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Thermal corrections to the gluon magnetic Debye mass
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We compute the gluon polarization tensor in a thermo-magnetic environment in the strong magnetic field limit at zero and high temperature.

The magnetic field effects are introduced using Schwinger’s proper time method. Thermal effects are computed in the HTL approximation.

At zero temperature, we reproduce the well-known result whereby for a non-vanishing quark mass, the polarization tensor reduces to the
parallel structure and its coefficient develops an imaginary part corresponding to the threshold for quark-antiquark pair production. This

coefficient is infrared finite and simplifies considerably when the quark mass vanishes. Keeping always the field strength as the largest
energy scale, in the high temperature regime we analyze two complementary hierarchies ofﬁo@eﬁfp <7T? andm;i <@ < T

In the latter, we show that the polarization tensor is infrared finitevagyjoes to zero. In the former, we discuss the thermal corrections to

the magnetic Debye mass.
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1. Introduction sively studied both at zero and finite temperature [20-22, 25—
30]. In particular, Refs. [25—-27] study the case of intense
The properties of strongly interacting matter immersed inmagnetic fields, where the lowest Landau Level (LLL) ap-
a magnetized medium have been the subject of intense r@roximation can be used. Reference [28] works the one-loop
search over the last years. The motivation for this activityzero temperature case to all orders in the magnetic field and
stems from several fronts: On the one hand, lattice QCDinds a general expression in terms of an integral over proper
(LQCD) [1] has shown that for temperatures above the chiratime parameters. No attempt to provide analytical results is
restoration pseudo-critical temperature, the quark-antiquarkhade. In Ref. [29] the polarization tensor is computed both
condensate decreases and that this temperature itself also @g<inite temperature and field strength. The findings are ap-
creases, both as functions of the field intensity. This resultplied to study magnetic field effects on the Debye screening.
dubbed inverse magnetic catalysis (IMC), has sparked a largReference [31] expresses the one-loop polarization tensor as
number of explanations [2-13]. On the other hand, it hasx sum over Landau levels and evaluates it using numerical
been argued that intense magnetic fields can be produced jethods. An analytical approach to the sum over Landau
peripheral heavy-ion collisions. Possible signatures of thgevels at zero temperature has been recently carried out in
presence of such fields in the interaction region can be thgef. [32]. Magnetic corrections to the QCD equation of state
chiral magnetic effect [14] or the enhanced production ofin the hard thermal loop (HTL) and the LLL approximations,
prompt photons [15-18]. Moreover, magnetic fields can havepplied to the description of heavy-ion collisions have been
an impact on the properties of compact astrophysical objectgonsidered in Refs. [33,34]. Analytic results can be obtained
such as neutron stars [19]. in several limits of interest such as the HTL and LLL by con-
The dispersive properties for gluons propagating in asidering different hierarchies for the fermion mass, thermal
magnetized medium are encoded in the gluon polarizatioand magnetic scales [27, 35].
tensor. For QED, this tensor has been computed and exten-
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Nevertheless, in a thermo-magnetic medium, the gluon
polarization tensor depends, in addition to the temperature
T and magnetic field strengtle B|, also on the square of
its momentum components as well as on the fermion mass.
(@ (b)

The breaking of boost and rotational invariance introduced
by thermal and magnetic effects, makes the polarization ten-IGURE 2. One-loop diagrams for the gluon polarization tensor in
sor to depend separately on the longitudinal and perpendidE - one-oop diag 9 P
... the strong field limit, using the LLL.
ular components of the gluon momentum. The competition
between these different energy scales produces a rich struc- |, general, the one-loop contribution to the gluon polar-
ture that can be better grasped if one resorts to analytic apstion tensor depicted in Fig. 1 is given by
proximations that arise when considering given hierarchies '

of these energy scales. In this work we take on this task and o — 1 d*k

consider the behavior of the gluon polarization tensor in vac- ab™ 9 [ (2m)*

uum and at high temperature for the case when the field is ) ” _ [

strong. The paper is organized as follows. In Sec. 2 we com- x Tighy"iSp (k)igtay"iSe(k—q)}. (1)

pute the gluon polarization tensor in the presence of a stroNGse tactor 1/2 accounts for the symmetry factor, which in the
uniform and constant magnetic field at zero and high temperﬁ)resence of the external magnetic field comes about given

ature. For the latter case, working in the H;_L appzroximz;tion,that the two contributing diagrams in Fig. 2, with the oppo-
we study two different hierarchies of scalgs: < my < T°  gjta fiow of charge, are not equivalent. Algds the coupling

and the the complementary casg < ¢* < T%, writingfor  constants (k) is the quark propagator arigl, are the gen-
each case the most general tensor structure and discussingdi$,ors of the color group. Since the quark anti-quark pair
properties. We compute the magnetic modifications to the, the |oop interact with the magnetic field, the quark propa-
Debye mass, paying attention to the cases when longitudinglasor is modified from its vacuum expression and is written,
and the perpendicular components of the gluon momentueritﬂng a trivial color factor, as
vanish at different rates.

In Sec. 3 we summarize and discuss our results. We re-
serve for the appendices the calculation details for each of the
regimes where the gluon polarization tensor is computed.

4
Sr(e.a') = 0w [ e IS w), @)

where®(x, 2’) is called theSchwinger phase factofhe lat-
. L ter accounts for the loss of Lorentz invariance in the presence
2. Thermo-magnetic gluon polarization tensor  f the magnetic field. For the present calculation, the phase

o factor can beyauged away12, 36] and we need to just work
We proceed to compute the gluon polarization tensor at one- . . : . .

