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New analytical solutions of fractional symmetric regularized-long-wave equation
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In this study, the new extended direct algebraic method (NEDAM) is successfully implemented to acquire new exact wave solution sets for
the symmetric regularized-long-wave (SRLW) equation which arises in long water flow models. With the help of the symbolic calculation
packageMathematica the method produced a great number of analytical solutions. We also presented a few graphical illustrations for
some surfaces. The fractional derivatives are considered in the conformable sense. All of the solutions were validated by substitution to the
equation to ensure the reliability of the method. Obtained results confirm that this is a straightforward, powerful, and effective method to
attain exact solutions for nonlinear fractional differential equations. Therefore, the method is a good candidate to take part in the existing
literature.
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1. Introduction method is suitable for many different classes of equations and
produces reliable exact solutions for the conformable frac-
The history of the studies of fractional order calculus is nearltional differential equations.
as old as the classical integer order analysis. However, itwas |n the literature, there are several fractional derivative
not used in physical sciences for many years. But, duringiefinitions of an arbitrary order such as Caputo and Riemann-
the last few decades, applications of the fractional calculugjouville derivatives. Recently, a new definition, so-called
in applied mathematics, viscoelasticity [1], control [2], elec-“the conformable fractional derivative”, has been suggested
trochemistry [3] and electromagnetic [4] have become morgy R. Khalil et al. [26]. This definition provides simple and
and more prevalent. The evolution of the symbolic compuproper fractional derivative and integral operators which sat-
tation programs also helped this development. Various intelisfy basic properties of classical derivatives.
disciplinary applications could be expressed with the help obefinition 1.1 A ;. — th order conformable fractional deriva-
fractional derivatives and integrals. tive of a function defined by

Some fundamental descriptions and applications of frac-
tional calculus are given in [5] and [6]. Existence and unique- T,(f)(t) = lim Flt+et=m) = ()t @)
ness of the solutions are also studied in [7]. “ =0 € ’

Parallel to the work in physical sciences, fractional order
partial differential equations (FPDES) gave scientists the op
portunity of identifying and modeling many substantial and J(c )'S p—difierentiable in (sﬂo)me(oia) for C(LH)> 0 and
practical physical problems. t f () exists, then defing*(0) tli%l+f (®).

Therefore, in recent years significant efforts have been "The next theorem includes some properties of this new
made to create analytical methods for the solution of FPDEJefinition [26].

These methods include tii# /G expansion method for bio- Theorem 1.1Let f and g be y-differantiable functions at
logical population models [8] and Nizhnik-Novikov-Veselov pointt > 0 for 0 < p < 1. Then

equation [9], the sine-Gordon expansion method for frac-

tional Drinfeld-Sokolov-Wilson system [10] and Biswas- 1. Tu(mf +ng) = mT,(f) +nT,(g) forallm,n € R
Milovic equation [11], the generalized exponential ratio- _
nal function method for Radhakrishnan-Kundu-Lakshmanan, 2. T,(t7) = ptr~ for all p
Ginzburg-Landau, Fokas-Lenells, Zakharov-Kuznetsov and _

Schibdinger equations [12—19], the first integral method for 3. Tu(F-9) = FTul9) + 9Tu(f)
Burgers’ type equations [20] and Wu-Zhang system [21]and ,
the modified Kudryashov method for Klein-Gordon equation "
[22] and fractional biological population models [23], the 5, T,.(c) = 0 for all constant functiong (¢) =

simplest equation method for time fractional Kolmogorov-

Petrovskii-Piskunov equation [24], and the Laplace and 6. Moreover, if f be differentiable, thel,(f)(t) =
Fourier transform method for time fractional diffusion and tlfﬂdfT(t’f)

convection-diffusion equations [25].

