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Thermal corrections to the gluon magnetic Debye mass
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We compute the gluon polarization tensor in a thermo-magnetic environment in the strong magnetic field limit at zero and high temperature.
The magnetic field effects are introduced using Schwinger’s proper time method. Thermal effects are computed in the HTL approximation.
At zero temperature, we reproduce the well-known result whereby for a non-vanishing quark mass, the polarization tensor reduces to the
parallel structure and its coefficient develops an imaginary part corresponding to the threshold for quark-antiquark pair production. This
coefficient is infrared finite and simplifies considerably when the quark mass vanishes. Keeping always the field strength as the largest
energy scale, in the high temperature regime we analyze two complementary hierarchies of scales:q2 ¿ m2

f ¿ T 2 andm2
f ¿ q2 ¿ T 2.

In the latter, we show that the polarization tensor is infrared finite asmf goes to zero. In the former, we discuss the thermal corrections to
the magnetic Debye mass.
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1. Introduction

The properties of strongly interacting matter immersed in
a magnetized medium have been the subject of intense re-
search over the last years. The motivation for this activity
stems from several fronts: On the one hand, lattice QCD
(LQCD) [1] has shown that for temperatures above the chiral
restoration pseudo-critical temperature, the quark-antiquark
condensate decreases and that this temperature itself also de-
creases, both as functions of the field intensity. This result,
dubbed inverse magnetic catalysis (IMC), has sparked a large
number of explanations [2–13]. On the other hand, it has
been argued that intense magnetic fields can be produced in
peripheral heavy-ion collisions. Possible signatures of the
presence of such fields in the interaction region can be the
chiral magnetic effect [14] or the enhanced production of
prompt photons [15–18]. Moreover, magnetic fields can have
an impact on the properties of compact astrophysical objects,
such as neutron stars [19].

The dispersive properties for gluons propagating in a
magnetized medium are encoded in the gluon polarization
tensor. For QED, this tensor has been computed and exten-

sively studied both at zero and finite temperature [20–22,25–
30]. In particular, Refs. [25–27] study the case of intense
magnetic fields, where the lowest Landau Level (LLL) ap-
proximation can be used. Reference [28] works the one-loop
zero temperature case to all orders in the magnetic field and
finds a general expression in terms of an integral over proper
time parameters. No attempt to provide analytical results is
made. In Ref. [29] the polarization tensor is computed both
at finite temperature and field strength. The findings are ap-
plied to study magnetic field effects on the Debye screening.
Reference [31] expresses the one-loop polarization tensor as
a sum over Landau levels and evaluates it using numerical
methods. An analytical approach to the sum over Landau
levels at zero temperature has been recently carried out in
Ref. [32]. Magnetic corrections to the QCD equation of state
in the hard thermal loop (HTL) and the LLL approximations,
applied to the description of heavy-ion collisions have been
considered in Refs. [33,34]. Analytic results can be obtained
in several limits of interest such as the HTL and LLL by con-
sidering different hierarchies for the fermion mass, thermal
and magnetic scales [27,35].
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Nevertheless, in a thermo-magnetic medium, the gluon
polarization tensor depends, in addition to the temperature
T and magnetic field strength|eB|, also on the square of
its momentum components as well as on the fermion mass.
The breaking of boost and rotational invariance introduced
by thermal and magnetic effects, makes the polarization ten-
sor to depend separately on the longitudinal and perpendic-
ular components of the gluon momentum. The competition
between these different energy scales produces a rich struc-
ture that can be better grasped if one resorts to analytic ap-
proximations that arise when considering given hierarchies
of these energy scales. In this work we take on this task and
consider the behavior of the gluon polarization tensor in vac-
uum and at high temperature for the case when the field is
strong. The paper is organized as follows. In Sec. 2 we com-
pute the gluon polarization tensor in the presence of a strong,
uniform and constant magnetic field at zero and high temper-
ature. For the latter case, working in the HTL approximation,
we study two different hierarchies of scales:q2 ¿ m2

f ¿ T 2

and the the complementary casem2
f ¿ q2 ¿ T 2, writing for

each case the most general tensor structure and discussing its
properties. We compute the magnetic modifications to the
Debye mass, paying attention to the cases when longitudinal
and the perpendicular components of the gluon momentum
vanish at different rates.

In Sec. 3 we summarize and discuss our results. We re-
serve for the appendices the calculation details for each of the
regimes where the gluon polarization tensor is computed.

2. Thermo-magnetic gluon polarization tensor

We proceed to compute the gluon polarization tensor at one-
loop order in the presence of a magnetic field, both in vac-
uum and in a thermal bath. In both cases we consider that
the largest of all energy scales is the field strength. As we
proceed to show, for the vacuum case, there is no need to es-
tablish a hierarchy of scales between the gluon momentum
squaredq2 and the fermion mass squaredm2

f . However, for
the thermal case, care has to be taken for the hierarchy be-
tweenq2 andm2

f . Therefore, for the thermal case, we per-
form the computation in the two different regimes, namely
q2 ¿ m2

f ¿ T 2 andm2
f ¿ q2 ¿ T 2.

FIGURE 1. One-loop diagram representing the gluon polarization
tensor.

FIGURE 2. One-loop diagrams for the gluon polarization tensor in
the strong field limit, using the LLL.

In general, the one-loop contribution to the gluon polar-
ization tensor, depicted in Fig. 1 is given by

Πµν
ab =− 1

2

∫
d4k

(2π)4

× Tr{igtbγ
νiSF (k)igtaγµiSF (k−q)}. (1)

The factor 1/2 accounts for the symmetry factor, which in the
presence of the external magnetic field comes about given
that the two contributing diagrams in Fig. 2, with the oppo-
site flow of charge, are not equivalent. Also,g is the coupling
constant,SF (k) is the quark propagator andta,b are the gen-
erators of the color group. Since the quark anti-quark pair
in the loop interact with the magnetic field, the quark propa-
gator is modified from its vacuum expression and is written,
omitting a trivial color factor, as

SF (x, x′) = Φ(x, x′)
∫

d4k

(2π)4
e−ik·(x−x′)S(k), (2)

whereΦ(x, x′) is called theSchwinger phase factor. The lat-
ter accounts for the loss of Lorentz invariance in the presence
of the magnetic field. For the present calculation, the phase
factor can begauged away[12,36] and we need to just work
with the translationally invariant part of the fermion propaga-
tor. The latter is given by

iS(k) =

∞∫

0

ds

cos(qfBs)
e
is(k2

‖−k2
⊥

tan(qf Bs)
qf Bs −m2

f )

×
{

[cos(qfBs) + γ1γ2 sin(qfBs)](mf + /k‖)

− /k⊥
cos(qfBs)

}
, (3)

where qf is the the quark electric charge. Hereafter, we
use the following notation for the parallel and perpendicu-
lar (with respect to the magnetic field) pieces of the scalar
product of two four-vectorsaµ andbµ