: o . with the translationally invariant part of the fermion propaga-
loop order in the presence of a magnetic field, both in VaCi - The latter is aiven b
uum and in a thermal bath. In both cases we consider that g y

the largest of all energy scales is the field strength. As we o0 van(qsBs)

. . ds is(kf—k2 — L= _m2)
proceed to show, for the vacuum case, there isno needtoes- iS(k)= [ ————¢ ! ayBs s
tablish a hierarchy of scales between the gluon momentum cos(¢s Bs)

squared;? and the fermion mass square&f. However, for ’
the thermal case, care has to be taken for the hierarchy be- X {[COS(quS) + Y172 sin(qy Bs)](ms + K
tweeng? andm?-. Therefore, for the thermal case, we per-
form the computation in the two different regimes, namely _ ki } (3)
> <m? < T?andm3 < ¢* < T2 cos(qs Bs) '
k where g; is the the quark electric charge. Hereafter, we

use the following notation for the parallel and perpendicu-
lar (with respect to the magnetic field) pieces of the scalar
product of two four-vectors* andb*

—

(a- b)) = apbo — azbs,
(a-b)1L = aiby + azbo, 4)
such that
a~b:(a-b)|‘—(a-b)L. (5)

Gauge invariance requires that the gluon polarization ten-
FIGURE 1. One-loop diagram representing the gluon polarization SOr be transverse. However, the breaking of Lorentz symme-
tensor. try makes this tensor to split into three transverse structures,
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such that the gluon polarization tensor can be written, omit
ting a trivial factord,; coming from the color trace in Ecf,
as [21] (see also Refs. [26,32, 37])

= plo” + pHIY + pOIIgY, (6)
where
H v
q,49
v 12 I Il
O =95 =2
I
mov
q,9
= gt — Tt
qay
HP«V — KV _ quV H,u,l/ H/,Ll/ (7)
0 ¢ — ( I )

Notice that the three tensor structures in Ex).dre or-
thogonal to each other, hence, their coefficients in Bjgcdn
be expressed as

pl =,
1 _ 7l v
Pt =11, TI",
PO =110, I, (8)

We now proceed to compute each of the coefficients in

Eq. 8) in the strong field limit.

2.1. Vacuum case, strong field approximation

We now proceed to calculate the polarization tensor in the

strong field limit, namelyleB| > ¢, mj}. The (pho-
ton) polarization tensor in this limit has been computed in
Ref. [25] using Ritus’ method. Here we work instead using

Schwinger’s proper time method. To implement this approx-

imation, we work in the lowest Landau level (LLL) limit of
the quark propagator, given by [30]

+m
iS* (k) = 2ie” "‘fB‘ @7]0 £, )
TR
where 1
OF = S [1 +iy172 SignigsB)] . (10)

2

Figure 2 shows the diagrams contributing to the calcu-

lation. These represent one and the other possible electr
charge flow direction within the loop, which, in the presence

of the magnetic field have both to be accounted for. Using

Eqg. (9), into the Eq. L), the explicit expression for diagram
(a) in Fig. 2 is given by

iw_4gz/m%@%ﬂmﬁ/g;
Tr[’y”(mf - }é”)0+'}/“(mf — (k ; ﬂ)H)OJ"]. (11)

67— m Ik |

The contribution from diagran®) in Fig. 2 is obtained
by replacingd™ — O~. The polarization tensor is obtained

Q)7

|~ My
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by adding these two contributions, resulting in the expression

koL kJ_ (qL—kJ_)z
T I = — g2 “Tay B] laf Bl
o157 41l g ;/mﬂ e e
/d2/€| 1
X
G2 17 =]l = 4 = 7]

<ATrly" (my — kO (my — (K — ¢)))O]
+Tr[y” (my — §))O™ A (my — (F = ¢)))O "1}
The explicit expressions for the traces are given by
Tty (ms — §))OF A" (myg — (k — ¢))) O]
= m3Try OFAFOF] + Ty OF A (J — ) OF]
= myTrly” OF ] + Trly O (F — g ).
Substituting Egs!10) and (L3) into Eq. (L2), we obtain

(12)

(13)

; v UV 2 dzk 7q7LB ,(qJ.q—’;J_F
I + 41" = —g ;/(QW;B lafBl g~ lagBI
dzkH 1
“| 2 [k = m31[k — a)f — m7]
x {m3Trly" (0" + 07 )]
+ Ty k(O + O ) (K — @)1}
2 dzkl qkfizBe (qu_f’CBL)2
=g Xf:/(% Tay BT la7 Bl
dzkH 1
X/} 72 62 — m2][(k — @)% — 2]
x AmFTr A+ Ty vl (= )]} (14)

After integrating over the transverse components of the four-
momentum, the expression for the polarization tensor be-

comes
a%
) T 2[qyB]

1
- mf][(k -

e

q)ﬂ

In order to compute the two dimensional integral over
the parallel components, we use Feynman’s parametrization.
Thus, the denominator in E(L%) is written as

1

_/ dx

=7
0

|qsB|
472

Iy + 400 =

_92%:(

/ koH
X

(2m)? |
x[(mfk:

+ kﬂ‘(k

ic

2
ki

(k-

qQ)f —mj]

Q)Y + ki (k — (15)

1
—mil[(k = o)

E . (16)
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with Iy =k — (1 — z)q andA = m} — z(1 — J;)qﬁ. Shifting the integration variable, — I in Eq. (15), we obtain
5 1
i 4 i1 = Z (qu> M /daz
0

d?l 1 L v Ny 2 2
X/(%)Iz[z']{”l i =91l — 22(1 = 2)gj/af + g (m} +2(1 - 2)g)}, (17)

where in the integrand we have already discarded linear terrjs gince they give a vanishing contribution. In order to
compute the momentum integrals, we recall the following well known relations

n—d/2 2 n—d/2—1
/ddh 1L ()" Tm—d/2) (1 /ddl| N _ (=)"tdT(n—d/2-1) (1
@0 [Z-A"(4m)2 T(n) \A ’ niF A" (Gm@Z 2  T(m) \A ’

dhy Ll (D" g T—d2—1 (1) 18
/( )4 [lﬁ A]n_l(4ﬂ_)d/2 9 T'(n) A ) .

