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A least square study on flow and radiative heat transfer of a hybrid
nanofluid in a moving frame by considering a spherically-shaped particle
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The focus of this work is to elucidate the nature of a hydrodynamic hybrid nanofluid in a moving frame. Solar radiation and the spherically-
shaped particle approximation are implemented. The implication of suitable transformation corresponds to self-similarity equations. Least
square and RKF 45-order techniques are employed to evaluate these non-dimensional equations. For better understanding of the problem,
energy and flow features are demonstrated for distinct physical constraints. It is recognized that the transfer of fluid heat is pronounced for
enhancingr but dismisses in rising values &fr. A higher value of indicates that more heat is transferred to the liquid, which translates into

a atemperature rise.
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1. Introduction Modern efforts have focused on introducing and devel-
oping more efficient and affordable technologies for energy
storage. For example, nanomaterials are regarded as the best

The flows over a moving frame have captured the attentiowoolants in, among others, aerospace, optics, transport, nu-

due to the various ramifications in multiple processes of enelear, and aircraft industries. In this direction, Rasleidal.

gineering.. Having such important implications in view, Ba- [18] reported the magnetic nanomaterials flow by considering
choket al. [1,2] discussed the nanofluids flows in the pres-radiation and the presence of the buoyancy effect. Makinde
ence of a moving surface. Turkyilmazoglu [3] executed a[19] addressed the convected flow of nanomaterial induced
time-dependent convection analysis of the flow induced by &y a porous plate by accounting the thermal radiation and
vertical surface under heat transportation. Thunetral. [4] mass transportation. Hayettal. [20] executed a study of 3D

studied the natural convective flow of MHD nanofluids over anon-Newtonian nanomaterial flow under radiative phenom-
plate by considering the temperature gradients with suctiorena. Some featured works in revolution of nanofluid theory

The topic of boundary-driven flows on moving surfaces hasan be consulted through [21-30].

been elaborated by many; see, for example, [5-9]. Here, our primary motive is to evaluate the aspects of heat
transport and flow of a hybrid nanofluid under moving frame

At present, nanomaterials have been subject of INCr€a%y, considering spherically-shaped particles. The nonlinear

ing interest. The concept of hybrid nanofluid is the latestyh o menon of thermal radiation is also taken into account;
advancement in the theory of nanofluids to improve the rat us, a more realistic setting is proposed in comparison to

of Ihegt tlransportatlonTlrr: engk:“g?gng’ mfcliu_ztrlil, and t?,cr:fhe linearized thermal radiation case. According to literature
nological processes. These hybrid nanofluids have multip feview, no investigation with such physical flow features is

appliances across fields such as acoustics, medicine, trar}%’ported yet. Elucidations are made with the help of Runge-
portation, hybrid-powered procedures, micro-fluidics, navalKutta-Fehlberg-45 method

structures, solar accumulators, energy and engine cells, etc.

In accordance with such powerful implications, Jaataal.

[10] investigated the heat transport in hybrid nano-fluidics.2. Mathematical modeling

Sureshet al. [11] analyzed the Cu- AlDs-water hybrid

nanofluid under the transportation of heat. Vafeteal [12] Consider a steady-state flow and heat transportation of a hy-
investigated the evolution of thermal conductivity in hybrid brid nanofluid in a moving frame. The plate is stretched along
nanomaterials. Later on, distinct experimental and theothe opposite or same direction having free-stream velocity
retical models have been developed to examine the multit/,, and constant velocit{/,,. The nonlinear thermal radia-
dimensional behavior of hybrid nanofluids [13-17]. tion aspects are also taken into account. The flow is confined
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toy > 0 and the sheet coincides with the plane= 0. The koy _ —(n=1)¢1(ky—kat+ka+(n —1ky) ©)
ambient fluid temperature is representediby. k¢ O1(kf —ko1) + ka1 + (n— 1)ky
Governing equations of hybrid nanofluid are defined as:
du  Ov wheren = 3 represents the case for spherical nanoparticles.
or + dy =0, (1) The basic thermo-physical features of nanofluid &tare
given in Table I.
ou ov Hhnf 8211,
U=+ v = A3 2
dr Oy pans Oy° : :
’ TABLE |. Thermo-physical features of Se (nanoparticles),@-e
(pey) T o or| _ 9 and HO (base-fluid).
p/hnd |\ o dy dy
i3 9 Property Se FgDs H.O
» {khnﬁl%‘kfp?} i (?) NG Density (kg n?) 4790 3970 997.1
) 4 denote the velodit 4 4 « of the TREMMal conductivy (WK'm™) 0519 6 06071
where v and v denote the velocity components of the . 1
nanofluid along the:r andy directions, respectivelyr* the Heat capacity (IK ) 211.27 670 4179
Stefan—BoItzmann .constam,* the mean absorption coeffi- Interrelated boundary conditions are as follows:
cient andy, the radiated surface heat flux.
The expressions for viscosity, thermal conductivity, spe-
cific heat and density of the hybrid nanofluid are as fol- u=Uy, v=0, T=T, at y=0,
lows [16]: U—Us, T—Ty as y— o @)