In this paper, the NEDAM is used to obtain analytical Definition 1.3 Let f be a function ofn variablesz, ...,z
solutions of time-fractional SRLW equation. The presentThen the conformable partial derivative gf of order i, €

f:]0,00) = Randforallt >0, u € (0,1).

i _ QT;L (f)*fTu (9)
(L) = EDST(0)
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(0,1] in z; is defined a$27] In the slanted coasts and waterfront zones, these equa-
tions’ analytic solutions produce solid predictions of time-

dif(xl e T) dependent variations of velocity dispersion of the shallow
da! v water waves. Long water wave equations are not only applied

F(@1 i zidexlTh . o) = f (@1, oo ) to the velocity and height of the currgnts in the channe_ls .of
2213% e : ! . S e a water waste network but also vorticity and flow analysis in

(2) Seas and oceans. Subsequently, such sort of equations gives
robust solutions to the problems which arise from hydrody-
Definition 1.4 The conformable integral of a functiof for namic systems.

u > 0is defined a§28] In the literature, there are several techniques to ob-
tain exact solutions of the SRLW equations. These tech-
¥ £(t) nigues include the sec-csc, tan-cot, sech-csch and tanh-
Li(f)(s) = [ ot (3)  coth methods [30], the auxiliary equation method [31],
a the modified extended tanh method [32], the sub-equation

) ~_ method [33], the modified Kudryashov method [34], the
A large number of researchers have used this definitiojne-Gordon expansion method [35], the exponential rational
of fractional derivative and integral by combining them with ¢,ction method [36], théG’/G)-expansion method [37]
different methods to find the approximate and exact solutiong,e extended Jacobi elliptic function expansion method [38],
of various partial fractional differential equations. Unlike the e exp(—p(€))-expansion method [39], the exp-function

Caputo and Riemann-Liouville definitions, the conformabley,athod [40], the improvedG’ /G)-expansion method [41],
derivative definition satisfies the chain rule [29], so, one caryq the( D¢ G’ /G)-expansion method [42].

calculate reliable exact solutions for fractional differential

equations using this definition. . .
After this introductory section, Sec. 2 is reserved for a3- ldea of the new extended direct algebraic

brief review of the governing equation and in Sec. 3, the basic ~method

idea of the implemented method is illustrated. In Sec. 4, the

exact solutions of the SRLW equation are presented. GrapH? few studies exist about the NEDAM in the literature. It
ical representations of wave solutions are given in Sec. 5. Finas been used to obtain exact solutions for the time-fractional

nally the article ends with a conclusion in Sec. 6. Phi-4 equation [43], the Scbdinger-Hirota equation [44],
and the Ginzburg-Landau [45] equation.
Now we present the basic idea of the method.
2. Governing equation Take the following nonlinear conformable fractional par-
tial differential equation into account
In this study, we examine a long wave model namely sym-
metric regularized-long-wave equation with the conformable F (u, i gl gy, ) =0, (5)
time-fractional derivative as
whereuw is the function to be determined; is a polynomial
Dt(2“)u + Du+ uD} Dyu of w which is given with its partial and conformable fractional
partial derivatives.

Iz 22w, _
+ DyuDzu+ De D™ u = 0. (4) Firstly consider the wave transformation

wheret > 0and0 < p < 1.

Long waves, also known as shallow water waves, are
waves moving at a depth of less thigf20 of their wavelength ) .
in shallow waters of the sea or ocean. Many flow types cai/nerek andw are arbitrary constants. Rewriting E@) @s
be modeled with the help of shallow water equations. Thesf® Subsequent nonlinear ODE gives
equations are very suitable for wave propagation phenomena GUU,U",..) =0 )
and describe the interaction of two long waves with different L
dispersion relations. . . Here, primes represent the standard derivatives with respect

