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A least square study on flow and radiative heat transfer of a hybrid
nanofluid in a moving frame by considering a spherically-shaped particle
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The focus of this work is to elucidate the nature of a hydrodynamic hybrid nanofluid in a moving frame. Solar radiation and the spherically-
shaped particle approximation are implemented. The implication of suitable transformation corresponds to self-similarity equations. Least
square and RKF 45th-order techniques are employed to evaluate these non-dimensional equations. For better understanding of the problem,
energy and flow features are demonstrated for distinct physical constraints. It is recognized that the transfer of fluid heat is pronounced for
enhancingR but dismisses in rising values ofPr. A higher value of indicates that more heat is transferred to the liquid, which translates into
a a temperature rise.
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1. Introduction

The flows over a moving frame have captured the attention
due to the various ramifications in multiple processes of en-
gineering.. Having such important implications in view, Ba-
chok et al. [1,2] discussed the nanofluids flows in the pres-
ence of a moving surface. Turkyilmazoglu [3] executed a
time-dependent convection analysis of the flow induced by a
vertical surface under heat transportation. Thummaet al. [4]
studied the natural convective flow of MHD nanofluids over a
plate by considering the temperature gradients with suction.
The topic of boundary-driven flows on moving surfaces has
been elaborated by many; see, for example, [5-9].

At present, nanomaterials have been subject of increas-
ing interest. The concept of hybrid nanofluid is the latest
advancement in the theory of nanofluids to improve the rate
of heat transportation in engineering, industrial, and tech-
nological processes. These hybrid nanofluids have multiple
appliances across fields such as acoustics, medicine, trans-
portation, hybrid-powered procedures, micro-fluidics, naval
structures, solar accumulators, energy and engine cells, etc.
In accordance with such powerful implications, Janaet al.
[10] investigated the heat transport in hybrid nano-fluidics.
Sureshet al. [11] analyzed the Cu- Al2O3-water hybrid
nanofluid under the transportation of heat. Vafaeiet al. [12]
investigated the evolution of thermal conductivity in hybrid
nanomaterials. Later on, distinct experimental and theo-
retical models have been developed to examine the multi-
dimensional behavior of hybrid nanofluids [13-17].

Modern efforts have focused on introducing and devel-
oping more efficient and affordable technologies for energy
storage. For example, nanomaterials are regarded as the best
coolants in, among others, aerospace, optics, transport, nu-
clear, and aircraft industries. In this direction, Rashidiet al.
[18] reported the magnetic nanomaterials flow by considering
radiation and the presence of the buoyancy effect. Makinde
[19] addressed the convected flow of nanomaterial induced
by a porous plate by accounting the thermal radiation and
mass transportation. Hayatet al. [20] executed a study of 3D
non-Newtonian nanomaterial flow under radiative phenom-
ena. Some featured works in revolution of nanofluid theory
can be consulted through [21-30].

Here, our primary motive is to evaluate the aspects of heat
transport and flow of a hybrid nanofluid under moving frame
by considering spherically-shaped particles. The nonlinear
phenomenon of thermal radiation is also taken into account;
thus, a more realistic setting is proposed in comparison to
the linearized thermal radiation case. According to literature
review, no investigation with such physical flow features is
reported yet. Elucidations are made with the help of Runge-
Kutta-Fehlberg-45 method.

2. Mathematical modeling

Consider a steady-state flow and heat transportation of a hy-
brid nanofluid in a moving frame. The plate is stretched along
the opposite or same direction having free-stream velocity
U∞ and constant velocityUw. The nonlinear thermal radia-
tion aspects are also taken into account. The flow is confined
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to y > 0 and the sheet coincides with the planey = 0. The
ambient fluid temperature is represented byT∞.

Governing equations of hybrid nanofluid are defined as:
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= 0, (1)
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where u and v denote the velocity components of the
nanofluid along thex andy directions, respectively,σ∗ the
Stefan-Boltzmann constant,k∗ the mean absorption coeffi-
cient andqr the radiated surface heat flux.

The expressions for viscosity, thermal conductivity, spe-
cific heat and density of the hybrid nanofluid are as fol-
lows [16]:

µhnf =
µf

(1− φ1)2.5(1− φ2)2.5
,

khnf

kbf
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ks2+(n− 1)kbf−(n− 1)φ2(kbf−ks2)
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(4)
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,
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=
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φ1(kf − ks1) + ks1 + (n− 1)kf
(6)

wheren = 3 represents the case for spherical nanoparticles.
The basic thermo-physical features of nanofluid at 25◦C are
given in Table I.

