = 10, Nr = 0.1, Ec = 0.1, M = 0.1,
Nb = 0.1, andε = 0.5.

4.3.2. Wall heat transfer rate and nanoparticle mass trans-
fer rate

Figures 9 and 10 portray, respectively, the sinusoidal varia-
tions of rate of heat transfer (Re−1/2Nu) and nanoparticle
mass transfer rate (Re−1/2NSh) alongξ for various values
of small parameterα, nonlinear mixed convection parame-
ter γ and frequency parametern. The magnitude of rate of
heat transfer and nanoparticle mass transfer rate increases for
non-zero values ofα and γ. Also, the number of oscilla-
tions increases with larger value ofn. The roughness at the
plate creates more surface area and thereby helps to the pro-
cess of transfer of heat in a larger quantity from the plate
into the ambient fluid. On the other hand, the presence non-
linear mixed convection parameters (γ = 1) reduces the
the temperature of fluid and hence, assist to transfer of more
heat from the plate into the fluid as compared to that in ab-

sence of nonlinear mixed convection parameter (γ = 0). In
addition to this, the higher values ofα, n indicate the wall
with more surface area and which causes such variations in
the nanoparticle mass transfer rate compared to absence of
nonlinear mixed convection.

4.4. Comparison of heat transfer rate for in absence
and presence of nanoparticles

Figure 11 illustrates the comparison between an ordi-
nary fluid and a nanofluid in terms of heat transfer rate
(Re−1/2Nu) for both smooth as well as rough surfaces cases.
The magnitude of rate of heat transfer for the nanofluid de-
creases as compared to an ordinary fluid. With the inclusion
of nanoparticles into the base fluid, suspended nanoparticles
accumulate at the hot plate and acquire enough heat energy.
This process significantly reduces the transfer of heat from
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FIGURE 11. Effect α on (Re−1/2Nu) for Ri = 10, Re = 10,
Pr = 7.0, Le = 10, Nr = 0.1, Ec = 0.1, M = 0.1, α = 0.5,
ε = 0.5, andγ = 0.1.

TABLE I. Comparison of heat transfer rate(Re−1/2Nu) values
obtained in the present analysis with the results of Minkowycz
and Sparrow [14] and Mohamad,et al. [15] for various values of
Richardson numberRi whenξ = 0, Re = 0, Nr = 0, Ec = 0,
M = 0, Le = 0, Nb = 0, ε = 0, Nt = 0, α = 0, n = 0, and
γ = 0.

Ri Minkowycz and Mohamad,et al. Present

Sparrow [14] [15] results

0.0 0.29268 0.29266 0.29267

1.0 0.41054 0.41053 0.41053

2.5 0.48619 0.48617 0.48618

5.0 0.56067 0.56065 0.56066

7.0 0.60283 0.60282 0.60281

10.0 —– —– 0.75927

the plate to the ambient fluid. For example, atξ = 0.5 the
heat transfer rate reduces about 49 % for both rough as well
as smooth surfaces in presence of nanoparticles.

The results established in the present study are validated
by comparing the heat transfer rate (Re−1/2Nu) with the
previously established results of Minkowycz and Sparrow
[14] and Mohamadet al. [15] in the Table I for different val-
ues of Richardson numberRi whenξ = 0, Re = 0, Nb = 0,
Ec = 0, Nr = 0, M = 0, Le = 0, Nt = 0, ε = 0, α = 0,
n = 0, andγ = 0.

In Table II, the values of wall heat transfer
rate |Re−1/2Nu| and nanoparticle mass transfer rate
|Re−1/2NSh| are presented for the case of absence of non-
linear mixed convection parameterγ for both the cases of
absence and presence of magnetic field parameterM and for
smooth (α = 0) and rough (α = 0.5) surfaces.

Similarly, in the Table III, the values of wall heat trans-
fer rate |Re−1/2Nu| and nanoparticle mass transfer rate
|Re−1/2NSh| are presented for the case of presence of non-
linear mixed convection parameterγ for both the cases of

TABLE II. Wall heat transfer rate|Re−1/2Nu| and nanoparticle
mass transfer rate values for both the cases of absence and pres-
ence of magnetic field parameterM and for smooth (α = 0) and
rough (α = 0.5) surfaces whenγ = 0.5, Pr = 7.0, Ri = 10,
Re = 10, Nt = 0.1, Ec = 0.1, Le = 10, Nr = 0.1, ε = 0.5,
Nb = 0.1, andn = 50 (Case of absence of nonlinear mixed con-
vection parameterγ).

Absence of nonlinear mixed convection

parameter (γ = 0)

Gradients α = 0 α = 0.5

M = 0 M = 0.1 M = 0 M = 0.1

|Re−1/2Nu| 0.58960 0.58650 0.59847 0.59533

|Re−1/2NSh| 1.31416 1.30850 1.33393 1.32831

TABLE III. Wall heat transfer rate|Re−1/2Nu| and nanoparticle
mass transfer rate|Re−1/2NSh| values for in absence and pres-
ence of magnetic field parameterM and for smooth (α = 0) and
rough (α = 0.5) surfaces whenξ = 0.5, Pr = 7.0, Ri = 10,
Re = 10, Nt = 0.1, Ec = 0.1, Le = 10, Nr = 0.1, ε = 0.5,
Nb = 0.1 andn = 50 (Case of presence of nonlinear mixed con-
vection parameterγ).

Presence of nonlinear mixed convection

Gradients
parameter (γ = 1)

α = 0 α = 0.5

M = 0 M = 0.1 M = 0 M = 0.1

|Re−1/2Nu| 0.62341 0.61995 0.63278 0.62924

|Re−1/2NSh| 1.48604 1.48237 1.50751 1.50352

absence and presence of magnetic field parameterM and f
or smooth (α = 0) and rough (α = 0.5) surfaces. From Ta-
ble II and Table III, it is noted that in presence of magnetic
field parameter, the heat transfer rate and nanoparticle mass
transfer rate decrease, while for in presence of rough surface
and nonlinear mixed convection parameter,|Re−1/2Nu| and
|Re−1/2NSh| increase significantly. This signifies that the
increasing value of magnetic parameter, surface roughness
parameter and nonlinear mixed convection parameter show
prominent effect on the magnitude of heat transfer rate and
nanoparticle mass transfer rate.

5. Conclusions

An innovative investigation of nonlinear combined convec-
tion nanofluid flow is carried out in presence of surface
roughness and the following conclusions are summarized
from the detailed analysis of MHD nonlinear mixed convec-
tion nanofluid flow along moving vertical rough plate:

• The magnitude of velocity profile increases and that
of temperature profile decreases with the increase in
values of non-similarity variableξ. This signifies the
influence of non-similar solutions.

Rev. Mex. F́ıs. 66 (2) 153–161



NONLINEAR MIXED CONVECTIVE NANOFLUID FLOW ALONG MOVING VERTICAL ROUGH PLATE 161

• The magnitude of velocity profile increases for increas-
ing values of nonlinear mixed convection parameterγ,
while decreases for increasing values of nanoparticle
buoyancy ratio parameterNr.

• The increasing values of nonlinear mixed convection
γ reduce the temperature profile, while the increasing
values of thermophoresis parameterNt increase the
same.

• The higher values of Lewis number and nonlinear

mixed convection parameter reduces the nanoparticle
volume fraction profile.

• The presence of magnetic field parameterM increases
the magnitude of temperature profile, while decreases
the magnitude of wall heat transfer rate.
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