Using these into Eq1(7), we get

1

) 1-d/2 1-d/2
o B\ o i - ! Jd ]
v Ky 2[q ¢ B| I _ . B _ —
Y+ = Z( Je T (47r)d/2/ du g T = d/2){ 3 gi" 5T = d/2)| 3
0

1 2—d/2 1 2—d/2
+2z(1 — 2)q{{qT(2 - d/2) (A) — g’ (m} +2(1 - 2)g[)T(2 - d/2) <A> } (19)

Equation|L9) is apparently divergent when taking the lirdit— 2. To show that this is not the case, we first combine the terms
proportional to the tensor structugﬁ”, namely, the first, second and fourth terms in B@)(to obtain

) 1—d/2 J 1 1-d/2 1 2-d/2

2-d/2
= g\llw l(l —d/2)T(1 —d/2)A — (m} + (1 - x)qﬁ)F(2 - d/Q)] (i)

1 2—d/2 ] 2—d/2
=gl l(m? —z(1—z)qf) — (m} + (1 - x)qﬁ)] (2 —d/2) <A> = —2¢/"q{T(2 - d/2) <A> (20)

Substituting Eq.20) into Eq. (19), we get

) . 1 2-d/2
TV . p,u:72 |qu‘> 72\;17?3\ ¢ 1
18”4 411y g ; (7471_ e (47T)d/2 —d/2) | dx x

0

x {gfi*1=m3 + 2(1 - 2)gf + m3 + 2(1 - 2)qf] - 22(1 - 2)gf'af }

. oy 1 2—d/2
e Z (|Qf ) z\qu\ (47:)(1/2 r2- d/2)2qﬁ {gl*“’ qcljlgl } /dx z(l—2x) (i) . (21)

0

Notice that Eq.21) is now free of divergences when taking the limit> 2. We thus obtain

B L q q 1 .
G+l = ig” ) (Z%J;z') 2'“qu'2{ g }/d ?) 22)
f
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(1))

E |— Re[l(y)]
—-gF == Iml{y})]
I 0 2 4 6 8 10
i

FIGURE 3. Behavior of/ as a function ofy;. Shown are the real
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with

0

(¢"q" + ¢*utu"),

Y = == (¢"u” + u'q”)
(¢°)
q2

@
7
1

7

+ 7"q¢" + ¢*utu” (26)

where, in the medium'’s reference fram#, = (1,0, 0, 0).

Notice that when working in the LLL, one can expect that

(black) and imaginary (red) parts. This function presents a dis-the tensor structures in E@®4), together WithH’H“’, given by
continuity aty; = 4 that corresponds to the threshold for quark- the first of Egs.[I), span the most general expression for the

antiquark production.

polarization tensor for the case;B| > T2. Indeed, re-
call that when the gluon splits into a virtual quark-antiquark

from where it is seen that the emerging tensor structure if)air, and this occupies the same Landau level (the LLL in
o . S TS - pa : .
equal toll|”. Therefore, in the strong field limit, the coeffi- {5 case), the pair's transverse momentum vanishes, because

cientsP+ and P° turn out to be equal to zero.
The integral over the variable can be expressed in terms
of the function

(23)

z(1—x)
—1+z(l-2)y’

I(yy) Zyn/dx
0

wherey; = qﬁ/mfc. For the casen; = 0, I = 1 and the
gluon polarization tensor is given by

aiat
iH“"\mf:o = (iTI% + in,”’)\mf:O = ig? { g = 7 }
[T2:{ Ry
> (W)e e (24)

f

This result coincides (albeit for the case of the photon po

the quark moves in the opposite direction than the antiquark
around the field lines. From momentum conservation and
for a finite gluon momentum, the motion of the virtual pair
can therefore only happen along the direction of the external
magnetic field. Since the quark/antiquark motion is thrust by
the chromo-electric field, only a polarization vector having
a component along the external magnetic field can push the
motion of the virtual pair [22]. The only polarization vector,
and thus tensor, having a non-vanishing projection along the
magnetic field is the parallel struct ‘”. In fact, from this
argument, it can be expected that the transverse (to the mag-
netic field) polarization structud@ " will be absent from the
tensor basis. Also, when working in the limitB| > T2,
neither the virtual quark nor the antiquark have enough ther-
mal energy to transit between Landau levels. Thus the motion
of the virtual pair in the LLL would keep being along the ex-
ternal field.

The above discussion applies to the situation where the

larization tensor) with the one found in Ref. [25] (see alsothermo-magnetic system is not undergoing a collective mo-
Refs. [26, 32]). Figure 3 shows the behavior of the functiontion characterized by a non-trivial medium’s flow velocity

I(y,) for the general case whenfc # 0. Notice that this
function develops an imaginary part fgy > 4, correspond-
ing to the threshold for quark-antiquark production.

2.2. Thermo-magnetic polarization tensor in the HTL
and LLL approximations

We now proceed to calculate the polarization tensor in th
strong field limit within the HTL approximation. We con-
sider the case whetteB| > T2. At finite temperature, due
to the presence of the vectat' that defines the medium’s
reference frame, the tensgt” — ¢*q” /q* splits into (three
dimensional) transverd&;.” and longitudinall/” structures,
such that

q"q”

— gtv =
2
q

g (25)

+ H/Zl/ + H,/;—,V7

Rev. Mex. 5. 6

u. When this is not the case, an electric field emerges,
whose origin comes from boosting different system’s ele-
ments to the medium rest frame. The simultaneous treatment
of magnetic and electric field effects on medium’s proper-
ties has been recently considered in the context of asymmet-
ric collisions or event-by-event fluctuations in heavy-ion re-
actions [23]. Electromagnetic effects have also been stud-
ded using chiral kinetic theory with Landau level transitions
induced by both boosts and rotations [24]. The subject is
certainly of the utmost relevance for the physics of heavy-
ion systems where one knows that the medium created in
the reaction undergoes a collective expansion characterized
by non-vanishing flow coefficients. Thus, we underline that
our computation is valid only when the medium’s velocity
is small such that the produced electric field cannot induce
transitions between the LLL and higher Landau levels.