L p = I
A= 0P (1 622

knng  keat(n — Dkyp—(n —1)da(kps—ks2)

Now, we introduced the similarity transformation as

ko ksot(n— Dkpptoa(kpp—ks2), @ T
w=Uf"(), =50~ (),
(6C)ms = [(1 691 = 61)(pC);
U
T = To(l+ (0 — 1)O(), 1= . (®)
+ 61(pCD)ad] +¢2<pcp)52} (4 G = 10000) =[5, 5

hereU = Uy 4+ Usoy O = (Too /Tow), 0 > 1.
Phnf= [(1—¢2){(1—¢1),0f+¢1ps1}+¢2P52], G " , 4 (To/ ) ), > L
Making use of Eq. (8), Eq. (1) is identically satisfied and
| Egs. (2) and (3) take the form:

- =0, ©)
a-omfor(22)+a-onf+ ¢2('0;_f)] |- o o]
k]:fR[(l + (0 — 1)6)%0" + 3(6 — 1)0(1 + (6 — 1)6)?]
f
B (pCp)s1 _ (pCp)s2 / ey —
erefu-onlor () - v (T2 ] OBl = a4

Note that the Eqgs. (9) and (10) are transformed form of Egs. (2) and (3). These expressions are obtained by putting the
values of similarity variables given in Eq. (8).

The boundary conditions are converted into the form:
f0)=0, f0)=A4, 00)=1 at n=0, f(c)=1-A, 60(c0)=0, as n— oo, (11)
whereA = U, /U the parameter of velocity ratid>r = (uCp)s/ky the Prandtl numbetZc = U2 /(T,, — Ts)C, f) the

Eckert number andk = (160*T2))/(3kn,sk*) is the radiation parameter. The friction fact6t4;) and local Nusselt number
(Nwu,) are prescribed as:
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The friction factor (f,) and local Nusselt number
(Nwu,) are prescribed as:

Tw
prUs
wherer,, the shear stress ang, the radiative heat flux and
can be expressed as:

_ _ %G 0T
Cf = N’U,m = k'f(Tw — Too) 8y |y:07

ou
Tw = ,u'nf Fy ,
oT
quw = 7khnf87y + (q’l")w at y=0.

After Utilization of Eq. (8),Ct, and Nu, can be trans-
formed as
|
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1
VAReOr = gps! O
Nuyg khn
\/;‘7 = (L RO (0),

whereRe = U, /vy is local Reynolds number.

3. Least square technique

This section elucidates the procedure of least square method.
Least square scheme is applied to found the numerical iter-
ations of the problem. This technique is very efficient and
straight forward and has the following steps [26]:

Step 1: Equations (9) and (10) can be rewritten as

1 d2
dn s+ S Sl =0, (12
{(1 - ¢2){¢1 (%}) +(1- ¢1)} + ¢ (%2) } * [(1— ¢1)25(1 — ¢2)%7]
Fny 5 d2 d 2 )
22 B (1 (0 00)" 2000 + 300~ 1) (2000) 1+ (0 — 1000’
+ Pr|(1—02) |:¢51 ((pcp)“) +01- ¢1)] + b2 (<pcp)52) f(e)iem) + Ec @ f) | =o. (13)
(pCp)y (pCp) s d dn?
Step 2: To interpret the solutions of the Eqs. (12) and (13)
the following trial-based solutions are suggested:
N ) N Fm=a+ (1= ¢1)**me
=Y A=A+ Ao+ Az’ + ..+ Ay, (14) .
=1 — 51— @) (1= )
N
= A n*=A N
KZ:; R A + A = (k4 2)m5 ), (16)
k=1
+AN+277+AN+3T]2 + ...—|—A2N77N. (15) )
In the above expressiond] indicates the number of ap- 0(n)=1——n Z Agin (™ —n%)n. a7)
proximations. N is large for more accurate solutions. The Moo~ =)

ansatz of Egs. (14) and (15) must satisfy the boundary con- _ o
ditions associated with Egs. (9) and (10). The solutions caftep 3: The residual vectors for each expression in Egs. (12)

be written as:
|

and (13) are further developed, by using the reduced trial so-
lution, to obtain

L 1 o0+ Fon - =0,
f {u_qsz){asl(’Z?)+(1_¢1>}+¢2(Z&f)}*[(1—¢1>2-5<1—¢2>2-5}d”3 b
oo (85 ] (52) o )
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Step 4: The reduced form of the trial solutions is the exact 05 - '
solutions of Egs. (14)-(17) by vanishing the residual vectors. . Selidhnes; gemofimd,
. . . \ Dashed lines hvbrid nanofluid
The construction of subsequent relations is made fout of the 04F 1
residuals \
E; = / Ridn, Ep= / RZdn. (18)
r r

Here the problem domain is representedIby A min-
imum of Eq. (18) can be achieved by the derivatives of
Eq. (18) with respect to the unknowds, which must vanish,

so to have
OE; / ORy
=2 [ Ry(n)75-dn=0, 01 : - - : -

0A; 9, 0 05 1 15 2 25 3
i=N+1,N+2,... N, (19) e

OE, B 2/R ( )5R9d o FIGURE 2. Variations of Ec and Pr on Nu.

8A1 = o\n 8AL n="y,
, 08 ; ; . : ‘ |
i=N+ 1, N + 27 ey QN, (20) Solid lines nanofluid 4

07| Dashed lines hybrid nanofluid 5?

where the factor 2 can be ignored.
Step 5: To obtain the values of all;s, we solved the system 06l
of algebraic expressions obtained from Eqgs. (19) and (20).
The substitution of the values of th&.s into the reduced =,
trial solution yields the desired solutions of Egs. (11)-(14). 3-3“
2

e
-

4. Results and discussion

The objective of the present study is to extend the work of
nanofluids to hybrid nanofluids in the presence of a moving

plate by considering nonlinear radiative heat transfer and vis- o , , , , ‘
cous dissipation. The model equations are transformed with 0 05 1 15 2 25 3
the help of similarity transformations. Further, the obtained R

similarity equations have been solved numerically. The vari-
ations of embedded parameters on friction factor and heat
transfer characteristics are shown numerically and graphi-  Fjyctuation in skin friction coefficient is presented in

IGURE 3. Variations of R and Pr on Nu,.

cally. Fig. 1 for distinct values ofPr and A for both nanofluid
_ . and hybrid nanofluid. Here one can see that an increment
Solid fines nanoftuid in Pr and A leads to an enhancement of the friction factor
03+ Dashed lines hybrid nanofluid - for both the nanofluid and the hybrid nanofluid. Further, the

brid nanofluid The variations iV u,, throughPr and Ec for

higher Pr scale back théVu, but in the other handNu,
increases for ascending valuesiof. A comparative analy-
sis shows that the reduction ¥, is higher for the hybrid
nanofluid case than the nanofluid. The influenceRond
Pr on Nu, is portrayed in Fig. 3. This plot shows that the
heat transport rate reduces for higher value$ef while a
contradiction is recognized for increasing valuerof