Long wave equations provide an attractive and prosperg, I3
ous field of research. Numerous field of applications bene-
fits from long water theory, such as, physical oceanography,
dam breaking problems, river flooding, breakwater construc- U() = ;-V:Oijj(f), b, # 0, (8)
tion and control, coastal engineering and wave propagation
in tsunami estimation. Besides, this equation is highly useavhereb; (0 < j < n) are constant coefficients to be calcu-
in flood analysis, they are very effective in determining thelated afterwardsy is a positive integer determined by bal-
effects of floods affecting large areas. ancing the nonlinear terms and the highest order derivatives

w(e ) = UE),  €=kat w% ©)

Secondly, assume that EJ) has solutions of the form
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in [46] and nonlinear terms in EgZYandQ () is the solution of the following ODE

Q'(€) =In(A) (a+BQ(E) +0Q*(€)) , A#0,1. ©)

Herea,  ando are constants. Some special solutions of Zjate listed below:

1) If 6 = 8% — a0 < 0 ando # 0,
Qe =2+ - ;J_ 199) tana < @ 22_ 1) f) 7
Qale) = -~ ¥ (ﬁ;‘ 499) ot < 7 Aa0) 5) ,
Que) =~ + YO 209 (o (/= = a0)t) + vigsees (/= —dac)t) ).
Qu(©) = 2+ YR (o (VB da0)€) = yiesea (V- (7~ dane) ).
Qe =~ + YA (g, (\/74%5) + Vpgesea (V= (F —dao)e) )
Qsle) =~ + V= (5 ~ da0) (mm ( ~Ia0) €> _ oty (Wg)) .
2)1f § = 32 — dac > 0 ando # 0,
Qo) =~ ~ Y10 (W&) ,
Qr(e) =~ - V0T o, <V52;4M£> 7
Qs(©) =~ + Y297 (o, (V7 dact) +iy/pasechs (VA7 — dack) ).
Qo(€) = — 2+ Y107 (o, (/B ~ o) £ ypgeschs (V7 —dace) ).
@) =~ = VI (i (YT & oy (V) ).

3) If ac > 0andg =0,

()= [ tama (Va7E) . Qual6) =~/ Lot (vaTe).
Qus(€) = /2 (1ana (21/37) & Pasces (2656)).

Qui(6) = \/f (=cota (2vaol) + v/pgesca (2vaa))

us) = % (1o (Y576) —eona (457)).
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HIf aoc < 0ands =0,
Qus(€) = /= tanha (V=00€) . Qur(§) =~/ cotha (V=a0¢).
Q1s(§) = E (—tanhy (2v—acf) +iy/pgsechy (2v/—acf)),

Q19(§) = \/*% (= cotha (2v—ac€) £ /pgescha (2v—acf)) ,

Q20(8) = —;E (tanhA (V?g) + coth 4 (@g)) .

5)If 6 =0ando = «,
Qa1(§) =tana (af),  Qn(§) = —cota(ag),  Q23(¢) = tana (208) + y/pgseca (2a8),
Qua(€) =~ cots (206) % pgesea (208), Qunl€) = 5 (1ana (5¢) —cota (5¢)).
6)If 6 =0ando = —a,
Q26(6) = —tanha (ag),  Qor(§) = —cotha (af),  Qas(§) = —tanha (20€) £ iy/pgsecha (20€),
1

Q20(€) = — coth (2a€) + /pgesc ha (2a€) Qw@):—i(mmm(%g-mmmA(%Q).

7)If 82 = 4ao
—2a (BELNA + 2)

Q€)= et

8)If 8=k, a=mk (m +#0)ando =0,
QR32(8) = AR —m,

9IfB=0=0,
Q33(§) = afln A.
10)If = a = 0, 1
Q3“§>:‘_ogh1A'
11) Ifa=0andg # 0,
_ B ( _ qp
Us5(8) = = feomtia(B0) —sha (38 + ) @) = 75 (coshs (38) — sinbA(3E) + @)
Qur(€) = — 3 (sinh 4 (B¢) + cosha(5€))
37 o (sinhy (B8€) + cosh4(8€) +q)°
12) If 3 = k, 0 = mk (m # 0) anda = 0,
Ak
Qas(§) = ]#qz‘l’“g'