(a · b)‖ = a0b0 − a3b3,

(a · b)⊥ = a1b1 + a2b2, (4)

such that
a · b = (a · b)‖ − (a · b)⊥. (5)

Gauge invariance requires that the gluon polarization ten-
sor be transverse. However, the breaking of Lorentz symme-
try makes this tensor to split into three transverse structures,
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such that the gluon polarization tensor can be written, omit-
ting a trivial factorδab coming from the color trace in Eq. (1),
as [21] (see also Refs. [26,32,37])

Πµν = P ‖Πµν
‖ + P⊥Πµν

⊥ + P 0Πµν
0 , (6)

where

Πµν
‖ = gµν

‖ −
qµ
‖ qν
‖

q2
‖

,

Πµν
⊥ = gµν

⊥ − qµ
⊥qν
⊥

q2
⊥

,

Πµν
0 = gµν − qµqν

q2
− (Πµν

‖ + Πµν
⊥ ). (7)

Notice that the three tensor structures in Eq. (7) are or-
thogonal to each other, hence, their coefficients in Eq. (6) can
be expressed as

P ‖ = Π‖µν Πµν ,

P⊥ = Π⊥µν Πµν ,

P 0 = Π0
µν Πµν . (8)

We now proceed to compute each of the coefficients in
Eq. (8) in the strong field limit.

2.1. Vacuum case, strong field approximation

We now proceed to calculate the polarization tensor in the
strong field limit, namely|eB| À q2, m2

f . The (pho-
ton) polarization tensor in this limit has been computed in
Ref. [25] using Ritus’ method. Here we work instead using
Schwinger’s proper time method. To implement this approx-
imation, we work in the lowest Landau level (LLL) limit of
the quark propagator, given by [30]

iSLLL (k) = 2ie
− k2

⊥
|qf B|

/k‖ + mf

k2
‖ −m2

f

O±, (9)

where
O± =

1
2

[1± iγ1γ2 sign(qfB)] . (10)

Figure 2 shows the diagrams contributing to the calcu-
lation. These represent one and the other possible electric
charge flow direction within the loop, which, in the presence
of the magnetic field have both to be accounted for. Using
Eq. (9), into the Eq. (1), the explicit expression for diagram
(a) in Fig. 2 is given by

iΠµν
a =

−4g2

2

∑

f

∫
d2k⊥
(2π)2

e
− k2

⊥
|qf B| e

− (q⊥−k⊥)2

|qf B|
∫

d2k‖
(2π)2

×Tr[γν(mf − /k‖)O+γµ(mf − (/k − /q)‖)O+]
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

. (11)

The contribution from diagram(b) in Fig. 2 is obtained
by replacingO+ → O−. The polarization tensor is obtained

by adding these two contributions, resulting in the expression

iΠµν
a + iΠµν

b = −g2
∑

f

∫
d2k⊥
(2π)2

e
− k2

⊥
|qf B| e

− (q⊥−k⊥)2

|qf B|

×
∫

d2k‖
(2π)2

1
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

×{Tr[γν(mf − /k‖)O+γµ(mf − (/k − /q)‖)O+]

+Tr[γν(mf − /k‖)O−γµ(mf − (/k − /q)‖)O−]}. (12)

The explicit expressions for the traces are given by

Tr[γν(mf − /k‖)O±γµ(mf − (/k − /q)‖)O±]

= m2
f Tr[γνO±γµO±] + Tr[γν/k‖O±γµ(/k − /q)‖O±]

= m2
f Tr[γνO±γµ

‖ ] + Tr[γν/k‖O±γµ
‖ (/k − /q)‖]. (13)

Substituting Eqs. (10) and (13) into Eq. (12), we obtain

iΠµν
a + iΠµν

b = −g2
∑

f

∫
d2k⊥
(2π)2

e
− k2

⊥
|qf B| e

− (q⊥−k⊥)2

|qf B|

×
∫

d2k‖
(2π)2

1
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

× {
m2

f Tr[γν(O+ +O−)γµ
‖ ]

+ Tr[γν/k‖(O+ +O−)γµ
‖ (/k − /q)‖]

}

= −g2
∑

f

∫
d2k⊥
(2π)2

e
− k2

⊥
|qf B| e

− (q⊥−k⊥)2

|qf B|

×
∫

d2k‖
(2π)2

1
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

× {
m2

f Tr[γνγµ
‖ ] + Tr[γν/k‖γ

µ
‖ (/k − /q)‖]

}
. (14)

After integrating over the transverse components of the four-
momentum, the expression for the polarization tensor be-
comes

iΠµν
a + iΠµν

b = −g2
∑

f

(
π|qfB|

4π2

)
e
− q2

⊥
2|qf B|

×
∫

d2k‖
(2π)2

1
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

×
[
(m2

f − k‖ · (k − q)‖)g
µν
‖

+ kµ
‖ (k − q)ν

‖ + kν
‖ (k − q)µ

‖
]
. (15)

In order to compute the two dimensional integral over
the parallel components, we use Feynman’s parametrization.
Thus, the denominator in Eq. (15) is written as

1
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

=

1∫

0

dx

[l2‖ −∆]2
, (16)
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with l‖ = k‖ − (1− x)q‖ and∆ = m2
f − x(1− x)q2

‖. Shifting the integration variablek‖ → l‖ in Eq. (15), we obtain

iΠµν
a + iΠµν

b = −g2
∑

f

( |qfB|
4π

)
e
− q2

⊥
2|qf B|

1∫

0

dx

×
∫

d2l‖
(2π)2

1
[l2‖ −∆]2

{2lµ‖ l
ν
‖ − gµν

‖ l2‖ − 2x(1− x)qµ
‖ qν
‖ + gµν

‖ (m2
f + x(1− x)q2

‖)}, (17)

where in the integrand we have already discarded linear terms inl‖, since they give a vanishing contribution. In order to
compute the momentum integrals, we recall the following well known relations

∫
ddl‖
(2π)d

1
[l2‖−∆]n

=i
(−1)n

(4π)d/2

Γ(n−d/2)
Γ(n)

(
1
∆

)n−d/2

,

∫
ddl‖
(2π)d

l2‖
[l2‖ −∆]n

=i
(−1)n−1

(4π)d/2

d

2
Γ(n−d/2−1)

Γ(n)

(
1
∆

)n−d/2−1

,

∫
ddl‖
(2π)d

lµlν
[l2‖ −∆]n

= i
(−1)n−1

(4π)d/2

gµν

2
Γ(n− d/2− 1)

Γ(n)

(
1
∆

)n−d/2−1

. (18)

Using these into Eq. (17), we get

iΠµν
a + iΠµν

b = −g2
∑

f

( |qfB|
4π

)
e
− q2

⊥
2|qf B| −i

(4π)d/2

1∫

0

dx

{
gµν
‖ Γ(1− d/2)