6 (4) 446-461
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Concentrating only on the temperature dependent part aind
the polarization tensdil#¥, we can write

2 a2 2
TTuY D v D v D g - qLﬁ q
[ = PHIG” + PTIEY. (27) Pl = 25> lagBle” 7 [(]é]
To find the coefficients”” and P”, we need to compute the d
corresponding projections ontt*”. This gives w2T?
N ~ x | In — | —2v5]. (31)
HAIL‘VH}W = PLa My
17, I = 2pP7. (28)  The explicit calculations to obtain Eqs30) and B1) are

shown in Appendix B. Notice that knowledge of the complete
o xpression is important when discussing their evolution prop-
of Eq. 28), we follow a procedure similar to the one that lead erties under the renormalization group [38] and for the study

to Eq. (15). This implies using that, in th_e strong field limit, of the thermo-magnetic effects on the Debye mass [29].
transverse and parallel structures factorize, and also that tem-

perature effects are obtained, in the Matsubara formalism, ) ) )
from the time-like component of the integration four-vector, 2-2-2. Case wherer; < ¢ < T

Therefore all temperature effects are comprised to the paral- h h larizati i th
lel pieces of the integrals. Explicitly, within the Matsubara ~\"0ther way to compute the polarization tensor in the HTL

formalism, we transform the integrals to Euclidean space b)gpprommatmn IS t(2) take2|nto a§°°“”‘ the gomplementary hi-
means of a Wick rotation, namely erarchy of scalesm} < ¢° < T=. After the integral ovek:

. . is performed and the analytical continuation to Minkowski
d*k —— &k, - space is done, we obtain
/7f(k) —il /7f(zwn,k), (29) :
(27?)

In order to compute the contractions on the left-hand sid

(2r%) n="oo 2 2
. . . 5 g — 3147 B]
where the integral over the time-like component of the fer- Pt = 12 > lagBle 7
mion momentum has been discretized and we introduced the f

fermion Matsubara frequencies, = (2n + 1)xT, kg =

iw, andgqs = igo = w. In order to obtain the coeffi- x
cients, we need to compute the sum over Matsubara frequen-

cies and the integral ovér;. Notice that after performing

the sum, one gets two terms: one corresponding tdlthe and
independent, magnetized vacuum and another corresponding

2.2 2
2 2 2 q()qd qd (qj) 32
') + q + q2 qazq|2 T ’ ( )

N 2 a? 2 2
to the thermo-magnetic contribution. The magnetized vac- p7 — __9 > |qu|e‘2\qu*B\ % (qi’) (33)
uum term turns out, of course, to be equal to E2®) @nd G4m I 94 T

therefore it comes entirely as the coefficientItff”. This

is explicitly shown in Appendix A. The temperature contri- The explicit calculations to obtain Eqs33) and @3) are
bution is obtained from the terms proportional to the Fermi-shown in Appendix C. For this hierarchy of scales, we have
Dirac distributions. For these terms, we work in two limits: already considered the massless limif — 0 and thusgs

(1) the external momentum is taken as the softest energy becomes the smallest energy scale. Also, notice that the co-
scale, thus we keep the quark mass finite and (2) the quarfficients P”, P* vanish when we take the limifs — 0.
mass is the smallest energy scale and thus we keep the extdihis shows that in this case, the matter contributions are all
nal momentuny finite. free of any infrared divergences.

2 2
221. Casewherg® <mj < T 2.2.3. Magnetic corrections to the gluon Debye mass

When the external momentugnis considered as the small- If we now keep the fermion mass finite and work with the

est energy scale, in the HTL approximation, we can neglecE)remises spelled out in Subsec. 2.2.1, we can consider the
¢®> andk - ¢ in each of the numerators. Thus, the explicit '

. : T matter contribution of Eqsi30) and B31) to the dispersion
hierarchy of scales for this calculationd$ < m? < T2 out as:30) 61 ISPeTs|

Performing the int | over d aft Mtical " relation. For this purpose, we need to take the limit when
erforming the inteégral overs, and after analytical continu- 6 three-momentum goes to zero. Nevertheless, notice that
ation back to Minkowski space, we get

the result may be different depending on whether the parallel
~r  g? 72;—2%3‘ % (a3 +243) or perpendicular momentum component, with respect to the
Y Z lagBle * 2L 1 magnetic field, is taken first to zero. This behaviour is due to

f the breaking of the spatial isotropy and is the analog to the

272 purely thermal case, where the limits when eithgror |q]
X <1n < > — 2’yE>

5 (30)  goes first to zero, do not commute, due to the loss of Lorentz
my (boost) invariance. In the present case, the limits when either

Rev. Mex. 5. 66 (4) 446-461
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q3 or ¢ go firstto zero in general do not commute either. Let
us explore the case when andgs goes to zero at different
rates writingg? = a ¢2. Thus, the matter contribution in
Egs. B0) and B31) can be written as

22

2 a2
5L _ 9 ~ 3747 BT T
Pt = ; ag Ble” 7 | n (S5

q0 (QL +2GQL)
(1+a)q? (g5 — (1 +a)g?)