The above mentioned generalized hyperbolic and triangular functions are defined as

. pAS — qA—¢ pAS + gA—¢ pAS — gA—¢ pAS + gA—¢
sinhy4 (§) 5 , coshy (&) 5 , tanhy (€) = cothy (&) DAE A€
2 2 . pA — AT pA® 4 gATE
= h = S A = "
s5€eC hA (6) pAE I qA,Ea Ccsc Ny (f) pA§ — qA,§ , Sy (E) % , COSA (5) 2 )
B pAE — gATE B pAE 4 gATE _ 2 B 24
ta.l’lA (6) - ZpAlg + qA*'L.E’ COtA (5) - ZpA,Lg _ qA,Z'E’ Sec4 (é-) - pA,Lg 4 iniE’ CSC4 (5) - pAlg _ iniE’

wherep, ¢ > 0 are arbitrary constants called deformation parameters.
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Next, subrogating Egs/8( and 0) into Eqg. [/) and set- Balancing the highest order derivatit€’” with nonlinear
ting the b; to zero, gives a nonlinear algebraic system fortermUU"” [46] we obtainn = 1. Therefore we rewriteg) as

j=0,1,..,N.
Finally, substituting these constants and the solutions of U (€) = bo + b1Q (€) + b2Q° (€). (11)

Eq. ) into Eq. B8) and considering Eq6}, yields exact so-
lutions of Eq. B), which will be presented in the next section. Combining this equation with Eq. (9) into Eq. (10), collect-
ing the coefficients of)’ (¢) and equating t6, we obtain the

following terms

4. Exact solutions of the time-fractional oo L
SRLW equation bo = —kw (8ao + ) In" A — - — =, (12)

_ 2
Using /6), we reduced) to the following nonlinear ODE by = —12kwfo In” A, (13)
by = —12kwo? In® A. (14)

wU" +k*U" + kwUU” + kw(U")? +w?k*U"" = 0. (10)
Using these coefficients and implementing the above
| mentioned steps, we acquire the following solutions

Assuming that < 0 ando # 0,
2

v 3—126077 (—5+rt any (\/;%)) — 1207 <—/8+\/;t any <mf)> ;

wi(e,t) = = (8ao+5%) — 20t 2 >
us(a, 1) =~ (800 +4%) —= — X 1350y < OV o, (“2755)) ~ 1207 (—fo_ Y oy (“;55))2
o) = = (sao +57) = 2 = £ ooy (— L 322 (ana (V75)  ypasees (vV7EE) ) )

120 n(—fﬁ/;s (rana (V=0¢) + vpaseca (V=2 )2

ug(z,t) = —n (8ao + %) — 2 g — 12807 <—i + g ( cot g (\/7(55) + \/pgcsca (Wﬁ)))

k
—120%n (_ﬂa + Q (—cotA (Fﬁ) + /pgesca (\/75)))

us(z,t) = —n (8ao + §?) — % - g — 12807 <—2/6(; (tanA ( 1 - ) — cota (X/?éh)))
(8 o (52) o (529

Assuming that > 0 ando # 0,

2
k ) 0 ) )
ug(z,t) = —n (8a0+52) —% — E—l2ﬂo77 (—fg—;{ tanh 4 <\2[§>> —12027 <_2ﬁa_\2g tanh 4 ({f)) ,
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ug(x,t) = —n (8a0+ﬁ2) — % — g — 120807 (—ﬁ + ﬁ (— cothy (\/55) + /pgcschy (ﬁﬁ)))
)