The profile off(n) versusy is observed in Fig. 4. This
figure illustrates tha(n) is improved rapidly as® is incre-
mented. Physically, a higher value &f corresponds to a
o higher thickness of the thermal layer. The largeleads to a
FIGURE 1. Variations ofA andPr on Cy,. decrement in the coefficient of mean absorption.
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nanofluid shows overriding performance compared to the hy-

both nano and hybrid nanofluids are described in Fig. 2. The
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: ' y ' ' ' " ' Hence, the heat amount transfer to liquid is stirring. Fluctu-
09} Selid lines  nanofluid 1 ations iné(n) via 6,, are depicted in Fig. 5. An increase in
il 9 s dsuis vol 6,, corresponds to a higher temperature and thicker thermal

¥ N layer. The large#,, provides more energy to working liquid
07 O 1 due to which presence 6f, give peak to temperature profile.
a6l b AN, R =05101520 | Figure 6 exhibits the role dPr on the profile 0B (7). A raise
Sosh 3 X N | in values of Pr diminish the temperature.
< L5 VA Figure 7 presents the influence B on thed(n) profile.
04 % \‘ 1 Here, it can be noticed that the temperature and its interre-
03| A . 1 lated thickness of layer is improved for increasifig. Basi-
A R ! cally, the existence of viscous heat in heat expressions acts as
B e N T 1 an internal heat agent. Hence, the thermal energy booming in
01 i oS 1 the fluid. The effect ob, on f(n) andd(n) are demonstrated
0 i . i M T = through Figs. 8 and 9. Figure 8 represents that for lagger
o 1 2 3 4 3 & 7 8 the flow is faster for both the nanomaterial and the mixture of
n nanomaterials. The temperatuhg)) is found to increase for

FIGURE 4. Variations of R on (1) higherg, (see Fig. 9). The nanopatrticles generate warmness

1 T T T T T T o : Solid lines nanofluid )
Solid lines  nanofluid Dashed lines hyvbrid nanofluid
08 Dashed lines hybrid nanofluid
0S| .
o8| .
07 .
07} 1
e 06| .
o ™ 1
e, Bl . Ec=03,05,0.7.09
Zos i = \
= i w ]
- L 0 =0.1,03.05,07 04
04} \\\:‘ W e R 1
W
03}
bW -
Wk 02+
02 W 1
s o1t
01 oY ]
L o
0 1 L oy P 0
- 1 ” 3 - 5 P 7 2 0 1 2 3 4 5 6 7 8

7 n

FIGURE 7. Variations of Ec on6(n).

1 T T T T T T r

1 " T T - T T -
" 09+ Solid lines : Fe,o, +H,O 1
Solid lines nanofluid ; 23 72
» Dashed lines : Se +H.,O
Dashed lines hybrid nanofluid 08 Wi % g
08 R A
07t N\ |
\ ‘\
06 “ Y b
i 4 — L c
- =05t WAy $.=01.02,03,04 i
= < N
= RELE
7 ; 04+ b |
04l 20,3040 | N N
03 AN 1
My v Vi
02r N, o i J
0_2 B B . ~ - = - o -~ %,
0 i i % - S
L] h‘“‘"‘-—:.__ 0 1 2 3 4 5 6 7 8
0 1 2 3 4 5 1] T 8 i

FIGURE 8. Variations ofg. on f'(n).
FIGURE 6. Variations of Pr on8(n).
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1 T T T T T T
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FIGURE 10. Variations ofA on6(n).
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01r

FIGURE 11. Variations ofA on6(n).
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FIGURE 13. Variations of¢: oné(n).

in liquid due to presence of photo-catalytic aspect. Hence,
the addition of more nanoparticles leads to a temperature en-
hancement.

The effect ofA on 6(n) is portrayed in Figs. 10 and 11.
From Fig. 10, it is noticeable that the liquid is close to the
surface of the solid on which the liquid flows due to a higher
absolute value ofd(< 0). Physically, the convection cur-
rent is improved by an increase l From Fig. 11, one
can observe that thetemperature of the fluid scales back for
larger values ofd(> 0). The behavior ofs; on both f'(n)
andd(n) are plotted in Figs. 12 and 13. From Fig. 12, it
is observed that’(n) and its interrelated concentration layer
become larger as a function @f. Figure 13 indicates that
the increasing behavior @f(n) and its interrelated concen-
tration layer is reduced due to the parameter Figures 14
and 15 show the stream line graphs for different parameters.