TABLE I. Thermo-physical features of Se (nanoparticles), Fe2O3

and H2O (base-fluid).

Property Se Fe2O3 H2O

Density (kg m−3) 4790 3970 997.1

Thermal conductivity (WK−1m−1) 0.519 6 0.6071

Heat capacity (JK−1) 3211.27 670 4179

Interrelated boundary conditions are as follows:

u = Uw, v = 0, T = Tw at y = 0,

u → U∞, T → T∞ as y →∞. (7)

Now, we introduced the similarity transformation as

u = Uf ′(η), v =

√
vfU

2x
(ηf ′(η)− f(η)),

T = Tw(1 + (θw − 1)θ(η)), η =

√
U

2vfx
y, (8)

whereU = Uw + U∞, θw = (T∞/Tw), θw > 1.

Making use of Eq. (8), Eq. (1) is identically satisfied and
Eqs. (2) and (3) take the form:
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∗
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(fθ′ + Ecf ′′2) = 0. (10)

Note that the Eqs. (9) and (10) are transformed form of Eqs. (2) and (3). These expressions are obtained by putting the
values of similarity variables given in Eq. (8).

The boundary conditions are converted into the form:

f(0) = 0, f ′(0) = A, θ(0) = 1 at η = 0, f ′(∞) = 1−A, θ(∞) = 0, as η →∞, (11)

whereA = Uw/U∞ the parameter of velocity ratio,Pr = (µCp)f/kf the Prandtl number,Ec = U2
w/(Tw − T∞)Cpf) the

Eckert number andR = (16σ∗T 3
∞)/(3khnfk∗) is the radiation parameter. The friction factor (Cfx) and local Nusselt number

(Nux) are prescribed as:
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The friction factor (Cfx) and local Nusselt number
(Nux) are prescribed as:

Cf =
τw

ρfU2
w

, Nux =
xqw

kf (Tw − T∞)
∂T

∂y

∣∣
y=0

,

whereτw the shear stress andqw the radiative heat flux and
can be expressed as:

τw = µnf

(
∂u

∂y

)
,

qw = −khnf
∂T

∂y
+ (qr)w at y = 0.

After Utilization of Eq. (8),Cfx andNux can be trans-
formed as

√
RexCfx =

1
(1− φ)2.5

f ′′(0),

Nux√
Rex

= −khnf

kf
(1 + Rθ3

w)θ′(0),

whereRe = Ux/vf is local Reynolds number.

3. Least square technique

This section elucidates the procedure of least square method.
Least square scheme is applied to found the numerical iter-
ations of the problem. This technique is very efficient and
straight forward and has the following steps [26]:
Step 1: Equations (9) and (10) can be rewritten as
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Step 2: To interpret the solutions of the Eqs. (12) and (13),
the following trial-based solutions are suggested:

f̃(η)=
N∑

K=1

Akηk=A1+A2η+A3η
2+ . . . + ANηN , (14)
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2 + . . . + A2NηN . (15)

In the above expressions,N indicates the number of ap-
proximations. N is large for more accurate solutions. The
ansatz of Eqs. (14) and (15) must satisfy the boundary con-
ditions associated with Eqs. (9) and (10). The solutions can
be written as:
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Step 3:The residual vectors for each expression in Eqs. (12)
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Step 4: The reduced form of the trial solutions is the exact
solutions of Eqs. (14)-(17) by vanishing the residual vectors.
The construction of subsequent relations is made fout of the
residuals

Ef =
∫

Γ

R2
fdη, Eθ =

∫

Γ

R2
θdη. (18)

Here the problem domain is represented byΓ. A min-
imum of Eq. (18) can be achieved by the derivatives of
Eq. (18) with respect to the unknownsAi, which must vanish,
so to have

∂Ef

∂Ai
= 2

∫
Rf (η)

∂Rf

∂Ai
dη = 0,

i = N + 1, N + 2, . . . , N, (19)

∂Eθ

∂Ai
= 2

∫
Rθ(η)

∂Rθ

∂Ai
dη = 0,

i = N + 1, N + 2, . . . , 2N, (20)

where the factor 2 can be ignored.
Step 5:To obtain the values of allA′is, we solved the system
of algebraic expressions obtained from Eqs. (19) and (20).
The substitution of the values of theA′is into the reduced
trial solution yields the desired solutions of Eqs. (11)-(14).