(
1
∆

)1−d/2

− gµν
‖

d

2
Γ(1− d/2)

(
1
∆

)1−d/2

+ 2x(1− x)qµ
‖ qν
‖Γ(2− d/2)

(
1
∆

)2−d/2

− gµν
‖ (m2

f + x(1− x)q2
‖)Γ(2− d/2)

(
1
∆

)2−d/2}
. (19)

Equation (19) is apparently divergent when taking the limitd → 2. To show that this is not the case, we first combine the terms
proportional to the tensor structuregµν

‖ , namely, the first, second and fourth terms in Eq. (19), to obtain

gµν
‖


Γ(1− d/2)

(
1
∆

)1−d/2

− d

2
Γ(1− d/2)

(
1
∆

)1−d/2

− (m2
f + x(1− x)q2

‖)Γ(2− d/2)

(
1
∆

)2−d/2



= gµν
‖

[
(1− d/2)Γ(1− d/2)∆− (m2

f + x(1− x)q2
‖)Γ(2− d/2)

](
1
∆

)2−d/2

= gµν
‖

[
(m2

f − x(1− x)q2
‖)− (m2

f + x(1− x)q2
‖)

]
Γ(2− d/2)

(
1
∆

)2−d/2

= −2gµν
‖ q2

‖Γ(2− d/2)

(
1
∆

)2−d/2

(20)

Substituting Eq. (20) into Eq. (19), we get

iΠµν
a + iΠµν

b = −g2
∑

f

( |qfB|
4π

)
e
− q2

⊥
2|qf B| i

(4π)d/2
Γ(2− d/2)

1∫

0

dx

(
1
∆

)2−d/2

×
{

gµν
‖ [−m2

f + x(1− x)q2
‖ + m2

f + x(1− x)q2
‖]− 2x(1− x)qµ

‖ qν
‖
}

= −g2
∑

f

( |qfB|
4π

)
e
− q2

⊥
2|qf B| i

(4π)d/2
Γ(2− d/2)2q2

‖

{
gµν
‖ −

qµ
‖ qν
‖

q2
‖

} 1∫

0

dx x(1− x)

(
1
∆

)2−d/2

. (21)

Notice that Eq. (21) is now free of divergences when taking the limitd → 2. We thus obtain

iΠµν
a + iΠµν

b = ig2
∑

f

( |qfB|
8π2

)
e
− q2

⊥
2|qf B| q2

‖

{
gµν
‖ −

qµ
‖ qν
‖

q2
‖

} 1∫

0

dx
−x(1− x)

∆
, (22)
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FIGURE 3. Behavior ofI as a function ofy‖. Shown are the real
(black) and imaginary (red) parts. This function presents a dis-
continuity aty‖ = 4 that corresponds to the threshold for quark-
antiquark production.

from where it is seen that the emerging tensor structure is
equal toΠµν

‖ . Therefore, in the strong field limit, the coeffi-
cientsP⊥ andP 0 turn out to be equal to zero.

The integral over thex variable can be expressed in terms
of the function

I(y‖) = y‖

1∫

0

dx
x(1− x)

−1 + x(1− x)y‖
, (23)

wherey‖ ≡ q2
‖/m2

f . For the casemf = 0, I = 1 and the
gluon polarization tensor is given by

iΠµν
∣∣
mf =0

= (iΠµν
a + iΠµν

b )
∣∣
mf =0

= ig2

{
gµν
‖ −

qµ
‖ qν
‖

q2
‖

}

×
∑

f

( |qfB|
8π2

)
e
− q2

⊥
2|qf B| . (24)

This result coincides (albeit for the case of the photon po-
larization tensor) with the one found in Ref. [25] (see also
Refs. [26, 32]). Figure 3 shows the behavior of the function
I(y‖) for the general case whenm2

f 6= 0. Notice that this
function develops an imaginary part fory‖ ≥ 4, correspond-
ing to the threshold for quark-antiquark production.

2.2. Thermo-magnetic polarization tensor in the HTL
and LLL approximations

We now proceed to calculate the polarization tensor in the
strong field limit within the HTL approximation. We con-
sider the case where|eB| À T 2. At finite temperature, due
to the presence of the vectoruµ that defines the medium’s
reference frame, the tensorgµν − qµqν/q2 splits into (three
dimensional) transverseΠµν

T and longitudinalΠµν
L structures,

such that

− gµν +
qµqν

q2
= Πµν

L + Πµν
T , (25)

with

Πµν
T = −gµν +

q0

~q2
(qµuν + uµqν)

− 1
~q2

(qµqν + q2uµuν),

Πµν
L = −q0

~q2
(qµuν + uµqν)

+
1
~q2

[
(q0)2

q2
qµqν + q2uµuν

]
, (26)

where, in the medium’s reference frame,uµ = (1, 0, 0, 0).
Notice that when working in the LLL, one can expect that

the tensor structures in Eq. (26), together withΠµν
‖ , given by

the first of Eqs. (7), span the most general expression for the
polarization tensor for the case|qfB| À T 2. Indeed, re-
call that when the gluon splits into a virtual quark-antiquark
pair, and this occupies the same Landau level (the LLL in
this case), the pair’s transverse momentum vanishes, because
the quark moves in the opposite direction than the antiquark
around the field lines. From momentum conservation and
for a finite gluon momentum, the motion of the virtual pair
can therefore only happen along the direction of the external
magnetic field. Since the quark/antiquark motion is thrust by
the chromo-electric field, only a polarization vector having
a component along the external magnetic field can push the
motion of the virtual pair [22]. The only polarization vector,
and thus tensor, having a non-vanishing projection along the
magnetic field is the parallel structureΠµν

‖ . In fact, from this
argument, it can be expected that the transverse (to the mag-
netic field) polarization structureΠµν

⊥ will be absent from the
tensor basis. Also, when working in the limit|eB| À T 2,
neither the virtual quark nor the antiquark have enough ther-
mal energy to transit between Landau levels. Thus the motion
of the virtual pair in the LLL would keep being along the ex-
ternal field.