2 a3 22

~ Ly e T
== grBle >l In =) —2vE

8 7 my

g3 (1 + 2a) .
(1+a)(gg — (1+a)g?) ’

(1(%5) - 2)

2 a3
qL g 41
L | = <2 E B‘e 2lqy B
(1+a)g? 8 7

x [ In i -2 L
m? B 14al’

Notice that the behavior &7 and PL depend om, giv-
ing rise to possibly different masses of the corresponding ex-
citations wheny, andgqs go to zero at different rates. Thus,
let us use Egs3d) and 35) to study the Debye mass, defined
as the solution of

) - 2VE>

-1

(34)

o~ g2 _ qi
PP = 53 lapBle T
™

(39)

[* = P27 (0,91, 93)]|3=0 = O, (36)
for g = mp, in the different cases.
e g, — 0, g3 finite:
In this case, Eqs:3d) and 35) become
w212
- & (§) (=) )
f H f

PT =, (37)

which shows that transverse modes are not screened.

If we now takeqs — 0 in the first of Egs./87), we

see that the longitudinal mode develops a Debye mass

given by

ALEJANDRO AYALA etal,

e g3 — 0, ¢ finite:
In this other case, Eqs34) and B5) become

= o 22|qf3<1n( )—m)

CIO
X -1,
(q8 —q% )
w272
s ) —27E>. (39)
my

2
T=8€T22|qf3<1n(
f

If we now takeq, — 0, PLis equal to zero and this
time it is the transverse modes which develop a Debye

mass given by
2T2
f

- S 24

whereas the longitudinal one is not screened. Notice
that the right-hand side of this expression coincides
with the Debye mass for the longitudinal mode in the
previous case given by EB8).

e g3, ¢ — 0 atthe same rate:
In this last case, Eqs34) and B5) become
pL_pr__9

1672 2_lasBl
7

2T2
X (ln (W 5 ) —27];) ,
s

and both the longitudinal and transverse modes de-
velop a Debye mass given by

(41)

g
()1 = (mb)r = 72— 3 lay Bl
!

2T2
X (111 <7r 5 ) —27E>.
my

Notice that wheny; and g, vanish at the same rate,
both modes are screened and the Debye mass of the
longitudinal mode is equal to that of the transverse
mode.

(42)

For the three cases,

(mp)L + (mp)r

Z |qs B
7

» (m (”2f2> - m) . @3
my

We emphasize that the thermo-magnetic contribution to the
polarization tensor can be expressed using only the orthog-
onal tensord1}” andIl4’, given by Egs.lZ6). Indeed, one

2
g
(m%)L =32 Z lgs Bl (hl (
f

2T2
= >_27E>- (38)
my
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could have thought that the tensdf” could also develop non-vanishing projection along the magnetic field is the par-
a thermo-magnetic coefficient. However, notice that sincellel structure [22].

the projectionsH’i”Hl‘w andHQﬂ”Hl',,y are non-vanishing, one For largeT’, we have also implemented the calculation
can always expresﬂﬁ'” as a linear combination dl/” and  in the LLL approximation. We have explicitly separated the
I1%7". Therefore it is sufficient to obtain the thermo-magneticmagnetized vacuum and the thermo-magnetic contributions.
dependence of the coefficients of these latter, as has been elais is particularly useful for a renormalization group analy-
pressed in Eq/Z8). In physical terms, this means that the sis of the gluon polarization tensor, suited to extract the be-
matter corrections to the gluon dispersion properties can bkavior of the strong coupling in a thermo-magnetic environ-
calculated over a background of a magnetized vacuum.  ment [38]. We have worked within the hierarchy of scales
leB| > T? to make sure that thermal fluctuations do not
induce transitions between higher Landau levels. In this ap-
proximation, temperature and magnetic field effects factor-

In this work we have computed the gluon polarization tenso#ze, due to the dimensional reduction in the LLL. This fac-

in a thermo-magnetic medium. The computation has beefrization is not possible whefi” is larger tharje B| and to

performed including the magnetic field effects by means ofescribe such case, one would need to include in the calcula-

Schwinger’s proper time method. A|though the vacuum po_tion the contribution from other Landau levels.

larization tensor for gauge fields has been previously studied We analyzed the coefficients of the two tensor structures

in several other works (see for example Refs. [20—-22, 25, 28hat appear at finite temperature and magnetic field and con-

29]), here we have analytically studied in detail the strongsidered the caseg < m} < T° andm} < ¢* < T°. We

field limit at zero and high temperature. The latter case haghowed that both cases are free from infrared divergences. In

been implemented within the HTL approximation. particular, we have obtained the thermo-magnetic behavior
For theT = 0 case, we have computed the coefficientsof the Debye mass from the gluon polarization tensor in the

of the tensor structures describing the polarization tensor inHTL and LLL approximations. However, since the magnetic

cluding the case where the quark mass is non-vanishing. Weeld breaks rotational invariance, the result depends sepa-

have shown that in the LLL, the only surviving structure cor-rately on the momentum componentsandq, . Therefore

responds to the tensf|”. The coefficient is given by an one needs to consider distinct limits when eithgrand ¢,

expression that develops an imaginary part, corresponding0 to zero at different rates. We distinguish three different

to the threshold for quark-antiquark pair production, appearcases: Wheg, (g3) goes first to zero, only the longitudinal

ing when the parallel gluon momentum squared is such thdtransverse) mode develops a Debye mass. However, when

gi = 4m3. For the case where the quark mass vanishe0th¢. andg; go to zero at the same rate, both modes de-

this coefficient is real and equal to 1. To understand why itvelop the same Debye mass. Consequences of these different

is thatg; dictates the threshold behaviour, we have noticedscreening patterns will be explored in the future and reported

that when the gluon splits into a virtual quark-antiquark pair,elsewhere.

in the same Landau level, the LLL in this case, the pair's

total transverse momentum vanishes. This happens because .

