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Magnetic fields in compact stars and related phenomena
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Magnetic fields appear at all scales in the Universe, spanning many orders of magnitude in their strength, and intervening in the development
of many astrophysical processes. In particular, in compact objects, magnetic fields can reach huge intensities and play a fundamental role in
the evolution of the star and its surroundings. In this review, the most relevant ideas about their generation mechanisms and their effects on
the composition and evolution of compact stars are summarized. The review highlights the role played by anisotropic pressures, induced by
the presence of strong magnetic fields, in the equation of state and the macroscopic observables of compact objects. Anisotropies demand to
solve Einstein equations beyond the spherical symmetry. In this regard, two models are analyzed, one using a metric in cylindrical coordinates
and another one consideringanetric, which allows taking into account small deformations of the objects. These results are relevant for the
description of magnetized white dwarfs and hypothetical quark and Bose-Einstein condensate stars. Some related astrophysical phenomena,
as pulsar kick velocities and jets associated with compact objects, are also addressed as a consequence of the presence of strong magnetic
fields.
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1. Introduction Nowadays, despite their widespread presence, magnetic
field origins remain unknown. There is no successful expla-

Magnetic fields are omnipresent in the Universe and play glation for the generation_ oftheirfasc_:inatin_g cohe_rent patterns
fundamental role in many astrophysical phenomena. Almosit galaxy scales and their large conﬂguraﬂons In jets and clus-
all the astronomical objects and environments develop ma £rs, nor a well-formulated m(_achamsm for thew formation at
netic fields or experience their effect [1-4] (for comprehen-smaII sgalgs, as I hg_ppens in compact objects where huge
sive reviews, see Refs. [5-7]), and even the voids regiongqagnetICfIEEId Intensities are present.
seem to be magnetized [8-10] (see, however [11]). The detec- Compact objects (CO) are the endpoint of the evolution of
tion of signals from cosmic magnetism that could give somemain-sequence stars, and they distinguish from regular stars,
insight about its origin is the main goal of some ground-basedr newly formed ones, by the absence of thermonuclear fu-
observatories, as the square Kilometer Array (SKA) [12].  sion reactions. They are classified into white dwarfs (WDs),
The cosmic magnetic field strength spans many orders dpeutron stars (NSs) and black holes (BHSs), according to the

magnitude: from peta Gauss, in compact objects, to femtd3SS of their progenitor.

Gauss in the intergalactic medium, and possibly less in voids. When light stars die, they undergo a mass ejection, and

Observationally, the field strength seems to be roughly inthe explosion remnant forms a white dwarf and a planetary

versely proportional to the coherence scale [13]. This trendhebula. White dwarfs then emerge with masses around the
is observed from pulsars, up to clusters, and the intraclustesolar mass, condensed in the radius of the Earth, and densi-
medium, passing through galaxies and jets. ties of 106 — 10*! g/cm?. Neutron stars involve major cata-
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clysmic events: supernova explosions with luminosities mil-cover a wide range of topics. One of the important ques-
lions of times that of the Sun in a few minutes. It is known tions is the role played by magnetic fields in the physics of
that typical densities in NS can reath'® g/cm?® and thatthe  compact objects and the maximum mass they can reach. An-
macroscopic properties are determined entirely by the interether one is the maximum magnetic field strength that can be
nal composition of these objects, even though this is not welsupported by a compact star; finally, the production of gravi-
understood yet. On their side, black holes result from Supertational waves is a matter of great current interest.
nova explosions of heavy stars that cannot support the grav- This review aims is to summarize the knowledge about
itational pull and collapse to a singularity. Black holes arethe role of magnetic fields in compact objects. For sim-
out of the scope of this review (details of their astrophysicalplicity, the discussion will be mostly focused on the case of
properties can be found in Refs. [14,15]), and in what fol-a constant and uniform magnetic field and the consequent
lows, the term compact objects will be used, ignoring blackanisotropic effect on the equations of state and the observ-
holes. ables of CO, either white dwarfs, or hypothetical quark and
White dwarfs counterbalance gravity by the degeneratenagnetized Bose-Einstein condensate (BEC) stars. The re-
electron pressure. On the other hand, since neutron stars caiew also addresses other phenomena related to compact ob-
be thought as being divided into an atmosphere, a crust andjects, like kicks and jets, which can be explained by the pres-
core in which densities can be supranuclear, these objects aeace of magnetic fields.
supported by the pressure of the relativistic fluid of electrons, The paper is organized as follows. Section 2 is devoted to
protons, neutrons, and some other exotic particles in the coreresent some features of cosmic magnetic fields: their con-
In the crust, there is a good understanding of the equations digurations, strengths, and possible origins. A first subsection
state (relation between the pressure and the energy densitgffers a quick review of the proposed mechanisms for their
but, in the core, the puzzle is what kind of matter can be stageneration, at different scales, with the idea of underlining
ble beyond the nuclear saturation density. It is not clear ithe difficulties implied in this process. In the second sub-
a phase transition into quark matter may occur or, perhapsection, the usual approaches for the modeling of magnetic
a stable phase of deconfined and confined quark matter cdields in compact stars is presented. Section 3 is addressed
coexist [14], forming quark stars or the so-called hybrid starsto set up the energy momentum tensor (EMT) and the equa-
So far, there are no laboratory experiments that can pration of state (EoS) of magnetized matter. The anisotropic
duce matter at such ultra-high densities, in such a way thdtoS and two proposals of anisotropic structure equations for
the only alternative is to extract information from CO ob- magnetized compact objects are discussed. In Sec. 4 the solu-
servations. The purpose of the observational project Neution of anisotropic structure equations and the observables of
tron star Interior Composition Explorer (NICER) is to un- White Dwarfs, Quarks Stars, and Bose-Einstein Condensate
ravel the composition of neutron stars. In particular, NICERstars are also presented. Section 5 deals with two phenom-
will be able to constrain the measurements of neutron stargna whose explanation might be derived from the presence of
radii with uncertainties below 10% [16]. The search for ex-magnetic fields: kicks and astrophysical jets. Finally, some
planations about the value of two solar masses that emergesnclusions and perspectives of these studies are discussed.
from the robust mass measuremémst1.97 + 0.04 M, for
PSR J1614-2230 [17D.147) 80 for MSP J0740+6620 [18]
and2.01 + 0.04 My, for PSR J03487+0432 [19] provides a