The above discussion applies to the situation where the
thermo-magnetic system is not undergoing a collective mo-
tion characterized by a non-trivial medium’s flow velocity
uµ. When this is not the case, an electric field emerges,
whose origin comes from boosting different system’s ele-
ments to the medium rest frame. The simultaneous treatment
of magnetic and electric field effects on medium’s proper-
ties has been recently considered in the context of asymmet-
ric collisions or event-by-event fluctuations in heavy-ion re-
actions [23]. Electromagnetic effects have also been stud-
ied using chiral kinetic theory with Landau level transitions
induced by both boosts and rotations [24]. The subject is
certainly of the utmost relevance for the physics of heavy-
ion systems where one knows that the medium created in
the reaction undergoes a collective expansion characterized
by non-vanishing flow coefficients. Thus, we underline that
our computation is valid only when the medium’s velocity
is small such that the produced electric field cannot induce
transitions between the LLL and higher Landau levels.
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Concentrating only on the temperature dependent part of
the polarization tensor̃Πµν , we can write

Π̃µν = P̃LΠµν
L + P̃T Πµν

T . (27)

To find the coefficients̃PL andP̃T , we need to compute the
corresponding projections ontõΠµν . This gives

ΠL
µνΠ̃µν = P̃L,

ΠT
µνΠ̃µν = 2P̃T . (28)

In order to compute the contractions on the left-hand side
of Eq. (28), we follow a procedure similar to the one that lead
to Eq. (15). This implies using that, in the strong field limit,
transverse and parallel structures factorize, and also that tem-
perature effects are obtained, in the Matsubara formalism,
from the time-like component of the integration four-vector.
Therefore all temperature effects are comprised to the paral-
lel pieces of the integrals. Explicitly, within the Matsubara
formalism, we transform the integrals to Euclidean space by
means of a Wick rotation, namely

∫
d4k

(2π4)
f(k) → iT

∞∑
n=−∞

∫
d3k

(2π3)
f(iω̃n,~k), (29)

where the integral over the time-like component of the fer-
mion momentum has been discretized and we introduced the
fermion Matsubara frequencies̃ωn = (2n + 1)πT , k0 =
iω̃n and q4 = iq0 = ω. In order to obtain the coeffi-
cients, we need to compute the sum over Matsubara frequen-
cies and the integral overk3. Notice that after performing
the sum, one gets two terms: one corresponding to theT -
independent, magnetized vacuum and another corresponding
to the thermo-magnetic contribution. The magnetized vac-
uum term turns out, of course, to be equal to Eq. (22) and
therefore it comes entirely as the coefficient ofΠµν

‖ . This
is explicitly shown in Appendix A. The temperature contri-
bution is obtained from the terms proportional to the Fermi-
Dirac distributions. For these terms, we work in two limits:
(1) the external momentumq is taken as the softest energy
scale, thus we keep the quark mass finite and (2) the quark
mass is the smallest energy scale and thus we keep the exter-
nal momentumq finite.

2.2.1. Case whereq2 ¿ m2
f ¿ T 2

When the external momentumq is considered as the small-
est energy scale, in the HTL approximation, we can neglect
q2 and k · q in each of the numerators. Thus, the explicit
hierarchy of scales for this calculation isq2 ¿ m2

f ¿ T 2.
Performing the integral overk3, and after analytical continu-
ation back to Minkowski space, we get

P̃L =
g2

8π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

[
q2
0(q2

⊥ + 2q2
3)

~q2q2
− 1

]

×
(

ln

(
π2T 2

m2
f

)
− 2γE

)
(30)

and

P̃T =
g2

8π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

[
q2
⊥

~q2

]

×
(

ln

(
π2T 2

m2
f

)
− 2γE

)
. (31)

The explicit calculations to obtain Eqs. (30) and (31) are
shown in Appendix B. Notice that knowledge of the complete
expression is important when discussing their evolution prop-
erties under the renormalization group [38] and for the study
of the thermo-magnetic effects on the Debye mass [29].

2.2.2. Case wherem2
f ¿ q2 ¿ T 2

Another way to compute the polarization tensor in the HTL
approximation is to take into account the complementary hi-
erarchy of scalesm2

f ¿ q2 ¿ T 2. After the integral overk3

is performed and the analytical continuation to Minkowski
space is done, we obtain

P̃L =
g2

64π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

×
[
2q2

0 + q2 +
q2
0q2

3

q2

](
q2
3

~q2q2
‖

)(q3

T

)
, (32)

and

P̃T = − g2

64π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

[
q2
⊥q2

3

q2
‖~q

2

](q3

T

)
. (33)

The explicit calculations to obtain Eqs. (32) and (33) are
shown in Appendix C. For this hierarchy of scales, we have
already considered the massless limitmf → 0 and thusq3

becomes the smallest energy scale. Also, notice that the co-
efficientsPT , PL vanish when we take the limitq3 → 0.
This shows that in this case, the matter contributions are all
free of any infrared divergences.

2.2.3. Magnetic corrections to the gluon Debye mass

If we now keep the fermion mass finite and work with the
premises spelled out in Subsec. 2.2.1, we can consider the
matter contribution of Eqs. (30) and (31) to the dispersion
relation. For this purpose, we need to take the limit when
the three-momentum goes to zero. Nevertheless, notice that
the result may be different depending on whether the parallel
or perpendicular momentum component, with respect to the
magnetic field, is taken first to zero. This behaviour is due to
the breaking of the spatial isotropy and is the analog to the
purely thermal case, where the limits when eitherq0 or |~q|
goes first to zero, do not commute, due to the loss of Lorentz
(boost) invariance. In the present case, the limits when either
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q3 or q⊥ go first to zero in general do not commute either. Let
us explore the case whenq⊥ andq3 goes to zero at different
rates writingq2

3 = a q2
⊥. Thus, the matter contribution in

Eqs. (30) and (31) can be written as

P̃L =
g2

8π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

(
ln

(π2T 2

m2
f

)
− 2γE

)

×
[

q2
0(q2

⊥ + 2aq2
⊥)

(1 + a)q2
⊥(q2

0 − (1 + a)q2
⊥)

− 1

]

=
g2

8π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

(
ln

(π2T 2

m2
f

)
− 2γE

)

×
[

q2
0(1 + 2a)

(1 + a)(q2
0 − (1 + a)q2

⊥)
− 1

]
, (34)

P̃T =
g2

8π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

(
ln

(π2T 2

m2
f

)
− 2γE

)

×
[

q2
⊥

(1 + a)q2
⊥

]
=

g2

8π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

×
(

ln

(
π2T 2

m2
f

)
− 2γE

)[
1

1 + a

]
. (35)

Notice that the behavior of̃PT andP̃L depend ona, giv-
ing rise to possibly different masses of the corresponding ex-
citations whenq⊥ andq3 go to zero at different rates. Thus,
let us use Eqs. (34) and (35) to study the Debye mass, defined
as the solution of

[q2 − P̃L,T (q0, q⊥, q3)]|~q=0 = 0, (36)

for q0 = mD, in the different cases.