the quark moves in the opposite direction than the antiquarPPendix

around the field lines. From momentum conservation the mo- o

tion of the virtual pair can only happen along the direction ofA. Vacuum contribution in the HTL and LLL

the external magnetic field and thus the kinematics is dicapproximations

tated byqﬁ. This also helps understanding why the parallel

tensor structure is the only one that survives. Indeed, sincelere we show that the vacuum contribution, after the sum

the quark/antiquark motion is thrust by the chromo-electricover Matsubara frequencies, is equal to the integral éyer

field, only a polarization vector having a component alongin Eq. (15). This means that the vacuum contribution at

the external magnetic field can push the motion of the virtuall’, eB # 0 in the LLL and HTL approximations yields the

pair. The only polarization vector, and thus tensor, having ésame result as the case fr= 0 in the presence of a mag-

| neticfield in the LLL approximation. We begin with E4.5)

3. Summary and discussion

Caw | lasBl\ -y [ 47K 1 2 v
TR+ 41 = g ¢ s Pl (m2 — &y - (k —q))g"
b Zf: ( 42 ) (2m)2 [k3 — m3][(k — ¢)F — m3] [ F 9

I o v v o B 2 7T|qu| €_$ dzkH 1
Rk = a)f + K (k— )] 9;( i )e " '/(zw)2[k2|_m}][<k—q>?—m?]

X [(m? + k3 — k3gs + kogqo — k%)gﬁ” +2(k3 — k3(qo + g3) + ko(2ks — g3 — qo) + k’%)}
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o~ (T Bl ity [ Ry 1
=9 ;( ) [ o 12— w2k — a)F — 2]

X {(m? + k5 — ksas)g)” + 2(k3 — ks(gs + q0)) + ko(gog)” + 2(ks — a3 — q0)) + kg (— 91"+ 2)] (A1)

Changing to Euclidean space by means of a Wick rotation and working in the imaginary time formalisqn withy and
ko = iwy, the polarization tensor becomes

R4 TRV ) 7T|qu| P dkB
118 +ZH2L =g ;(471_2 e 2lay Bl fBIT Z

n=—oo

(m} + k3 — k3gs)g)” + 2(kF — k(g3 + iw))
(02 + k3 +m3[(@n — w)? + (k3 — g3)% +mF]

B (iwn) (iwg|” + 2(ks — g3 — iw)) N (i@n)z(—gﬁy +2)
(02 + k3 +m3)[(On — w)? + (k3 — g3)? +mF] (@2 + k3 +m3][(@n — w)? + (k3 — g3)2 + m7F]

(A.2)

In order to compute the sum over Matsubara frequencies, we use the following expressions

In=T Z 1 _ 8189 1— f(lel) — f(SQEQ)
0 e — oo [(IJ% + kg + mfc][(d)n — (.U)2 + (kg — Q3)2 + mfc] 1.5t 1 4E1E2 W — 81E1 — 82E2 ’
7 Z i _ s180(s1E1) |1 — f(s1E1) — f(s2E»)
! e — oo [(IJ% + kg + mfc][(d)n — (.U)2 + (kg — Q3)2 + mfc] 1.5t 1 4E1E2 w — 81E1 — 82E2
(an)2 5152(51E1)($2E2 — iw)
Is=T —
' Z R R [ ERm Ea romrn ] Rl DS T3

(A.3)

iw— 811 — s9Fy

y [1 — f(s1B1) — f(s2F»)

We now substitute the vacuum pieces in Eds3f into Eq. [A.2). This means that we only consider the terms independent of
the distribution functiong’. We obtain

2
. v UV 2 7T|qu| \ZL | d/fg
I 4 il = Z( 2 - %l B 2n)?

2 2 v 2 .
[(mF + k3 — ksas)gl” +2(k3 — ks(qs + iw))] 1E, B,

. 1 1 (g™ + 20k oy 1 1
— — (iw —q3 —iw —
iw—FE,—Ey iw+ Er+ By ol 3T AE,Ey \iw — B, — By iw+ By + Es

(91" +2) 1 1 1 1
A T (g E - E\(i
YN < ! 2(m—El—E2 z’w+E1+E2> 1(Zw)(iw—E1—E2+iw+E1+E2>>

On the other hand, computing the integral okgin Eq. (15), one gets

. (A4)

B| A dPk 1
I 4 T — mlgs T / I 2 2 v
T Z( 172 (@m)2 (] — 3 + iell(h — )] — m} +ie] [+ 4 = ksqs)f

v v T|q B 2;&
—|—2(/€§ —k3(q3+q0))+k’o(qog"r —|—2(k3—q3—q0))—|—k8(—g"r —|—2)} 2922 ( |47];2 |> lay Bl
!

y / dks / dko 1 1
(271’) (27T) [1{?0 - E1 + ie][ko + E1 - ie] [k() - (CJ() + EQ) + ’iE] [k‘o - (qO - EQ) — ie]

X {(m? + k3 — kgqg)gﬁu +2(k3 — k3(qs + QO))ko((Jogﬁy +2(k3 — g3 — qo)) + kS(—gﬂ‘” + 2)}, (A.5)
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Integrating overk, in the complex plane, where we take a closed path that encloses either the upper or the lower half-plane,
since, in either case, one always encloses two of the poles, the result is

2
TTUY TTHY W‘QfB‘ 371. dks
i + 400 = QZ ( ) 2[as B an)?

[(mF + k3 — k3as)g|” +2(k3 — k3(as + q0))]

4FEs

X( 1 1 > (g™ + 200 )L ( 1 1 )
Go—F1— By q+EBi+E) STB TPy \qo— B1— By qo+ E1 + B

. (A6)

+(gH +2)(EE< 1 1 )+E ( 1 N 1 ))
4E, By . Go—E1—Es qo+ E1+ Es 1o Go—E1—Ey qo+ E1+ Es

Comparing Eq.A.6) and Eq./A.4), we see that the result is the same upon the analytical continuatien qq.