great opportunity to test the existing models for the equaThe ynderstanding and modeling of the origin of magnetic
tions of state and to get information about the compositioftie|s in all the astrophysical systems where they are observed
of the stars. Besides, the detection of gravitational waveg an open problem of great importance. We will briefly sum-
by the twin Laser Interferometer Gravitational-wave Obsermarize here the different mechanisms proposed for their for-
vatory (LIGO) detectors, contributes with novel tools for mation at different scales, with particular emphasis on the
obtaining a more accurate and realistic insight into neutroRecnniques employed for modeling them in compact objects.
stars composition.
One of the most important ingredients in the evolutiony 1 Scenarios for the generation of cosmic magnetic
of CO is undoubtedly their strong magnetic fields. Approxi- fields
mately 10% of white dwarfs population, either isolated WDs
or binary systems, have surface magnetic fields whose obsefor magnetic fields at large scales, the key problem is that
vationally estimated strengths can be up@d G. In NS, the  a seeding mechanism that can account for both scales and
values of the surface magnetic fields go fra6¥ G in mil-  strengths of the presently observed fields has not been found.
lisecond pulsars, tv0'? G in radio pulsars and readb'®> G~ There are two basic scenarios for their generation: they
for the most extreme case of neutron stars: magriétars could be either primordial (generated before the recombi-
From these values, virial theorem arguments suggest that cenation epoch) or produced during processes associated with
tral magnetic fields can be up 163 G for white dwarfs and  structure formation, and these possibilities are not mutually
10'® G for magnetars [14]. exclusive. The growing observational evidence for the pres-
The research about magnetic fields and compact objectnce of magnetic fields at all astrophysical scales strengthens

2. Magnetic fields from large to small scales
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the idea of the primordial origin of cosmic magnetism. Thistablished by the Hubble radius at that epoch. The reported
possibility implies a further difficulty besides the one of find- strengthg By) are usually scaled to present values assuming
ing the generation machinery: mechanisms for their preseadiabatic evolution. Another assumption that must be done
vation and amplification must also be defined. is the shape of the power-spectruR (k), which is usually

A series of mechanisms for early magnetogenesis haveonsidered to depend dnas a simple power-law function
been proposed [23-26] (see also [27] for a review), most obn large scalesPp(k) « k™5. In this case, PMF are com-
them based on cosmological phase transitions that can prgletely described by two parameters: the spectral index,
vide suitable conditions for their generation, such as chargéan important parameter for the discrimination between mod-
separation (battery mechanism), turbulence and departugds of magnetogenesis), and the root-mean-square of the field
from equilibrium. However, none of them are problem-free,smoothed over some length scale. Alternatively, bounds on
being the scale the principal drawback, due to causality reahe total magnetic field energy density are found.
sons. From nucleosynthesis, an upper bound3gf< 3 x 10~7