Numeric values ofC;, and Nu, for distinct values of
influential constraints are shown in Table Il. It was observed
that bothC';,, and Nu, increase for greater values df(see
Table II).
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FIGURE 15. a) Stream lines of nanofluid fot = 1, b) Stream lines of hybrid nanofluid fot = 1.

MoreoverNu, rises withR and@,,. Furthermore, from Ta- ison to a regular nanofluid. The most notable outcomes of

ble 1l one can see thaVu, decreases witlic. It can be  this study are:

noted from Table Il that the thermal conductivity of hybrid

nanomaterials high in comparison to a regular nanomaterial. ® The addition of hybrid nanomaterials has an positive
impact on efficiency in the process of heat transport in

. comparison to a regular nanoparticles mixture.
5. Conclusions p g p

e The temperature field is found to decrease rapidly for

The impact of hybrid nanopatrticles on fluid flow on a moving distinct values ofd < 0.

plate in the presence of thermal radiation is evaluated. The

nonlinear thermal radiation is considered in the energy ex- e Anincrease in heatis noted for larger value$0fThis
pression. Further, we visualized that the admixture of distinct translates into a temperature rise for big values of the
nanomaterials corresponds to a high heat capacity in compar-  radiation parameter.
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TABLE Il. Numeric data of”y and Nu, corresponding to distinct values of influential constraints for both nanofluid and hybrid nanofluid.

Pr Ec 0w R A —Cfa NU,
Hybrid nanofluid Nanofluid Hybrid nanofluid Nanofluid
0.1 0.466102 0.463552 0.177526 0.176076
0.3 0.462809 0.461259 0.191266 0.192070
0.5 0.368881 0.368685 0.191602 0.208061
0.1 0.478132 0.469114 0.252315 0.191266
0.3 0.467101 0.465370 0.228968 0.186031
0.5 0.464508 0.463552 0.208061 0.181655
0.1 0.463940 0.462285 0.183255 0.180411
0.2 0.464503 0.462397 0.186977 0.181097
0.3 0.464974 0.462963 0.191973 0.182820
0.1 0.466745 0.465113 0.158576 0.177080
0.2 0.465981 0.464644 0.162353 0.179877
0.3 0.465214 0.464132 0.166506 0.183226
0.1 0.087640 0.089699 0.170182 0.186840
0.2 0.061450 0.078860 0.171862 0.187095
0.3 0.193750 0.209747 0.173408 0.193058
e A high Prandtl numberPr corresponds to a lower Ky (WK™'m™')  fluid thermal conductivity
6(n) profile. This is due to the low thermal diffusiv- K, WK~'m™)  solid thermal conductivity
ity caused byPr. K. (WK™'m™) solid alumina thermal conductivity
e Temperaturd(n) increases for larger values of. Ky (WK™'m™')  solid copper thermal conductivity
e Anincrement inp, resulted in an improvement in both C: AK™ heat capacity of solid surface
f'(n) andf(n) profiles. Pr Prandtl number
R radiation parameter
Nomenclature Re, Reynolds Number
A velocity ratio parameter
Ee Eckert number Acknowledgments
T(k) temperature of nanofluid
T temperature of ambient fluid The authors are thankful to the editor and reviewer for their

constructive comments and suggestions to improve the qual-

nr(Kgm™3)  Nanofluid effective densit ) .
prs(Kg ) o W Y ity of the manuscript.

pnr(Ns m™2)  Nanofluid effective viscosity
anr(Mm?s™)  Nanofluid thermal diffusivity
prns(Kgm™3)  effective density of the hybrid nanofluid
pnnyr(Nsm™2)  effective viscosity of hybrid nanofluid
kny(WK™tm™1) effective thermal conductivity of nanofluid
h1 solid volume-fraction of aluminium nanoparticle
b2 solid volume-fraction of copper nanoparticle
pr(Kgm™3) reference density of fluid fraction
ps(Kgm~3) solid-fraction reference density
ps1(Kgm™3)  solid-fraction reference density
ps2(Kgm™3)  solid-fraction reference density
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