4. Results and discussion

The objective of the present study is to extend the work of
nanofluids to hybrid nanofluids in the presence of a moving
plate by considering nonlinear radiative heat transfer and vis-
cous dissipation. The model equations are transformed with
the help of similarity transformations. Further, the obtained
similarity equations have been solved numerically. The vari-
ations of embedded parameters on friction factor and heat
transfer characteristics are shown numerically and graphi-
cally.

FIGURE 1. Variations ofA andPr onCfx.

FIGURE 2. Variations ofEc andPr onNux.

FIGURE 3. Variations ofR andPr onNux.

Fluctuation in skin friction coefficient is presented in
Fig. 1 for distinct values ofPr and A for both nanofluid
and hybrid nanofluid. Here one can see that an increment
in Pr andA leads to an enhancement of the friction factor
for both the nanofluid and the hybrid nanofluid. Further, the
nanofluid shows overriding performance compared to the hy-
brid nanofluid The variations inNux throughPr andEc for
both nano and hybrid nanofluids are described in Fig. 2. The
higherPr scale back theNux but in the other hand,Nux

increases for ascending values ofEc. A comparative analy-
sis shows that the reduction inNux is higher for the hybrid
nanofluid case than the nanofluid. The influence ofR and
Pr on Nux is portrayed in Fig. 3. This plot shows that the
heat transport rate reduces for higher values ofPr, while a
contradiction is recognized for increasing value ofR.

The profile ofθ(η) versusη is observed in Fig. 4. This
figure illustrates thatθ(η) is improved rapidly asR is incre-
mented. Physically, a higher value ofR corresponds to a
higher thickness of the thermal layer. The largerR leads to a
decrement in the coefficient of mean absorption.
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FIGURE 4. Variations ofR onθ(η)

FIGURE 5. Variations ofθw onθ(η).

FIGURE 6. Variations ofPr onθ(η).

Hence, the heat amount transfer to liquid is stirring. Fluctu-
ations inθ(η) via θw are depicted in Fig. 5. An increase in
θw corresponds to a higher temperature and thicker thermal
layer. The largerθw provides more energy to working liquid
due to which presence ofθw give peak to temperature profile.
Figure 6 exhibits the role ofPr on the profile ofθ(η). A raise
in values ofPr diminish the temperature.

Figure 7 presents the influence ofEc on theθ(η) profile.
Here, it can be noticed that the temperature and its interre-
lated thickness of layer is improved for increasingEc. Basi-
cally, the existence of viscous heat in heat expressions acts as
an internal heat agent. Hence, the thermal energy booming in
the fluid. The effect ofφ2 onf(η) andθ(η) are demonstrated
through Figs. 8 and 9. Figure 8 represents that for largerφ2,
the flow is faster for both the nanomaterial and the mixture of
nanomaterials. The temperatureθ(η) is found to increase for
higherφ2 (see Fig. 9). The nanoparticles generate warmness

FIGURE 7. Variations ofEc onθ(η).

FIGURE 8. Variations ofφ2 onf ′(η).
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FIGURE 9. Variations ofφ2 onθ(η).

FIGURE 10. Variations ofA onθ(η).

FIGURE 11. Variations ofA onθ(η).

FIGURE 12. Variations ofφ1 onf ′(η).

FIGURE 13. Variations ofφ1 onθ(η).

in liquid due to presence of photo-catalytic aspect. Hence,
the addition of more nanoparticles leads to a temperature en-
hancement.

The effect ofA on θ(η) is portrayed in Figs. 10 and 11.
From Fig. 10, it is noticeable that the liquid is close to the
surface of the solid on which the liquid flows due to a higher
absolute value ofA(< 0). Physically, the convection cur-
rent is improved by an increase inλ. From Fig. 11, one
can observe that thetemperature of the fluid scales back for
larger values ofA(> 0). The behavior ofφ1 on bothf ′(η)
andθ(η) are plotted in Figs. 12 and 13. From Fig. 12, it
is observed thatf ′(η) and its interrelated concentration layer
become larger as a function ofφ1. Figure 13 indicates that
the increasing behavior ofθ(η) and its interrelated concen-
tration layer is reduced due to the parameterφ1. Figures 14
and 15 show the stream line graphs for different parameters.