The earliest epoch magnetic fields could have been bor, at length scales of the order of the Hubble horizon size at
at super-horizon scales is inflation, relying on the fact theyBig Bang Nucleosynthesis (BBN) time (which today corre-
can be created by the same mechanism that generated deponds approximately to 100 %d39]) or an updated value
sity fluctuations,i.e., quantum fluctuations in the Maxwell (By) < 1.5 x 10~ G (related to the contribution to the local
field, excited inside the horizon, are expected to freezefield amplitudeB from all wavelengths) [40] can be found.
out as classical electromagnetic waves once they cross th&om the large-scale structure formation process, the imprints
Hubble radius. These initially static electric and magneticof PMF can be searched through the thermal-SZ effect, lead-
fields can subsequently lead to current supported magnetiog to the boundB, ~ 10~% G (seee.g. [41,42] and ref-
fields, once the excited modes reenter the horizon. Newerences therein), the Lyman-alpha foreB; ~ 10~° G, at
ertheless, fluctuations that survive a period of de Sitter exscales 1 Mpc for a range of near scale-invariant models, cor-
pansion are typically too weak to match the present obseresponding to magnetic field power spectrum index —3
vations, as long as magnetic fields decay adiabatically witf43], or the matter power spectrum, leading to the bound of
the universe expansion. To avoid this suppression, some o3y ~ 1.5 — 4.5 x 10~° G andnp € [-3, —1.5], considering
tions have been presented: in [23,28] some mechanisms thtite total magnetic field energy density [44].
break conformal invariance of electromagnetism are intro-  Stringent constraints emerge from considering different
duced (see, however [29]), and in [30], it is shown that theaspects of the interaction of PMF with the CMB, as well as
magneto-geometrical interaction can change the evolution different features and scales of these cosmic fields (see for
large scale magnetic fields, in perturbed Friedman-ligea instance [45,46], and references therein). Constraints have
Robertson-Walker cosmologies with open spatial curvaturebeen derived using the CMB temperature and polarization
On another hand, since superhorizon-sized fields are not gopower spectra [47-50], Faraday rotation [51-53], cosmic bire-
erned by causal physics, in [31], this adiabatical suppresfringence, and studying its non-Gaussian correlations, con-
sion has been questioned. Anyway, it has been pointed osidering the bispectrum [54,55] as well as the trispectrum
that an obstacle to inflationary magnetogenesis might be thi6]. The upper bounds that are established are between a
so-called back reaction problem [32], which consists of thefew and a tenth of nano Gauss. Considering, in particular the
fact that the generation of magnetic fields during inflation in-bounds, obtained from Planck data [47], the most stringent
creases the electromagnetic energy density, which can eveoenstraints fo3, 57, are in the range 1-4 nano Gauss.
tually dominate over the inflaton energy. There are also more indirect observational imprints, as

Another possibility for generating primordial magnetic the effects of PMF on cosmological phase transitions, that
fields (PMF) is to resort to the properties of the vac-have been extensively studied, including the electroweak
uum in non-Abelian gauge theories, where it can presenphase transition [57-62], with particular emphasis on the
a ferromagnet-like configuration (Savvidy vacuum). Inbaryogenesis process (See [63] for a review; see also [64]),
[33,34], it has been shown that this non-zero magnetic fieldr the possible supersymmetric phase transitions [65-67].
configuration is present even at high temperatures. The for- Regarding compact objects, the two commonly consid-
mation of this non-trivial vacuum state at Grand Unification ered mechanisms for magnetic field production are the fossil
Theories (GUT) scales can give rise to a Maxwell magnetidield hypothesis and the turbulent dynamos theory [68]. Ac-
field imprinted on the comoving plasma. cording to the fossil field hypothesis, stars’ magnetic fields

To gain some insight into the features and strengths ohave their origins in the magnetic field available in the host-
PMF, one can resort to cosmic observational events. The ining galaxy at the moment of star formation. Or in the case of
print of PMF has been searched in the cosmic background compact object, in the magnetic field of the progenitor star.
radiation (CMB) (seee.g. [35] and references therein), in The lines of forces of these fields are assumed to be frozen in
the nucleosyhthesis process (a detailed review can be fourtte plasma, with the magnetic field increasing as the matter
in [36]), in structure formation [37] and the primordial grav- is compressed [69]. The main support to this hypothesis in
itational waves spectrum [38]. Limits obtained from differ- the case of compact objects is the fact that the observed mag-
ent events, typically involve different coherence scales, esnetic flux of some CO progenitors equals the one typically
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found in these stars [14,70,71]. However, there is not a cleanic, it becomes imperative to go beyond the standard Tolman-
physical reason why the magnetic field should remain frozet®Oppenheimer-Volkoff (TOV) equations to obtain the observ-
during the CO formation and, also, the fossil field hypothesisables of magnetized stars. However, the sources of the mag-
does not explain the wide variations of the magnetic fieldsetic field inside the COs are uncertain, as well as the varia-
of different stars nor the higher values of the field attainedtions of its geometry and intensity. This lack of knowledge is
in magnetars [71,72]. In this way, even if the fossil field hy- usually overcome by a set of assumptions that allows getting,
pothesis is accepted as being behind the magnetic field orat least, some insight into the problem.