• q⊥ → 0, q3 finite:
In this case, Eqs. (34) and (35) become

P̃L =
g2

8π2

∑

f

|qfB|
(

q2
0

q2
‖

)(
ln

(π2T 2

m2
f

)
− 2γE

)
,

P̃T = 0, (37)

which shows that transverse modes are not screened.
If we now takeq3 → 0 in the first of Eqs. (37), we
see that the longitudinal mode develops a Debye mass
given by

(m2
D)L =

g2

8π2

∑

f

|qfB|
(

ln

(
π2T 2

m2
f

)
− 2γE

)
. (38)

• q3 → 0, q⊥ finite:
In this other case, Eqs. (34) and (35) become

P̃L =
g2

8π2

∑

f

|qfB|
(

ln
(π2T 2

m2
f

)
− 2γE

)

×
(

q2
0

q2
0 − q2

⊥
− 1

)
,

P̃T =
g2

8π2

∑

f

|qfB|
(

ln
(π2T 2

m2
f

)
− 2γE

)
. (39)

If we now takeq⊥ → 0, P̃L is equal to zero and this
time it is the transverse modes which develop a Debye
mass given by

(m2
D)T =

g2

8π2

∑

f

|qfB|
(

ln

(
π2T 2

m2
f

)
− 2γE

)
, (40)

whereas the longitudinal one is not screened. Notice
that the right-hand side of this expression coincides
with the Debye mass for the longitudinal mode in the
previous case given by Eq. (38).

• q3, q⊥ → 0 at the same rate:
In this last case, Eqs. (34) and (35) become

P̃L=P̃T =
g2

16π2

∑

f

|qfB|

×
(

ln

(
π2T 2

m2
f

)
− 2γE

)
, (41)

and both the longitudinal and transverse modes de-
velop a Debye mass given by

(m2
D)L = (m2

D)T =
g2

16π2

∑

f

|qfB|

×
(

ln

(
π2T 2

m2
f

)
− 2γE

)
. (42)

Notice that whenq3 and q⊥ vanish at the same rate,
both modes are screened and the Debye mass of the
longitudinal mode is equal to that of the transverse
mode.

For the three cases,

(m2
D)L + (m2

D)T =
g2

8π2

∑

f

|qfB|

×
(

ln

(
π2T 2

m2
f

)
− 2γE

)
. (43)

We emphasize that the thermo-magnetic contribution to the
polarization tensor can be expressed using only the orthog-
onal tensorsΠµν

L andΠµν
T , given by Eqs. (26). Indeed, one
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could have thought that the tensorΠµν
‖ could also develop

a thermo-magnetic coefficient. However, notice that since
the projectionsΠµν

L Π‖µν andΠµν
T Π‖µν are non-vanishing, one

can always expressΠµν
‖ as a linear combination ofΠµν

L and
Πµν

T . Therefore it is sufficient to obtain the thermo-magnetic
dependence of the coefficients of these latter, as has been ex-
pressed in Eq. (28). In physical terms, this means that the
matter corrections to the gluon dispersion properties can be
calculated over a background of a magnetized vacuum.

3. Summary and discussion

In this work we have computed the gluon polarization tensor
in a thermo-magnetic medium. The computation has been
performed including the magnetic field effects by means of
Schwinger’s proper time method. Although the vacuum po-
larization tensor for gauge fields has been previously studied
in several other works (see for example Refs. [20–22, 25, 28,
29]), here we have analytically studied in detail the strong
field limit at zero and high temperature. The latter case has
been implemented within the HTL approximation.

For theT = 0 case, we have computed the coefficients
of the tensor structures describing the polarization tensor in-
cluding the case where the quark mass is non-vanishing. We
have shown that in the LLL, the only surviving structure cor-
responds to the tensorΠµν

‖ . The coefficient is given by an
expression that develops an imaginary part, corresponding
to the threshold for quark-antiquark pair production, appear-
ing when the parallel gluon momentum squared is such that
q2
‖ = 4m2

f . For the case where the quark mass vanishes,
this coefficient is real and equal to 1. To understand why it
is thatq2

‖ dictates the threshold behaviour, we have noticed
that when the gluon splits into a virtual quark-antiquark pair,
in the same Landau level, the LLL in this case, the pair’s
total transverse momentum vanishes. This happens because
the quark moves in the opposite direction than the antiquark
around the field lines. From momentum conservation the mo-
tion of the virtual pair can only happen along the direction of
the external magnetic field and thus the kinematics is dic-
tated byq2

‖. This also helps understanding why the parallel
tensor structure is the only one that survives. Indeed, since
the quark/antiquark motion is thrust by the chromo-electric
field, only a polarization vector having a component along
the external magnetic field can push the motion of the virtual
pair. The only polarization vector, and thus tensor, having a

non-vanishing projection along the magnetic field is the par-
allel structure [22].

For largeT , we have also implemented the calculation
in the LLL approximation. We have explicitly separated the
magnetized vacuum and the thermo-magnetic contributions.
This is particularly useful for a renormalization group analy-
sis of the gluon polarization tensor, suited to extract the be-
havior of the strong coupling in a thermo-magnetic environ-
ment [38]. We have worked within the hierarchy of scales
|eB| À T 2 to make sure that thermal fluctuations do not
induce transitions between higher Landau levels. In this ap-
proximation, temperature and magnetic field effects factor-
ize, due to the dimensional reduction in the LLL. This fac-
torization is not possible whenT 2 is larger than|eB| and to
describe such case, one would need to include in the calcula-
tion the contribution from other Landau levels.

We analyzed the coefficients of the two tensor structures
that appear at finite temperature and magnetic field and con-
sidered the casesq2 ¿ m2

f ¿ T 2 andm2
f ¿ q2 ¿ T 2. We

showed that both cases are free from infrared divergences. In
particular, we have obtained the thermo-magnetic behavior
of the Debye mass from the gluon polarization tensor in the
HTL and LLL approximations. However, since the magnetic
field breaks rotational invariance, the result depends sepa-
rately on the momentum componentsq3 andq⊥. Therefore
one needs to consider distinct limits when eitherq3 andq⊥
go to zero at different rates. We distinguish three different
cases: Whenq⊥ (q3) goes first to zero, only the longitudinal
(transverse) mode develops a Debye mass. However, when
both q⊥ andq3 go to zero at the same rate, both modes de-
velop the same Debye mass. Consequences of these different
screening patterns will be explored in the future and reported
elsewhere.