—120%n <_ﬁ0 + 27\23 (— coth 4 (\/Sf + /pgcschy (\/55))) ,
Ve

C <_2ﬂa - g (tanhA <4§> + /pg cothy (f{)))
—120%n (—2{}7 - 4—‘? (tanhA (ff) + /pq coth s (ff))) )

whered = 52 — 4a0 andn = kwIn? A.
Assuming thatve > 0 andg = 0,

u(z,t) = —n (8aoc + %) — % —~ g — 1280 <\/§tan,4 (@g)) — 1207 <\/§tan,4 (Ja?g))Z,
ua(x,t) = —n (8ao + %) — % ko 12801 <—\/§cot,4 (@g)) — 1207 (—\/fcotA (\/%g)>2 :
wis(o,t) = = (800 + 82) = ¥ — & 1940y (\/f (tana (2v/a5€) £ v/pgseca (zmg)))
2
— 12077 <\/§ (tana (2vac€) £ \/pgseca (2@5))) )
uia(z,t) = —1 (8ao + B%) — % - g — 128301 <\/§ (—cota (2v/ac€) £ \/pgesca (2@5)))

2

—120%p (\/3 (—cota (2v/ac€) + \/pgesca (2\/0?5))> ;

wis(a, 1) = =1 (80 + 5) — % - g — 12807 (;\/j (taDA (\/;TU ) — cota (@f)))

(2 (s (4576) s (579)))

Assuming thatve < 0 andg = 0,

uto(e.t) = = (800 + %) = ¥ = X _ 1250, <_E tanhs (\/ng)) 1202 <_\/? anh 4 (@g)) ,

w
ur(z,t) = —n (8ao’ + 62) — % - L2 —1200n (—,/—j coth g (\/ —ozcrf)) —120%p <—,/—j cothy (\/—(10{)) ,
w

ws(z,t) = —n (8ac + 5%) — — — ko 12801 (, /—% (—tanhy (2v/—ac€) +iy/pgsechy (2\/—cw£))>

— 1202y (H (—tanha (2v/—ac€) £ iy/pgsecha (N—Taé))) ;
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ug(x,t) = —n (8@0 + ﬂQ) — % — 5 — 1200n <, / —% (— coth 4 (2\/ —aaf) + /pgcschy (2\/—0405)))

2

— 1202 (E (—cotha (2v—ac€) £ \/pgeschy (2\/—7@05))) ;

ugo(z,t) = —n (8&0 +52) — % — g — 1280m <;1 /73 <tanhA ( _26w§“> + cothy ( _2a05>)>

— 12027 (;\/? (tanhA (V?g) + cothy <\/?5)>>2

Assuming thaf? = 0 ando = «,

g
=~

ua(2,0) = = (S0 + F%) = T = = —1260m (tan (ag)) — 120% (tans (a€))’,
s (2,) = —1 (8o + 42) — % - g — 12807 (— cot s (a)) — 12025 (— cot 4 (a€))?,
uss(x,t) = —n (8ac + 5%) — % - g — 12807 (tany (20€) £ \/pgseca (2a€))
— 12027 (tan (20€) £ /pgseca (20€))?,
usal, 1) = (800 + 57) — = — % 1950 (— cots (208) + eses (206))

— 12021 (— cot 4 (20€) + esca (2a€))?

ugs(x,t) = —n (8a0 + ﬁz) — % — g — 120607 (; (tanA (%f) — cotyg (gf)))

~—

usg(z,t) = —n (8ao + B%) — z w 1280n (— tanh 4 (af)) — 12627 (— tanh4 (af))?,
ugr(2,t) = = (8ao + %) — % - g — 12807 (— coth 4 (a8)) — 120%n (= coth 4 (ag))?,
uss(z,t) — n (8ac + %) — % - g — 12080n (— tanh 4 (2a§) £ iy/pgsechy (2a€))

— 1202y (—tanhy (2a€) £ iy/pgsecha (20€))?,

usg(z,t) = —n (8ao + B%) — % - g — 1280n (— cotha (2a€) £ \/pgcschy (2a€))
— 12029 (— coth4 (2a€) £ /pgescha (20€))?,
uso(z,t) = —n (8040 + 62) - % — g — 12807 <; (tanhA (%5) + cothy (35)))