gin, some kind of amplification is required. The dynamo  Some studies appeal to a simplified solution: to assume
mechanism consists in the generation of a magnetic field ithat the structure of a strongly magnetized CO can be rea-
an electrically neutral conductive fluid from currents circulat- sonably described using the standard spherically symmetric
ing in it. These currents can find their origin in some batteryTOV structure equations, while the microscopic anisotropy
mechanism, that relies on the fact that, in a charge-neutrah the pressures is neglected, appealing to a solomonic solu-
universe, positively and negatively charged particles, havingion: the use of a unique pressure which is a sort of average
different masses, have different mobility in regions with pres-of their components [78]. Nevertheless, the most common
sure and temperature gradients (seg, [68]). Again, this assumption is to consider a constant magnetic field direction
mechanism usually produces seed fields much weaker thaand try to solve Einstein equations in an axisymmetric met-
the observed ones. Amplification is usually thought to beric. In these approaches, the magnetic field intensity might
done by dynamo-like mechanisms [68], that keep convertingpe either constant or depend on the star inner radius or its
kinetic energy into magnetic one, thanks to the internal in-baryon density (see.g [74,78,79]). In most cases, this de-
homogeneities of the star. However, despite the many exispendency is completely ad-hoc, only based on some physical
ing dynamo models, all of them are incapable of explainingconstraints such as the intensity has to decrease from the cen-
all the observations, in such a way that the problem remainger to the surface of the star, and reproduce some reasonable
open [69,71,73]. magnetic field values at these points [78].

Besides dynamo theories, another magnetic field ampli- In magnetized CO, the scale lengths of variation of the
fication mechanism has begun to be considered recentlynagnetic field from the core to the surface are of the order of
self-magnetization [69,74,75]. Since all elementary parti-their radii, that is tens of kilometers for NS, while the micro-
cles have an intrinsic magnetic moment, and this magnetiscopic magnetic scale lengtdepends on the magnetic field
moment determines microscopic magnetic fields, the align¢l,, ~ 1/veB ~ 10~'° km) [80], much smaller than the
ment of these micro magnetic fields may generate large scafermer. This makes reasonable from the Astrophysical point
fields. The micro field alignment, or self-magnetization, mayof view the assumption of a constant and uniform magnetic
be due to spin-spin ferroelectric-like interactions [68], or, infield as the first step of magnetized compact stars modeling.
the case of bosonic matter, due to a phenomenon known asowever, there is also the possibility of considering a non-
Bose-Einstein ferromagnetism [76]. Actually, in [77], Bose- uniform magnetic field and try to derive its intensity and di-
Einstein ferromagnetism was proved to be enough to producesction by solving the coupled Maxwell-Einstein equatténs
magnetic fields as high as those expected in magnetars.  As a result, a large set of coupled elliptic partial differential

equations is obtained, that must be solved through numerical
2.2. Modeling magnetic fields in compact stars methods [78].

Several methods have been developed and made avail-

Magnetic fields affect the microphysics as well as the macroable to the community for attacking this numerical problem.
physics,i.e., the observables, of compact objects. At a mi-Such is the case, for instance, of the open-source LORENE
croscopic scale, the magnetic field can always be considere@++ library’* for numerical relativity, which allows to use
locally uniform and constant. Although the consequences opoloidal fields [81,82]. There is also another public code,
the presence of a magnetic field on an specific star model das XNS*, that supports either the purely toroidal, purely
pend on how matter-field interactions are considered, therpoloidal, or the mixed twisted torus configurations [83,84].
are two general ways in which the field modifies the physicsBoth codes work under the 3+1 formali&ni85].
of the CO. On the one hand, the field changes the interac- Despite their great merit, the nowadays available meth-
tion energies and the percentage of particles compositiorpds for solving COs with non-uniform magnetic fields still
through direct and inverse beta decay. On the other, the magrave several drawbacks. The first one is that while the mag-
netic field breaks the SO(3) symmetry of the system causingetic field intensity is computed through Maxwell equations,
an anisotropy in the energy-momentum tensor that leads tthe magnetic field geometry is imposed by hand and limited
anisotropic equations of state. This effect is general, indeby the numerical methods used for solving Einstein equations
pendently of what kind of particles is considered. [81]. Secondly, stable configurations of compact objects are