Appendix

A. Vacuum contribution in the HTL and LLL
approximations

Here we show that the vacuum contribution, after the sum
over Matsubara frequencies, is equal to the integral overk0

in Eq. (15). This means that the vacuum contribution at
T, eB 6= 0 in the LLL and HTL approximations yields the
same result as the case forT = 0 in the presence of a mag-
netic field in the LLL approximation. We begin with Eq. (15)

iΠµν
a + iΠµν

b = g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
d2k‖
(2π)2

1
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

[
(m2

f − k‖ · (k − q)‖)g
µν
‖

+ kµ
‖ (k − q)ν

‖ + kν
‖ (k − q)µ

‖
]

= g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
d2k‖
(2π)2

1
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

×
[
(m2

f + k2
3 − k3q3 + k0q0 − k2

0)g
µν
‖ + 2

(
k2
3 − k3(q0 + q3) + k0(2k3 − q3 − q0) + k2

0

)]

Rev. Mex. F́ıs. 66 (4) 446–461



454 ALEJANDRO AYALA et al.,

= g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
d2k‖
(2π)2

1
[k2
‖ −m2

f ][(k − q)2‖ −m2
f ]

×
[
(m2

f + k2
3 − k3q3)g

µν
‖ + 2(k2

3 − k3(q3 + q0)) + k0(q0g
µν
‖ + 2(k3 − q3 − q0)) + k2

0(−gµν
‖ + 2)

]
. (A.1)

Changing to Euclidean space by means of a Wick rotation and working in the imaginary time formalism withq0 = iω and
k0 = iω̃n, the polarization tensor becomes

iΠµν
a + iΠµν

b = ig2
∑

f

(
π|qfB|

4π2

)
e
− q2

⊥
2|qf B|T

∞∑
n=−∞

∫
dk3

(2π)2

[
(m2

f + k2
3 − k3q3)g

µν
‖ + 2(k2

3 − k3(q3 + iω))

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

−
(iω̃n)(iωgµν

‖ + 2(k3 − q3 − iω))

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
+

(iω̃n)2(−gµν
‖ + 2)

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

]
. (A.2)

In order to compute the sum over Matsubara frequencies, we use the following expressions

I0 = T

∞∑
n=−∞

1
[ω̃2

n + k2
3 + m2

f ][(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

= −
∑

s1,s2=±1

s1s2

4E1E2

[
1− f̃(s1E1)− f̃(s2E2)

iω − s1E1 − s2E2

]
,

I1 = T

∞∑
n=−∞

iω̃n

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
= −

∑
s1,s2=±1

s1s2(s1E1)
4E1E2

[
1− f̃(s1E1)− f̃(s2E2)

iω − s1E1 − s2E2

]
,

I3 = T
∞∑

n=−∞

(iω̃n)2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
= −

∑
s1,s2=±1

s1s2(s1E1)(s2E2 − iω)
4E1E2

×
[

1− f̃(s1E1)− f̃(s2E2)
iω − s1E1 − s2E2

]
. (A.3)

We now substitute the vacuum pieces in Eqs. (A.3) into Eq. (A.2). This means that we only consider the terms independent of
the distribution functions̃f . We obtain

iΠµν
a + iΠµν

b = −ig2
∑

f

(
π|qfB|

4π2

)
e
− q2

⊥
2|qf B|

∫
dk3

(2π)2

[
[
(m2

f + k2
3 − k3q3)g

µν
‖ + 2(k2

3 − k3(q3 + iω))
] 1
4E1E2

×
(

1
iω − E1 − E2

− 1
iω + E1 + E2

)
− (iωgµν

‖ + 2(k3 − q3 − iω))
E1

4E1E2

(
1

iω − E1 − E2
− 1

iω + E1 + E2

)

+
(−gµν

‖ + 2)

4E1E2

(
−E1E2

(
1

iω − E1 − E2
− 1

iω + E1 + E2

)
E1(iω)

(
1

iω − E1 − E2
+

1
iω + E1 + E2

))]
. (A.4)

On the other hand, computing the integral overk0 in Eq. (15), one gets

iΠµν
a + iΠµν

b = g2
∑

f

(
π|qfB|

4π2

)
e
− q2

⊥
2|qf B|

∫
d2k‖
(2π)2

1
[k2
‖ −m2

f + iε][(k − q)2‖ −m2
f + iε]

[
(m2

f + k2
3 − k3q3)g

µν
‖

+ 2(k2
3 − k3(q3 + q0)) + k0(q0g

µν
‖ + 2(k3 − q3 − q0)) + k2

0(−gµν
‖ + 2)

]
= g2

∑

f

(
π|qfB|

4π2

)
e
− q2

⊥
2|qf B|

×
∫

dk3

(2π)

∫
dk0

(2π)
1

[k0 − E1 + iε][k0 + E1 − iε]
1

[k0 − (q0 + E2) + iε][k0 − (q0 − E2)− iε]

×
[
(m2

f + k2
3 − k3q3)g

µν
‖ + 2(k2

3 − k3(q3 + q0))k0(q0g
µν
‖ + 2(k3 − q3 − q0)) + k2

0(−gµν
‖ + 2)

]
, (A.5)
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Integrating overk0 in the complex plane, where we take a closed path that encloses either the upper or the lower half-plane,
since, in either case, one always encloses two of the poles, the result is

iΠµν
a + iΠµν

b = −ig2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
dk3

(2π)2

[
[
(m2

f + k2
3 − k3q3)g

µν
‖ + 2(k2

3 − k3(q3 + q0))
] 1
4E1E2

×
(

1
q0 − E1 − E2

− 1
q0 + E1 + E2

)
− (

q0g
µν
‖ + 2(k3 − q3 − q0)

) E1

4E1E2

(
1

q0 − E1 − E2
− 1

q0 + E1 + E2

)

+
(−gµν

‖ + 2)

4E1E2

(
−E1E2

(
1

q0 − E1 − E2
− 1

q0 + E1 + E2

)
+ E1q0

(
1

q0 − E1 − E2
+

1
q0 + E1 + E2

))]
. (A.6)

Comparing Eq. (A.6) and Eq. (A.4), we see that the result is the same upon the analytical continuationiω → q0.

B. Integrals for the polarization tensor in the LLL and HTL approximations ( q2 ¿ m2
f ¿ T 2)

Here we show the explicit steps that lead to the results for the matter contributions in Eqs. (30) and (31). First, we introduce
temperature effects into the corresponding projections ontoΠ̃µν , Eq. (28), using the Matsubara formalism of thermal field
theory, obtaining

P̃L = −g2T

∞∑
n=−∞

∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
dk3

(2π)

{
1

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

}

×
{[

4ω̃n(−ω̃nω − k3q3) + 2ω̃n(ω2
n + q2

3) + 2ω(ω̃2
n + k2

3 + m2
f )

] ω

~q2

[
2(ω̃2

nω2 + k2
3q

2
3 + 2ω̃nωk3q3)

− (ω2
n + q2

3)(ω̃nω + k3q3 + m2
f )

] ω2

~q2q2
+

[
ω̃2

n + 2ω̃nω − k2
3 + ω̃nω + k3q3 −m2

f

]q2

~q2

}
(B.1)

and

P̃T = −g2T

∞∑
n=−∞

∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B| q

2
⊥

~q2

∫
dk3

(2π)

{
(−ω̃2

n + k2
3 −m2

f − ω̃nω − k3q3)
[ω̃2

n + k2
3 + m2

f ][(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

}
. (B.2)

We notice that since in the HTL approximation terms proportional toω̃n and tok3 in the numerators do not contribute, the
calculation of Eqs. (B.1) and (B.2) involves only two kinds of sums over the Matsubara frequencies. These are explicitly given
by [39]