_2a(6§1nA+2)) 1207 (—2a(ﬁflnA+2)>2.

k
ugi(2,t) = =1 (8a0 + 5) — = — = — 1260 ( Fén A A
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Assuming thaff = k, a = mk (m # 0) ando = 0,

ugs(z,t) = —n (8ao + %) — v g — 1280 (A* —m) — 1207 (A™ — m)2 )

Assuming that3 = a = 0,

_ oy _w_k_ IR T NSRS A
ua (7, 8) = 77(80104—5) w 1260"( 0§1nA> 12077( UflnA) ’
Assuming thatv = 0 andg # 0,

uga(2,t) = —n (8ac + §%) — - - 3 — 1280 (‘g (cosha (50 i)ﬁsinhA(/é’f) +p))
~ 120 <‘a (coshA (5) fiinhms) ) ) :

ugs(2,t) = —n (8ac + §%) — - - % — 1280 (‘g (cosha (36) EﬂSinhA(ﬂf) + q))
~120% <‘a (coshi (€) EﬁsinhA(ﬂg) + q)>2 ’

B w ok B (sinh 4 (BE) + cosh4(B€))
uss(@,) = —n (Sac + 6%) = 0 =7, —1260m <_a (sinha (€) + coshia(B€) + q))

1og2y (P (sinha (5) + cosha(5)) \*
12 77( o(sinhA(/Bf)—i—coshA(ﬂf)—i—q)) ’

Finally, assuming that = k, o = mk (m # 0) anda = 0,

k AK€ AK€ 2
ugz (w,1) = —n (a0 + %) — T — o 1260 (p —pm ) — 1207 (‘ : ) :

-200+

-400+

-600

-800 -

FIGURE 1. 3D and 2D simulation of solution; (z,t) fora =2,8=3,0 =15, A=¢,p=0.9,¢=0.9, k =2,w = 1, andu = 0.90.

5. Graphical representations of wave solutions NEDAM. The plots are presented for several valuea of,

o, A, p, q, k, w,l, m coefficients ang., the conformable frac-
In this section, we present 3-dimensional and 2-dimensiondional derivative. While Figs. 1, 2, and 3 represent periodic
surface plots of the chosen exact solutions obtained by theave solutions fon (z,t), uz(z,t), us(z,t), Fig. 4 is an

Rev. Mex. Fis66 (3) 297-307
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u(x.f)

-804

-1000 -

u(x.f)

[N ]

(a) Bl (b)

-200F-

-400-

-600

-800+

-1000

-1200

305

FIGURE 3. 3D and 2D simulation of solutionz (z,t) fora =3,8=3,6 =1, A=e,p =0.95,¢ = 0.95, k = 2, w = 2, andu = 0.90.

u(x.t)
1004

FIGURE 4. 3D and 2D simulation of solution,(z,¢) forc =1, =2,8=2,A=27,p=1,¢q=1,k =1, w = 2, andu = 0.90.
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example for solitary wave solutiois7(x,t) for x € [—5, 5] duce the equation to integer order ordinary differential equa-
andt € [0, 5]. As seen, the double periodic solutions are de-tion and with the aid of mathematical software Mathemat-
teriorated to solitary wave solutions and the amplitude goe&a and using the conformable derivative definition, numer-
to infinity. ous new exact solutions of the equation have been obtained
which do not exist in the literature. These solutions include
rational, exponential, generalized trigonometric, and gener-
alized hyperbolic function series. Thus, it is shown that the
In this study, the new extended direct algebraic methodnethod is very effective and powerful as compared with other
(NEDAM) has been successfully applied to time-fractional€xisting methods in the literature and could be used for differ-
SRLW partial differential equation, which arises in long wa- €nt types of FPDEs arising in different areas of mathematical

6. Conclusion

ter flow models. The traveling wave transform is used to rephysics.
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