The microscopic effects of the magnetic field described insometimes limited by the convergence of the numerical solu-
the last paragraph have a direct impact on the macrophysi¢®ons without this being related to any known physical reason.
of the CO, causing modifications to the observables. In parFinally, the existence of currents inside the star is assumed
ticular, as the anisotropic EoS are not spherically symmetto have magnetic field sources in Maxwell equations; never-
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theless, these currents have not an evident direct relationshighere B is the magnetic field intensity]" the tempera-
with the matter described by the EoS. ture, andu the chemical potential of the system. Equation

One of the most discussed effects is whether the magil) shows the anisotropic character of the matter energy-
netic field increases the maximum mass of the star. As wenomentum tensor, since the spatial components of the EMT
will see below, this is not in general achieved by models withhave the form
a constant magnetic field; meanwhile, models based on non-
uniform magnetic fields are more successful in increasingthe Tap = Pj = —Q, Ty/* =P, =-Q-MB, (3)
star masses, up to 2M17-19]. Itis also well-known that the ) )
inclusion of rotation in COs description increases the maxiWVhile the temporal component is
mum masses [86], more than the magnetic field presence usu-
ally does [87]. Rotation produces a flattening at the poles Tof =& =Q+pN+T5. )
and a blowup in the equatorial direction. Conse.quen'FIy, I en | and P, are the parallel and transverse pressures to the
hgnces deformation and .allows stab!e star configurations wit agnetic fieldg is the energy density, antf is the magne-
higher masses thar) their nop—rotatlng gounterparts [88-91 zation.
fation Impac, to doal exclusely wih magnoti fild effect, e deriation of EMT is completely general and does

; ’ . . “~"not depend on the type of particles involved in the system

Also, since the results regarding magnetized compact objecgs

are very model-dependent, we focus on the simplest shaqend if they are charged or not. The presence of the magnetic

P : . ield in one direction is enough to break the symmetry and
qf the magn.et|.c f'eld."'e". a constan'{ and “r.“fo”“ configura- becoming the EMT anisotropic, depending on the direction
tr:g?.egsui;str-mpccﬁz:baluemvz;o r?gv(\)/\l:hg] :r:]:gsr:er;ipz:liisetléja“r::olljigz (%f the field. Note that the isotropic energy-momentum tensor
the observables of the stars. Throuhout these pages, two f a perfect fluid is recovered from EdI)(at zero magnetic

: o ~ “fields as
proaches will be presented for deriving structure equations

uy uy Op sOv
within the axial symmetry imposed by a uniform magnetic Ty =P (P+ &) ®)
field. The Maxwell energy-momentum tensor has also
anisotropic form (see details of derivation in [93])
3. Magnetized equations of state T (B) = diag B/ (87),
This section is devoted to present in summary form how B?/(8n), B%/(8w), —B?/(8)]. (6)

the magnetic fields affect compact stars at the micro physics

scale. As mentioned before, the simplest approach to this The total EMT is the sum of the matter energy-
problem is to consider that the magnetic field is constant, homomentum tensor plus the Maxwell one

mogeneous in thes direction. The uniform magnetic field

produces the breaking of the SO(3) symmetry of the system ™ =14 (1, T, B) + TH"(0,0, B). @)

and gives rise to an anisotropy in the energy-momentum ten-

sor [92], causing the split of the system pressure in two dif-  The relevance of the anisotropic character of the energy-
ferent components, one along the fieileé ( the longitudinal ~Momentum tensor has been questioned by some authors [94].
pressure) and another in the perpendicu|ar directien (he The main reason bEing the emergence, dUring the resolution

transverse pressure). of the coupled Einstein-Maxwell equations for the specific
The energy-momentum tensor in terms of the Lagrangia§ase of rotating stars, of a term related to Lorentz force that
densityL(as, a;,,) of the theory is given by cancels with the magnetic pressurd/ B in the magneto-
static equilibrium condition [79]. In this respect, we would
g = L v s (1) ke to remark that the presence of the temd/B in the
M= 0(aiu) " ’ transversal pressure is a microscopic result, independent from

} o any macroscopic analysis. Besides it is worth pointing out
wherea; denote the fields. The statistical energy-momentUmpat the term—MB as well as the ones corresponding to

tensor meﬁns the a\;/“ejrageﬁ(j}”. After doi_ng the st_atigtical the magnetic field pressures and enefg§/ (0,0, B), both
averagel), =< T, >, the Lagrangian density in the gnier in Einstein equations through the total energy momen-
energy-momentum tensor is replaced by the thermodynamiy,,, tensor of the system, which is anisotropic, and hence
cal potential, and the statistical energy-momentum tensofis anisotropy must finally be reflected in the non-spherical
has the general form shape of magnetized stars.
The shape of magnetized stars is determined by the rela-
" o0 OV <o sov _ T T o S .
Ty = TéTT tugs o°Ho tion betweenPT and P Since the equilibrium of the star is
H achieved through the balance between gravity and pressure,
Q . . . . .
B Ba—(él“él” + 5252 4 QS @) for anls_otroplc EoS, thg largest/smallest radius is obtained
0B in the direction of the highest/smallest pressure. Therefore,
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the compact object will be oblate fa? < P and pro- the field, leading to the replacement

