RESEARCH Revista Mexicana désica66 (2) 187-191 MARCH-APRIL 2020

Analysis of fractional Duffing oscillator
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In this contribution, a simple analytical method (which is an elegant combination of well known methods; perturbation and Laplace methods)

for solving non-linear and non-homogeneous fractional differential equations is proposed. In particular, the proposed method was used to
analyze the fractional Duffing oscillator. The technique employed can be used to analyze other non-linear fractional differential equations
and can also be extended to non-linear partial fractional differential equations. The performance of this method is reliable, effective, and
gives more general solutions.
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1. Introduction of non-linear terms. In particular, we shall analyze the frac-
tional Duffing oscillator using the proposed method.

The subject of fractional calculus has a long history dating  The advantage of this proposed method over others such

back to the time when the derivative of ordef2 was de- a5, Adomian decomposition, Modified Laplace decompo-

scribed by Leibniz to L' Hopital in 1695 [1]. In recent years, sjtion method,(G’/G)-expansion, Homotopy perturbation,

fractional calculus has found its way in many areas of apyang-Laplace, and so on, is its ability to handle the com-

plied sciences and engineering, and it has been demonstratgfcated non-homogeneous part of the fractional differential

that modeling physical systems using fractional calculus issquation.

more accurate than using integer calculus. This is because

the behaviour of many physical phenomena depends on the o ) . ) .

previous time history (see Mohammetal. [2]). 2. Definition of special functions in fractional
There are several works on fractional calculus, such as  calculus

the work of Eze and Oyesanya [3], who presented a fractional . ) o

order climate model in the Pacific Ocean. Eze and Oyesany# this section, we shall give some definitions related to Ca-

[4] also used a fractional model to study the impact of climatdPuto’s fractional derivative since in Caputo definition of Frac-

change with dominant earth’s fluctuations. In the work oftional calculus, we can find a link between what is possible

Mohamed and Amnah [5], a numerical technique for the es@nd what is practical. We shall therefore note that our con-

timation of stochastic response of the Duffing oscillator with¢€ntration in this presentation will be on Caputo fractional

fractional order damping driven by white noise excitation wasderivative.

introduced. An approach for solving fractional differential Definition 2.1 The Left Caputo Fractional Derivative

equations using exp-function af@’ /G)-expansion method (LCFD) is defined by11]

was used in Ahmett al. [6]. Djurdjicaet al. [7] constructed :

the exact and the approximate solutions of Fuzzy fractional . _ B 1 g—a—1.q

differential equation in the sense of Caputo Hukuhara differ- ap Di'u(t) = I'(qg—a) /(t - ut(r)dr, (1)
entiability with a Fuzzy condition. Ranet al. [8] reviewed ao

the concept of fractional derivatives and derived expressiong, .o g—1 < a<gq,q€ 74
for the transition curves. Yin [9] applied Legendre spectral-andr(.) is the Gam_mafunct{on. ’
collocation method to obtain approximate solutions of NON-pefinition 2.2 The Right Caputo Fractional Derivative
linear multi-order fractional differential equations. Pranay(RCFD) is defined bji1]

and Rubayyi [10] used Smudu transform and the variable

method to solve differential equations and fractional differ- bo

. / (7 — 1101 (— 1)t (r)dr, (2)

ential equations related to entropy wavelets. D& u(t) =
I(
t

to is the initial time

In this work, we shall propose a simple analytical method e q—a)
(which is an elegant combination of a well known meth-
ods; perturbation and Laplace methods) to solve non-lineavhere0 < g¢—1 < a <gq,q € Zy, to is the initial time
and non-homogeneous fractional differential equations sincandT’(.) is the Gamma function.
Laplace method alone is incapable of handling non-linear an®efinition 2.3 In a Caputo’s sense, the Laplace transform of
non-homogeneous fractional differential equations becauskactional derivative with ordew for a functionw(t) is de-
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fined by [12]

[e.°] n

/e_”tD?Ou(t)dt =0v*U(v) — Z v

0 m=0

(n—1 <a < n).

@)

Definition 2.4 A two parameter function of the Mittag-Leffler
(ML) function is defined by

Eap(z) =)

J=0

a>0 pg>0 (4

2J
(aj +8)
Definition 2.5 The Laplace transform of ML is given by

mls® P

ctemremtENY = (50 —aq)m+i’

Y (%)

3. Methodology of the new solution

Now we propose a simple analytical method for solving non-

S.C.EZE

bring out the important dimensionless parameter that govern
the behaviour of the system.