B. Integrals for the polarization tensor in the LLL and HTL approximations ( ¢* < m% < T?

Here we show the explicit steps that lead to the results for the matter contributions ii8€)gand 81). First, we introduce
temperature effects into the corresponding projections biftq Eq. 28), using the Matsubara formalism of thermal field
theory, obtaining

9 m|qyB| m dks 1
=97 Z Z( 472 ) o / (27) {[@%—%—k%—km?][(&n —w)? + (ks —q3)2+m?]}

n=—oo f

x { (40 (~n = kogs) + 25 (w3 + 63) + 20(@2 + K +m3)| q% [2(520% + ka3 + 20whss)
w? -9 - 2 214
— (Wi + ¢3)(Dnw + k3gs + mf):| 28 + [Wn + 20w — k3 + wpw + k3gs — mf} z (B.1)

and

B‘ ol q2 dks ( W + kz — Wpw — k3‘13)
— T mlar ~aTay BT A/ m} . B.2
Z Z ( 472 ) @) (2n) | [@2+k:+ mf][(wn —w)?2 4 (ks —g3)? + m%] (B.2)

n=-—oo

We notice that since in the HTL approximation terms proportional,tcand toks in the numerators do not contribute, the
calculation of Egs.B.1) and B.2) involves only two kinds of sums over the Matsubara frequencies. These are explicitly given
by [39]

> 1 1
T E 1-2f(FE B.3
e (IC3—Q3) +m2f} 2E2( f( 2)) ( )
and
1 —s189 [1— f(s1F1) — f(s2E2)
T - , B.4
_ZOO C R T (s K TP I v 7 e w3 ®

with E? = k3 +m3, B3 = (k3 — g3)* +m} andf(z) = 1/(e*/T 4+1). Using Eqgs.IB.3) and B.4) and continuing within the

HTL approximation, we notice that the external momentuis a soft energy scale compared with the temperature and quark
mass, and therefore we can neglgcandk - ¢ in each of the numerators. We can therefore compute all the sums appearing in
Egs. B.1) and B.2), ignoring the vacuum contributions, we obtain

o) o () ()« o (42 (555

5 | Bl —27ets 2f(E)
PT_ _ %;(‘ZTQ f|qJ-/dk;< 1). (B.6)

and
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We now turn to compute the matter contribution. For this we require an expression for

Iy P !
dks = dk . B.7
_4 T B I G ®1

Using the general expression from Ref. [40]
17 daan? 1
xx" T

n(7) = , B.8
P =10 | Vv o o ®8)

we identify Eq. B.7) as corresponding to the case with= 1 andy = my/T'. In the limit wherey is small, Eq.B.8) becomes

1 mf 1
film/T) = =31 (ﬁ) — 57+, (B.9)
therefore we obtain
[ fE) my
/ dhst = == (n () +95)
(B.10)
Using the above expression, we get
2 42 2(,2 2 2
=L g — kg | —w (g7 + 243) vy
P ——8?;|qu‘6 2[qy BJ [W —]_ ln 7]'2T2 +2A/E (Bll)

and

2 S mj
_5?2 lgsBle *1*”! l?};] <ln< 2T2> +2’YE> . (B.12)
f

Finally, to obtain Eqs:30) and 31) we perform the analytical continuatiow — qo, back to Minkowski space.

C. Integrals for the polarization tensor in the LLL and HTL approximations ( mfc <P <<T?

We now compute the matter contribution in the same fashidouasvith the new hierarchy of scalesfc < ¢? < T?. We show

the explicit steps that lead to the results for the matter contributions in&)sarfd B3), where the internal momentuinis the
largest energy scale and the quark magsis the smallest one. First, we introduce temperature effects into the corresponding
projections ontdI", Eq. 28), using the Matsubara formalism of thermal field theory, obtaining

_ g 7|gs Bl m dks 1
ry Z( )T /(2w>{[wz+k§+m%n<a)n—w>2+<k3—q3>2+m21}

n=—oo f

w
X { [4dn(—dnw — ksqz) + 20, (W2 + q3) + 2w(@2 + k3 + m?)} 7 + [2( 20+ k3q3 + 20,wksgs)

2

2
5 w - - - q
— (W + 63)(@Onw + k3gs + m?)} 24 + [%QL + 20nw — k3 + @nw + kags — m?] qg} (C.1)

and

B‘ qi q2 dk?3 ( w + kz m - wnw - kB(B)
T mlay ~ Bwii/ ! . 2
Z Z ( 472 ) ! @) 2nr) | @2 +k2+ mf“(wn —w)?2+ (ks —g3)? + m?] (€2)

n=—oo

We notice that since in the HTL approximation terms proportiona;h?o @n, andks in the numerators do not contribute, the
calculation of Eqs/C.1) and IC.2) involves only two kinds of sums over the Matsubara frequencies,

1— f(s1E1) — f(52E2)
w — 81E1 — 82E2

1 —S8182

T -
Z, (@7 + k3 + m][(@n — w)? + (ks — g3)* + m7] 4B By

= Xo0; (03)

s1,82==%1
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o0 ~2
Wy
T
_z_: (02 + k3 + m3|[(@n — w)? + (k3 — g3)? + m7]
with El = kjg =+ mf, E2 = (]{)3 — Q3) + my and

s182F
57 = §

gseks/T

457
1= f(s1E1) — f(s2E>)
= c4
L, AR { iw — 5151 — 525 x, (€4
~ 1
@)= t@m
We observe that EqQsC(3) and [C.4) are related by,
Eqg. (C.4). In this approximation¥ > ¢ > my) Eq. (C.4) is given by
00 ~2
w
T n
n;w (0% + k3 + m3][(@n — w)? +
and thus, Egs/@.1) and [C.2) take the following form