late otherwise. In the magnetized case, the total pressures o i

have two contributions, one that comes from the magnetized 2/ d°p - Z (1) eB /dp (11)
matter and the other corresponding to the pressure exerted by (2m)3 (2m)? a

the field (the Maxwell terms). When the matter contribution ) ) . )

preva”s,PHT > PT, resulting in a prolate CO [95], while N all the calculations, in particular, in Eq8)( The factor

if Maxwell pressures dominate?” < P and the star is g(t) = [2 - (é0)] takes into account the double spin degen-

oblate [96]. Of course, being in one or the other situation€"acy of all Landau levels except= 0. o
In the appendix, the thermodynamical potential is calcu-

depends on the magnetic fields and densities considered, al-

though, as it is shown below, for the typical values of thesd@t€d in the limit of zero temperatuféor charged fermions
quantities, the magnetized COs turn out to be oblate. and bosons and neutral fermions and vectorial bosons. The

The thermodynamic potential of the magnetized p|asméhermodynam|cal potential is the starting pom_t for obtaining
has the form EoS of matter that composes the compact objects, as well as
to get the thermodynamical properties of systems. In the next
T sections, they will be used to study models of compact ob-
(B, T,p) = — dpyd> ) ' _ ; :
( 2 4 zs:/ I PL jects and mechanisms for the generation of pulsar kicks and
NS’s jets.

) |(14 e Em/T) (1 et/ (g)

wheres are the spin projections, apgd andp, are the parti- 4. Structure equations and magnetic field

cle momentum components along and perpendicular to thene static structure of a relativistic isotropic compact object

magnetic field directiong; is the energy spectrumy; is s derived from considering the spherical symmetric metric
the chemical potential, and the indéxlenotes the particle

species. ds* = —*?dt? + 2 dr? + r2db? + r? sin? 0d¢?, (12)
The effect of the magnetic field emerges in the thermody-

namical potential through the spectrum of the particles. Thén Einstein’s equations

spectra of the fermions and bosons in the presence of a mag-

netic field B are given by the expressions GHY =8rG TH". (13)
. Here, G*¥ is the Einstein tensor]*” is the energy-
2 2 ’
VP + 2Bl + m?, charged fermion, gy momentum tensor, G is the gravitational constant aiid
&= g > | fermi ©) are the spherical coordinates. The functidnand A are
\/pH +/pL+m® — kB, neutral fermion, known as the metric coefficients and, due to the assumption
d of an isotropic spacetime, they only dependron
an Combining Egs.12) and (L3) and taking into account
> _ Bl 2, charged scalar boson, that for an st_atic isqtropic fluid» = dz‘_ag{S,P, P, P},
. VP4 +m 9 (10) the standard isotropic Tolman-Oppenheimer-Volkoff (TOV)
\/pﬁ+ p2 +m?—kB, vector neutral boson, equations are obtained
dm
. . . —_ = 471‘57“2, (14a)
wherem denotes the mass of the particless the electric dr
charge and the magnetic moment of neutral particles. In the dP (£ + P)(4nPr3 + M)
above equations, the fermion spectrum is obtained by solving o 72(1 — 20 . (14b)

the Dirac equation for charged and neutral particles [97,98],
while the boson spectrum is derived the Klein-Gordon equa- TOV equations are a system of two differential equations
tion [99] in the case of scalar particles, and from the Procahat describe the dependence of mak&f)) and pressure
equation in the case of the vectorial ones [77]. White Dwarfg P(r)) inside the star on the radial coordinate EoS enter
and Quark Stars are composed of charged fermions, so their the TOV system through the parametric dependence of the
EoS is described using the first spectrum of EB). On the  energy on the system pressdrgP).
contrary, Bose-Einstein condensate stars are supposed to be For a given EoS, the mass and radius of a star is obtained
composed by neutral vector bosons, whose spectrum is thategrating Eqgs.[14) starting from a central pressure and en-
second one in Eq10). ergy,P.(r = 0), E(P.(r = 0)), until the conditionP(R) = 0

In the case of charged fermions and bosons, the magnetis achieved. This last condition defines the star radiusd
field introduces two other features in the microscopic descripits massM (R). Varying the initial conditiong P,, £(F,)),
tion. The first one is the quantization of the perpendiculathe sequence of all stable stars corresponding to that EoS is
momentum, with the appearance of Landau levels. The sembtained. Such a sequence is usually characterized by the
ond one is that the density of states becomes proportional tmass—radius curveR(P.), M (F,)), a curve determined by
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the parametric dependence af and R on the central pres-
sure of the stars.