T

∞∑
n=−∞

1
[(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
=

1
2E2

(1− 2f̃(E2)), (B.3)

and

T

∞∑
n=−∞

1
[ω̃2

n + k2
3 + m2

f ][(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

=
∑

s1,s2=±1

−s1s2

4E1E2

[1− f̃(s1E1)− f̃(s2E2)
iω − s1E1 − s2E2

]
, (B.4)

with E2
1 = k2

3 + m2
f , E2

2 = (k3 − q3)2 + m2
f andf̃(x) = 1/(ex/T + 1). Using Eqs. (B.3) and (B.4) and continuing within the

HTL approximation, we notice that the external momentumq is a soft energy scale compared with the temperature and quark
mass, and therefore we can neglectq2 andk · q in each of the numerators. We can therefore compute all the sums appearing in
Eqs. (B.1) and (B.2), ignoring the vacuum contributions, we obtain

P̃L = −g2
∑

f

( |qfB|
8π2

)
e
− q2

⊥
2|qf B|

{∫
dk3

(
2f̃(E1)

E1

)(
ω4 + ~q4

~q2q2

)
+

∫
dk3

(
−2f̃(E1)

E1

) (
q2
3ω2 − ~q4

~q2q2

)}
(B.5)

and

P̃T = −g2

2

∑

f

( |qfB|
4π2

)
e
− q2

⊥
2|qf B| q

2
⊥

~q2

∫
dk3

(
−2f̃(E1)

E1

)
. (B.6)
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We now turn to compute the matter contribution. For this we require an expression for
∞∫

−∞
dk3

˜f(E1)
E1

=

∞∫

−∞
dk3

1
(k2

3 + m2
f )1/2

1

e
√

(k2
3+m2

f )/T + 1
. (B.7)

Using the general expression from Ref. [40]

fn(ỹ) =
1

Γ(n)

∞∫

0

dxxn−1

√
x2 + ỹ2

1

e
√

x2+ỹ2 + 1
, (B.8)

we identify Eq. (B.7) as corresponding to the case withn = 1 andỹ = mf/T . In the limit whereỹ is small, Eq. (B.8) becomes

f1(mf/T ) = −1
2

ln
(mf

πT

)
− 1

2
γE + . . . , (B.9)

therefore we obtain
∞∫

−∞
dk3

˜f(E1)
E1

= −
(
ln

(mf

πT

)
+ γE

)
.

(B.10)

Using the above expression, we get

P̃L = − g2

8π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

[
−ω2(q2

⊥ + 2q2
3)

~q2q2
− 1

](
ln

(
m2

f

π2T 2

)
+ 2γE

)
(B.11)

and

P̃T = − g2

8π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

[
q2
⊥

~q2

](
ln

(
m2

f

π2T 2

)
+ 2γE

)
. (B.12)

Finally, to obtain Eqs. (30) and (31) we perform the analytical continuationiω → q0, back to Minkowski space.

C. Integrals for the polarization tensor in the LLL and HTL approximations ( m2
f ¿ q2 ¿ T 2)

We now compute the matter contribution in the same fashion asbut with the new hierarchy of scalesm2
f ¿ q2 ¿ T 2. We show

the explicit steps that lead to the results for the matter contributions in Eqs. (32) and (33), where the internal momentumk is the
largest energy scale and the quark massmf is the smallest one. First, we introduce temperature effects into the corresponding
projections ontõΠµν , Eq. (28), using the Matsubara formalism of thermal field theory, obtaining

P̃L = −g2T

∞∑
n=−∞

∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
dk3

(2π)

{
1

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

}

×
{[

4ω̃n(−ω̃nω − k3q3) + 2ω̃n(ω2
n + q2

3) + 2ω(ω̃2
n + k2

3 + m2
f )

] ω

~q2
+

[
2(ω̃2

nω2 + k2
3q

2
3 + 2ω̃nωk3q3)

− (ω2
n + q2

3)(ω̃nω + k3q3 + m2
f )

] ω2

~q2q2
+

[
ω̃2

n + 2ω̃nω − k2
3 + ω̃nω + k3q3 −m2

f

]q2

~q2

}
(C.1)

and

P̃T = −g2T

∞∑
n=−∞

∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B| q

2
⊥

~q2

∫
dk3

(2π)

{
(−ω̃2

n + k2
3 −m2

f − ω̃nω − k3q3)
[ω̃2

n + k2
3 + m2

f ][(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

}
. (C.2)

We notice that since in the HTL approximation terms proportional tom2
f , ω̃n, andk3 in the numerators do not contribute, the

calculation of Eqs. (C.1) and (C.2) involves only two kinds of sums over the Matsubara frequencies,

T

∞∑
n=−∞

1
[ω̃2

n + k2
3 + m2

f ][(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

=
∑

s1,s2=±1

−s1s2

4E1E2

[
1− f̃(s1E1)− f̃(s2E2)

iω − s1E1 − s2E2

]
≡ χ0, (C.3)
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and

T

∞∑
n=−∞

ω̃2
n

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
=

∑
s1,s2=±1

s1s2E1

4E2

[1− f̃(s1E1)− f̃(s2E2)
iω − s1E1 − s2E2

]
≡ χ1, (C.4)

with E2
1 = k2

3 + m2
f , E2

2 = (k3 − q3)2 + m2
f and

f̃(x) =
1

(ex/T + 1)
. (C.5)

We observe that Eqs. (C.3) and (C.4) are related byχ1 = −E2
1χ0. Therefore, we should only find an expression for the sum in

Eq. (C.4). In this approximation (k > q > mf ) Eq. (C.4) is given by

T

∞∑
n=−∞

ω̃2
n

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
=
−q3

2q2
‖

[ q3e
k3/T

T (ek3/T + 1)2
+

1
2

q2
3ek3/T (ek3/T − 1)
T 2(ek3/T + 1)3

+ ...
]
, (C.6)

and thus, Eqs. (C.1) and (C.2) take the following form

P̃L = −g2T

∞∑
n=−∞

∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
dk3

(2π)
1

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

×
{[
−4ω̃2

nω + 2ω(ω̃2
n + k2

3)
] ω

~q2
+

[
2(ω̃2

nω2 + k2
3q

2
3)

] ω2

~q2q2
+

[
ω̃2

n − k2
3

]q2

~q2

}
(C.7)

and

P̃T = −g2T

∞∑
n=−∞

∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B| q

2
⊥

~q2

∫
dk3

(2π)

{
−ω̃2

n + k2
3

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

}
. (C.8)

We can therefore compute all the sums appearing in Eqs. (C.7) and (C.8). Ignoring the vacuum contributions, we get