To demostrate the effectiveness of the proposed method,
let us consider the general form of Duffing equation which is
given by [13,14]:

2
d dﬁ@ a¥ + o)+ et (D) = FD), (1)
with initial conditions
d
z(0) = d—fx(O) = 0. (12)

Now, we shall use the proposed fractional operator in
Rosaleset al. [15,16] to construct a fractional Duffing os-
cillator. The idea is to introduce an auxiliary parameterif
the system such that thismust have a dimension in seconds
and consistent with the dimension of the ordinary deriva-
tive operator. In the work [16], the parametewas intro-
duced for the first time, but its geometric interpretation is not
treated. After that, this method was applied in the work [15].
Now using the proposed idea, we have

linear and non-homogeneous fractional differential equa- d 1 df
. —— ——— 0 <8 <1,
tions. dt ol-8 qtB

To show the basic idea, let us consider the following frac- 2 1 do

tional differential equation:

Diu(t;e) + Nu(t;e) + Lu(t; €) = f(t;¢€), (6)
with intial conditions
DJu(0;€) = u(0;¢) = 0,a > B, )

wherea = [ay, s, ..., ), 8 = [B1, B, ..., Bn], indicating
fractional orderspD¢ = [D¢* D2, ..., D] 0 < o; < 2,
i1 =1,2,...,n, N is anonlinear operator$, is a Linear oper-
ator andf is a known function.

Now, we seek to find the solution in orderqfay, power

of ¢, that is
oo
u(t;e) = Z Un€™.
n=0

(8)

We now substitute Eqgs. (8) into (6) and (7) and carry out w§o2—° dt
the expansions in terms of the small parameter to obtain the

following system of linear fractional differential equations:

Dtaun(t) + Aun(t) = f(t), (9)
with intial conditions
DPu,(0) = un(0) = 0,0 > B, (10)

whereA is a linear operator.

Therefore, the linear fractional differential Egs. (9) with
initial conditions (10) can now be solved in succession us-
ing the fractional differential property of Laplace transform

in Eq. (3).

1l <a <2 (13)

g2 g’

Using (13), the Eq. (11) can be written in terms of fractional
time derivatives as:

1 d%x 1 dPz

o2—a g " YG1B qiB

Now expressing Eqg. (14) in dimensionless form, we take

initial displacement;(f) as a characteristic distance, and the

system’s angular frequenay, = vk as a characteristic time.
Thus, we let

+br+cx® =F(t). (14)

U= — t=— (15)

ZCO7 wo ’
whereu andt denote dimensionless quantities.
Therefore, substituting (15) in (14), we have

B
d*u xy

g a
wgglfﬁ dts

+ baou + cxgu® = F(wot)
— D%u+a*DPu+ b u+ c*u® = edcosw(st), (16)

with initial conditions

u(0) = D} u(0) =0, (17)
where
e

a* = O—5q b = bx(l)_o‘wg‘aQ_o‘,

wy Yoemh-l

3 2 wia? ™
& =cxy “wiotTY, e= - (0<exl)

Lo

Note that in this method, it is necessary to express

the fractional differential equation in dimensionless form to

and F(wot) = Acosw(dt).
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ANALYSIS OF FRACTIONAL DUFFING OSCILLATOR

The functionw(dt) is a slowly varying (sv) function
which is defined as follows:
Definition 3.1 (see R. Bojanic and E. Seneta [17})is a sv

function if it is a real-valued, positive, and measurable func-

tionon[4,c0), A >0, and if

(81)

=1
e W)

(18)
for every § > 0.