Although the isotropy of the energy-momentum tensor is dme* (€ + Py —2P) = —0"
one of the assumptions that lead to Edsl)(these are also !
compatible with systems in which the radial component of — V(0 —A) e (16c)
T+ is different from the angular onese. 77" # T% = 1
T9%. The reason for this is that a matter source with that dre (P — &) = (V' + @' — /'), (16d)
kind of anisotropy still has a center of symmétrgompati- r
ble with that of Eq./12) [100]. that, together with the EoSP(, £(PL), P|(£)), define a

In contrast, as a manifestation of the axial symmetry im-system of equations foP,, P, £, ®, A, U. The equato-
posed by the magnetic field, which is incompatible with therial radius of the starz, , is computed through the condition
spherical symmetry of Eq1P), its presence leads to a spatial P, (R, ) = 0. The above system of equations is obtained
component of the energy-momentum tensor along the fielgvith the simplification that all magnitudes only depend on
direction different from those perpendicular to it. the equatorial radius. The price paid with this approxima-

As a consequence, the use of axisymmetric metrics inion is the impossibility to compute the total mass of the CO.
Eqgs. (@3) is the right thing to do if one wishes to describe However, using the Tolman mass definition [102], it is possi-
the structure of magnetized compact objects. Nevertheless,lile to get the mass per unit length
is common to use TOV equations to get a firstidea of what are

. . . . . R
the effects of the magnetic field in a given star, using the pairs ;.. (@LTEA)
(£,P)), and €, P,) as independent EoS. This results in two o AT / re (€—2P = Py)dr.  (17)
stellar sequences, instead of one, for a given magnetic field, I 0

and, as will be seen later, this procedure does not always give

a good intuition. getting the total mass of CO, might be overcome by conserv-

In the following, we provide two examples of structure ing the angular dependence of the metric functions or by the

equations obtained with axisymmetric metrics. In both CaS€Syarch of other metrics.

the macroscopic field inside the star is supposed to be con- In the spirit of this last possibility, in Refs. [103-105], it

stant, unn‘or.m aqd_m the- dlrectlpn. Although this May SeEM '\ as shown that a deformed compact object can be described
like a very simplifying assumption, the next two sections will by the metric

be devoted showing the difficulties that still arise when trying

The handicap of the cylindrical model, Eq16{17), in

to solve Einstein equations in non-spherical spacetimes. ds® = —[1 — 2M(r)/r]" dt® + [1 — 2M(r)/r] ™" dr?
2 .: 2 2 192
4.1. Cylindrical and Spheroidal models of structure + 7 sin0d¢” + r°d6”, (18)
equations

where the parameter = z/r parametrizes the polar radius,

An attempt to obtain structure equations for a magnetized- N terms of the equatorial one, o
compact star was proposed in [101] using an axisymmetric 11€ metric in Eq. [18), or y-metric, allows obtaining a
metric which responds better than the spherical one to th&€t Of structure equations that generalize TOV equations to
symmetry of the problem. In cylindrical coordinates, this @Xially symmetric compact objects [106]

metric reads
dM E+€
— = 477‘7“2(”7”’7, (19a)
dr 2
ds? = —e2dt? 4 M dr? 4+ r2dg? + e2¥d2?,  (15) apy _1dp
dz v dr

where now there are three metric coefficients to determine (& +P)I5+ 4W3PH —ra- 2M )]

A, and¥. — 5 17 r -~ - (19b)
Solving Einstein equations with the anisotropic energy- (L= =5
momentum tensor in Eq7), the metric in Eq.15) and the dP, (EL+P)[Z+4nr3 P — T (1—2M )]
requirement that the coordinate functiofis A, and ¥ de- o 2 2(17M)72 T . (19¢)
pend only on the-coordinate [101], yields four differential " T
equations where the functions and&, are given by the parametric
, , , dependence of the energyon the parallel and perpendicular
P =0+ P)-V(PL- P, (162) pressures,P, £) and(P,, &), respectively.
Ame®M (€ + P +2P,) = 3" Equations|19) describe the variation of mass and pres-

sures with spatial coordinates,andz. To obtain Eq.19g),
(16b) the assumption ~ 1 needs to be made. This means that the
objects described by Egsl9) must not be too far from the

!