P̃L =
g2

64π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

[
− 2ω2 + q2 − ω2q2

3

q2

](
q2
3

~q2q2
‖

)(q3

T

)
(C.9)

and

P̃T = − g2

64π2

∑

f

|qfB|e−
q2
⊥

2|qf B|

[
q2
⊥q2

3

q2
‖~q

2

](q3

T

)
. (C.10)

Finally, to obtain Eqs. (32) and (33), we perform the analytical continuationiω → q0, back to Minkowski space.
For consistency, we compute the coefficientsP̃L and P̃T in an alternative way. First, in Euclidean space, we add and

subtract the termk2
3 + m2

f in the numerators, such that the integrands look like

P̃L = −g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B| i T

∑
n

∫
dk3

2π

{
(ω̃2

n + k2
3 + m2

f )2 (iω)2

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

−
4(k2

3 −m2
f ) (iω)2

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
−

(ω̃2
n + k2

3 + m2
f )((iω)2 + q2

3) (iω)2

~q2q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

+
[k2

3((iω)2 + q2
3) + (iω)2m2

f ] 2(iω)2

~q2q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
−

(ω̃2
n + k2

3 + m2
f ) q2

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

+
2(k2

3 + m2
f ) q2

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

}
(C.11)

and

P̃T = −g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B| i T

∑
n

∫
dk3

2π

{
(ω̃2

n + k2
3 + m2

f ) q2
⊥

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

+
(2k2

3 − k3q3)
q2
⊥

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

}
. (C.12)
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We simplify Eqs. (C.11) and (C.12), and also ignore the terms propotional tom2
f , thus we obtain

P̃L = −g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B| i T

∑
n

∫
dk3

2π

{
2 (iω)2

~q2

[(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

−
4k2

3
(iω)2

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
−

((iω)2 + q2
3) (iω)2

~q2q2

[(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

+
k2
3((iω)2 + q2

3) 2(iω)2

~q2q2

[ω̃2
n + k2

3 + m2
f ][(ω̃ − ω)2 + (k3 − q3)2 + m2

f ]
−

q2

~q2

[(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

+
2k2

3
q2

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

}
(C.13)

and

P̃T = −g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B| i T

∑
n

∫
dk3

2π

{ q2
⊥

~q2

[(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]

+
(2k2

3 − k3q3)
q2
⊥

~q2

[ω̃2
n + k2

3 + m2
f ][(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]

}
. (C.14)

From Eqs. (C.13) and (C.14), we identify two kinds of sums over the Matsubara frequencies which are equal to Eqs. (B.3) and
(B.4), where the notation does not change. Since, we work with the hierarchy of energy scalesm2

f ¿ q2 ¿ T 2, the matter
terms from the sums can be expressed in the following way

T
∑

n

1
[(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
≈ − 1√

(k3 − q3)2
f̃
(
(k3 − q3)2

)
(C.15)

and

T
∑

n

1
[ω̃2

n + k2
3 + m2

f ][(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]
≈ 1

4k3

√
(k3 − q3)2

×
{

(
f̃(k3) + f̃(

√
(k3 − q3)2)

)
(

1
iω − k3 −

√
(k3 − q3)2

− 1
iω + k3 +

√
(k3 − q3)2

)

+
(
f̃(k3)− f̃(

√
(k3 − q3)2)

)
(

1
iω + k3 −

√
(k3 − q3)2

− 1
iω − k3 +

√
(k3 − q3)2

)
, (C.16)

where in Eqs. (C.15) and (C.16), we have ignored the smallest energy scale, namely, the fermion mass. We now need to
consider that the external momentumq is softer than the temperature, therefore we neglect subdominant terms and perform a
Taylor expansion iñf aroundq = 0 to get

T
∑

n

1
[(ω̃n − ω)2 + (k3 − q3)2 + m2

f ]
≈ − 1

k3
f̃(k3) (C.17)

and

T
∑

n

1
[ω̃2

n + k2
3 + m2

f ][(ω̃n − ω)2 + (k3 − q3)2 + m2
f ]
≈ − 1

4k2
3

{
2
k3

f̃(k3)− 2q3

(iω)2 − q2
3

×
[(q3

T

)
ek3/T f̃(k3)2 +

( q2
3

2k3T

)
ek3/T

(
k3

T
(ek3/T − 1) + (ek3/T + 1)

)
f̃(k3)3

]}
. (C.18)
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Substituting Eqs. (C.17) and (C.18) into Eqs. (C.13) and (C.14), the pure matter contribution to the coefficients becomes

P̃L = −g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
dk3

2π

{
− 2(iω)2

~q2

( 1
k3

)
f̃(k3) +

2(iω)2

~q2

( 1
k3

)
f̃(k3)− (iω)2

~q2

[(q3

T

)
ek3/T f̃(k3)2

+
( q2

3

2k3T

)
ek3/T

(
k3

T
(ek3/T − 1) + (ek3/T + 1)

)
f̃(k3)3

]
+

(iω)2

~q2q2
((iω)2 + q2

3)
( 1

k3

)
f̃(k3)

− (iω)2

~q2q2
((iω)2 + q2

3)
( 1

k3

)
f̃(k3) +

(iω)2

~q2q2
((iω)2 + q2

3)
[(q3

T

)
ek3/T f̃(k3)2 +

( q2
3

2k3T

)
ek3/T

×
(

k3

T
(ek3/T − 1) + (ek3/T + 1)

)
f̃(k3)3

]
+

q2

~q2

( 1
k3

)
f̃(k3)− q2

~q2

( 1
k3

)
f̃(k3) +

q2

~q2

[(q3

T

)
ek3/T f̃(k3)2

+
( q2

3

2k3T

)
ek3/T

(
k4

T
(ek3/T − 1) + (ek3/T + 1)

)
f̃(k3)3

]}
= g2

∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

( q2
3

~q2q2
‖

)

×
[
(iω)2

(
1 + q2

3

q2
+ 2

)
+ q2

]( q3

16πT

)
(C.19)

and

P̃T = g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

∫
dk3

2π

{
q2
⊥

~q2

( 1
k3

)
f̃(k3)− q2

⊥
~q2

( 1
k3

)
f̃(k3) +

q3q
2
⊥

~q2((iω)2 − q2
3)

×
[(q3

T

)
ek3/T f̃(k3)2 +

( q2
3

2k3T

)
ek3/T

(
k3

T
(ek3/T − 1) + (ek3/T + 1)

)
f̃(k3)3

]}

= −g2
∑

f

(π|qfB|
4π2

)
e
− q2

⊥
2|qf B|

(q2
⊥q2

3

q2
‖~q

2

)( q3

16πT

)
. (C.20)

After straightforward algebra, we realize that Eqs. (C.19) and (C.20) are equal to Eqs. (C.9) and (C.10), respectively. Hence,
both ways to compute the matter contributions ofP̃T andP̃L in the HTL approximation, with the hierarchy of energy scales
given bym2

f ¿ q2 ¿ T 2, provide the same result.
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