Numeric values ofCfx andNux for distinct values of
influential constraints are shown in Table II. It was observed
that bothCfx andNux increase for greater values ofA (see
Table II).
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FIGURE 14. a) Stream lines for nanofluid, b) Stream lines for hybrid nanofluid.

FIGURE 15. a) Stream lines of nanofluid forA = 1, b) Stream lines of hybrid nanofluid forA = 1.

MoreoverNux rises withR andθw. Furthermore, from Ta-
ble II one can see thatNux decreases withEc. It can be
noted from Table II that the thermal conductivity of hybrid
nanomaterials high in comparison to a regular nanomaterial.

5. Conclusions

The impact of hybrid nanoparticles on fluid flow on a moving
plate in the presence of thermal radiation is evaluated. The
nonlinear thermal radiation is considered in the energy ex-
pression. Further, we visualized that the admixture of distinct
nanomaterials corresponds to a high heat capacity in compar-

ison to a regular nanofluid. The most notable outcomes of
this study are:

• The addition of hybrid nanomaterials has an positive
impact on efficiency in the process of heat transport in
comparison to a regular nanoparticles mixture.

• The temperature field is found to decrease rapidly for
distinct values ofA < 0.

• An increase in heat is noted for larger values ofR. This
translates into a temperature rise for big values of the
radiation parameter.
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TABLE II. Numeric data ofCf andNux corresponding to distinct values of influential constraints for both nanofluid and hybrid nanofluid.

Pr Ec θw R A −Cfx NUx

Hybrid nanofluid Nanofluid Hybrid nanofluid Nanofluid

0.1 0.466102 0.463552 0.177526 0.176076

0.3 0.462809 0.461259 0.191266 0.192070

0.5 0.368881 0.368685 0.191602 0.208061

0.1 0.478132 0.469114 0.252315 0.191266

0.3 0.467101 0.465370 0.228968 0.186031

0.5 0.464508 0.463552 0.208061 0.181655

0.1 0.463940 0.462285 0.183255 0.180411

0.2 0.464503 0.462397 0.186977 0.181097

0.3 0.464974 0.462963 0.191973 0.182820

0.1 0.466745 0.465113 0.158576 0.177080

0.2 0.465981 0.464644 0.162353 0.179877

0.3 0.465214 0.464132 0.166506 0.183226

0.1 0.087640 0.089699 0.170182 0.186840

0.2 0.061450 0.078860 0.171862 0.187095

0.3 0.193750 0.209747 0.173408 0.193058

• A high Prandtl numberPr corresponds to a lower
θ(η) profile. This is due to the low thermal diffusiv-
ity caused byPr.

• Temperatureθ(η) increases for larger values ofφ1.

• An increment inφ2 resulted in an improvement in both
f ′(η) andθ(η) profiles.

Nomenclature

A velocity ratio parameter

Ec Eckert number

T (k) temperature of nanofluid

T∞ temperature of ambient fluid

ρnf (Kg m−3) Nanofluid effective density

µnf (Ns m−2) Nanofluid effective viscosity

αnf (m2 s−1) Nanofluid thermal diffusivity

ρhnf (Kg m−3) effective density of the hybrid nanofluid

µhnf (Ns m−2) effective viscosity of hybrid nanofluid

knf (W K−1m−1) effective thermal conductivity of nanofluid

φ1 solid volume-fraction of aluminium nanoparticle

φ2 solid volume-fraction of copper nanoparticle

ρf (Kg m−3) reference density of fluid fraction

ρs(Kg m−3) solid-fraction reference density

ρs1(Kg m−3) solid-fraction reference density

ρs2(Kg m−3) solid-fraction reference density

Kf (W K−1m−1) fluid thermal conductivity

Ks (W K−1m−1) solid thermal conductivity

Ks1 (W K−1m−1) solid alumina thermal conductivity

Ks2 (W K−1m−1) solid copper thermal conductivity

Cs (J K−1) heat capacity of solid surface

Pr Prandtl number

R radiation parameter

Rex Reynolds Number
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