Therefore, we shall choose(st) = 1 —e™%, (0 <
d < 1) and letw to be a sv function ot with right hand
derivatives of all orders at = 0, such thatv(0) = 0 and
lw| < 1,

The symbolsD¢ and D! are describing the orders of Ca-
puto fractional time derivatives, which is defined in Egs. (1)

and (2).
Now let
u(t;e,6) = U(t,7;¢,9), (19)
so that
T = dt, (20)
and
N 1 .
t=1t+ S[M(T)GQ +ps(T)e 4. ],
1i(0) =0(i = 2,3,4,...). (21)
From Egs. (20) and (21) we have, respectively,
dr
and 0 1
t
3= 5[#2’(7)62/13/(7)63 +.., (23)
ot
i 1, (24)
du QUL QUOLdr oUdr g
“dt 9t Ot 9 Ordt Ot dt
du 00U 0oU 9 3 ou
T [l (T)€e"+psg!(T)e"+.. ]-I—(saf. (26)
Now using Eg. (26), we have
o _ JOU ~oU ou
pru= {2+ %o +s52 L @
and 5
ou oU ou
DPu = —+ — -— 2
{2 S0+ @
whereg(e) = pb(1)e? + ph(1)ed + ...

Substituting Egs. (27) and (28) in Eg. (16), we have
D2U + ag(e) D{U + adU, DS~ 'U + ... + a*[DU
+ Be(e)D]U + BoU-D] U + ..] + b*U + c*U®
(29)

= elcosw(T).
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We now assume the solution in the following asymptotic

series:

e d) =Y Y UY(ET)Ed = (U +oU" +..)
7=01i=1
+ EUP 46U + . )+EUN U )

+ ... (30)

Equating equations of ordée?, 67) in Eq. (29) using the

series (30), we obtain the following linear fractional differen-
tial equations:

O(e) : D?Ulo—i—a*D?UlO + b U=\ cosw(7), (31)
(€,0) : DRU™ +a*DIUM +5* U™ =0, (32)
O(e?) : DEU™ + a* DU + b* U =0 (33)
(62,5) . D?U21 + G*D?Um + b*U21
= —aUP DU — a* U DI U, (34)
O(é%) : DEU™ + a* D]U + b U™
_ —auéD?UlO—a*ﬁDfUlo— *3(U10)3 (35)

O(é%,6) : DRU™ + a* D] U +0* U = — apy DEU™

—a*BDIUM — aUP D U

_ a*ﬂU:ODtAﬁflUQO _ 36*3(U10)2U11, (36)

etc.

Now using the scales Egs. (19)-(21) and the series Eq.
(30) on initial conditions Eqg. (17), we obtain the following
initial conditions:

U“(0,0) = 0Vij, (37)
O(e) : DJU(0,0) = 0V, (38)
O(e?) : D}U*(0,0) = 0, (39)
O(e,6):D7U*(0,0)=—BU}°(0,0) D' U(0,0), (40)
O(e*) : DJU(0,0) = =B/ D} U(0,0), (41)

O(é%,6) : DPU*(0,0) = —Bu' DU (0,0)
— BU(0,0)D7~'U*(0,0), (42)

etc.

Now, using the fractional differential property of Laplace
transform in Eq. (3), we can easly obtain the value&/&f
as:
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Acosw(T) (1) BB 1) 1 i o
10 _ *xJ4j(a=B)=B(G+1)—1 J _*fa—pB
v {1+Z bt B, 5 g (maTtT)

N a*Acosw(T) i (—.1)'7. b*jta(j—l)—ﬁ_QEi

_r1 {ﬁ[

4!

*fa—[3
—B~(a+1+81- (AT

AU De~ U + a* UL D] U

5% + a*sP + b* }’

50 . ﬁ[aﬂéD?Ulo + a*ﬂDwa + C*(UIO)S} -
U =-L , U =0.
s + a*sP + b*

(43)

Now, if we substitute the values &f/ which are given in Eq. (43) into Eq. (30) and plot the displacement-time graphs,

then we obtain Figs. 1 and 2.
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FIGURE 1. Solution in fractional orders,cc = 5/4, 8 = 3/4),
(¢ =3/2,8=(1/2)and(a = 7/4, 8 = 1/4).
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FIGURE 2. Solution in integer ordersy = 2, 8 = 1, a* = 0.2,
a* =0anda” = —0.2.

[
4. Conclusion

In this paper, a new analytical method to solve non-linear and
non-homogeneous fractional differential equations was pro-
posed. This new analytical method is an elegant combina-
tion of well known methods; perturbation and Laplace meth-
ods. This method was used to analyze the fractional Duff-
ing oscillator. The performance of this method is reliable,
effective and can be used to solve other non-linear and non-
homogeneous fractional differential equations; it can also be
extended to solve non-linear and non-homogeneous patrtial
fractional differential equations.
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