(C.5)
—FE%x0. Therefore, we should only find an expression for the sumin
_ @
(ks —q3)* + m?c] QQH [ T(

Pro g Y z(ﬁ'%‘B‘

1 qgekg/T(ekg,/T
BT 112 12
472
n=—oo

—1)
2 T2(eks/T +1)3
2
) 2|§f13\/dk3

{ [—4@3w F2w(@? + kg)] S [2(

+
and

., (C.6)

1
(2m) [@7 + k3 + mF][(

_w)2 +
w2 ~ q2
W+ K30 s [ - kg}qg}

—@2% + k2
{ G2+ B +m[(

3
2 ‘:}n
We can therefore compute all the sums appearing in &18) and (C.8). Ignoring the vacuum contributions, we get
-9
78
__d 2
> lagBle” T
f

a2 2
2 7|qy Bl srars 41 dks
—_QTZZ( e T

(2)

(k3 — g3)? +m73]

(C.7)
and

(C.8)

—w)2+<k3—q3>2+m;]}'
a?% \
L T3 Bl | _ 9,2 2
e

w’q3 % a3
- == (= (C.9)
¢ |\ & ( )
e (%)
6472 qﬁ(j2 '
Finally, to obtain Eqs/32) and B3), we perform the analytical continuatian — g, back to Minkowski space

T
For consistency, we compute the coefficie®s and P in an alternative way. First, in Euclidean space, we add and
subtract the term2 + m% in the numerators, such that the integrands look like

(C.10)

QZ (7T|QfB|) zwquu TZ/dkS{ @2 + k2

(02 + k3 +mf)2(w)
2
3
iw)?
?)( )
2

+m3|[(@n —w)? + (k3 — g3)> +m7]
l(.dz

B (@2 + k3 + m2)((iw)? + q3) 5
+m3] 02+ k3 +mi][(@n — w)? + (ks — g3)? + m7F]
iw)? 2 i

m) oz (@2 + k3 erf)q

(0% + k3 + m3][(@n — w)? + (
[(©n —w 2+(k3—(J3)2+m2]}

q
ks — q3)? +m]

_ai dks
2[q 4 B T _ 2
7| zn:/ = {[~n
(2k3 —
+ —

(C.11)
k3q3) &
(02 + k3 + m3][(@n — w)? + (

(wn + k?) + Tn’f)TL
@p + k3 + m3][(@n — w)?

+ (k3 — g3)* + m7]
ks — g3)? + m3] }
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We simplify Egs.|C.11) and IC.12), and also ignore the terms propotionahﬁ@, thus we obtain
(iw)®

L 2 7T|qu| T 2[qr B fB| /dk3 2 7
= — a T
g Ef: ( 472 ) ! Z [(@n — w)? + (k3 — g3)* + m7F]

- 4k3 - - ((1w)? + 3)
(02 + k3 +m3[(0n —w)? + (k3 —g3)> +mF]  [(@n —w)? + (k3 — Q3) +m3]

2(iw)? 'l
72

+ (k3 —q3)* + m?] (0 —w)2+ (ks — q3)2 + m?]

2% (C.13)
. ] .

and

(C.14)

N (2k3 — ks‘]s)q%
(02 + k3 +m3|[(@n — w)? + (k3 — g3)? + m7]
From Egs./C.13 and [C.14), we identify two kinds of sums over the Matsubara frequencies which are equal tBE)sarid

(B.4), where the notation does not change. Since, we work with the hierarchy of energym?t:l’:ﬁSq2 < T?, the matter
terms from the sums can be expressed in the following way

1 1 - )
TZ + (k3 — g3)* + mfc] T (ks — q3)2f((k3 —3)°) (C.15)

and
1 1

~

T — — =
zn: (02 + k3 + m3)[(@n —w)? + (k3 — g3) +m3]  dkz\/(ks — g3)2

1

- - 1
X {(f(k?,)-i-f( (ks — g3)?)) <iw—k3— (s —a43)° Ciwt ks o+ /(kg—qg)2>
+ (f(ks) = F(V/(ks — g3)%)) <

1 1
iw + k3 — /(F3 — 03)2 W—%+¢Ww%V)

where in Eqgs./C.15) and [C.16), we have ignored the smallest energy scale, namely, the fermion mass. We now need to
consider that the external momentyrs softer than the temperature, therefore we neglect subdominant terms and perform a
Taylor expansion irf aroundg = 0 to get

(C.16)

1 1 -
DD (v gy Ry WAL (©17)

and

1 L2 2g
T%;@%+k§+W@W@n—wp+«@—q@2+n@]“ 4W{k‘ﬂ%) (iw)? — ¢2
% l(?>ek3/Tﬂk3)2+ (QZ%T)BM/T(’;( ks/T _ )+(ek3/T+1)>f(k3)3] } (C.18)
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Substituting Eqs/€.17) and (C.1§) into Egs. [C.13) and [C.14)

459

, the pure matter contribution to the coefficients becomes

- S () o ilff{—z(i;)z (060 + 252 () 7 = S [ () o
# (et (B -1+ T ) ) ] + B G+ ) () k)
- G+ ) () ko) + G G+ ) ()b ke + () o
(B T 1) )]+ L () ) () Fk) + S () ek by
+ (55 kz/T(’;< kT 1) 4 (I 4 1>)f<k3>3}} Y (Pl (q_g?zg)
Joor (8 2) v () 19
and
=S () sim /é’ff{q;(é)f“ﬁ)‘q%(kg)f(’“)*qﬂ((if)q; @)
(et o ()™ (/04 @7 4 ) ] }
- () (%8) () (©.20)

After straightforward algebra, we realize that E€3.1(€) and C.20) are equal to Eqs(.€) and (C.10), respectively. Hence,

both ways to compute the matter contributiongdf and P~ i
given bymf < ¢* < T?, provide the same result.
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