+(D/(\II/+®I—A/)+E,
r
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spherical shape, since setting= 1 in Eq. (18) take us back and whose progenitor should consequently be a WD with

to Eq. [12). mass above the Chandrasekhar limit.
As for TOV equations, for solving Eqs19), one starts Some of the works that reached Super Chandrasekhar
from a point in the star center with, = E(r = 0), masses require magnetic fields ab®9&® G. That is unlikely

Py, = Pi(r = 0)andP,, = P, (r = 0), taken from the to exist for WDs because they violate relevant microphysics
EoS, and ends the integration/(Z) = 0 and P, (R) = 0. considerations such as invergeecay and pycnonuclear fu-
However, let's note that, in Eqsl9), v is a free parameter sion reactions involved in the calculation of the structure of
that can not be obtained from them. This, of course, containthese objects [109]. However, the problem was still attractive
a difficulty, since it is mandatory to find a way to evaluate due to its links with Type la Supernova, which are crucial for
for solving Eqs./19). distance measurements in the Universe [110].

Because in TOV equations, for a given central energy, a In this context, two works [106,111] were developed, re-
lower central pressure leads to a smaller radius, together withisiting this issue, focusing on the understanding of the role
the relationy = z/r, the authors of [106] proposed to inter- of the magnetic field in the maximum masses of WDs. These
prety as the ratio between the parallel and perpendicular cerstudies are based on the anisotropic.EoS and its. consequences
tral pressures. In this way, the ansatz P /P, connects 0N the structure equations for the axial symmetric metric pre-
the geometry of the system with the anisotropy produced byiously described.
the magnetic field. It implies that the shape of the staris only ~ In these models, WDs are sustained by the pressure of the
determined by the anisotropy of the EoS in its center and nedegenerate electron gas and matter, inside the star, must be in
glects the fact that the deformation of the star also dependgfellar equilibrium, so that charge neutrality and baryon num-
on the inner profiles of the anisotropic pressures. Nonethder conservation are required. With these considerations, the
less, this model gives reasonable results [106], and allows t@agnetized WDs EoS are

recover TOV equations since, settibg—= 0, givesy = 1. 2

In the next sections, stellar sequences obtained with E=Q+uN+my-N+ o, (20a)
Egs. @4), (16), and @9), are shown for magnetized white B2
dwarfs and quark stars, and the results of using one EoS with Pj=-Q-—, (20b)
different sets of structure equations are compared. Besides 87 ,
the solutions of Eqgs/1Q) are shown for magnetized BEC B
stars, along with a?elafce)d mechanism for maggnetic field gen- PL=-0-BM+ 8’ (20c)
eration. where Q is given by Eq. /A.3) of the Appendix, N =

—00Q /0w is the electron particle density ad = —9Q/90B
. the magnetization. The termVmyA/Z, included in
5. Magnetized compact stars Eq. 209, accounts for the contribution of ions to the energy

density# [15].
5.1. White Dwarfs ty* [15]

1.6 . ————r—r—ry . .

White dwarf stars (WDs) are the endpoint of the evolution of i —B=0G
stars with masses typically less than 8 solar masses. Theil '# - P, B=10"G 1
composition is based on Carbon and/or Oxygen. Their den- ---P B=10"G |
sities are in the range afo® — 10! g/cn?, their tempera- I , ——. P B=10"G |
tures reach0° — 10° K, and they can be modeled as a lattice ;| 4 . S P‘ B=10"G 1
of non-relativistic ions embedded in a sea of relativistic elec- I \,‘ N P* B 107G ]
H . ' I 4

©
trons. The maximum masses of these objects are theoreticalg o8

limited by the well-known Chandrasekhar mass 1.4.M = I ! ‘.
06 : i
i

Surface magnetic fields in WDs have been measured by ;
several techniques and span fraoy to 10° G. In general, 84 | H i
the analysis of the observed data shows that magnetized WD: I /
have larger masses than non-magnetized ones, and models« o2 | 7
magnetized WDs have been proposed to describe this obser - ’./’ .
vational fact [107]. e —
In recent years, a debate has emerged, led by Upasan 100R/IR

Das and Banibrata Mukhopadhyay, [108], about WhetherFlGURE 1. Mass-Radius relation for WDs with TOV equations.

§tr0ng magr_letic fields, larger than the Schwinger Critical‘l’wo aspects are clearly shown: for a specific mass, a different ra-
field, could increase the mass of a WD beyond the Changjys is obtained when considering the parallel and perpendicular

drasekhar mass. This debate was motivated by the observgressures, and, independently of the considered pressure and mag-
tion of supernovae that appear to be more luminous than exetic field strength, masses do not go beyond the Chandrasekhar
pected é.g, SN 2003fg, SN 20069z, SN 2007if, SN 2009dc) limit.
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FIGURE 2. Mass-Radius relatiofA/ Ry /R)) in solar masses,

obtained from Egs.16). Plots correspond to different magnetic jmum masses is found. For the chosen strength of the mag-

field values: B = 0 (isotropic caseft, = F)), B = 10" G, netic field, at the highest central densities and smallest radii,

10" G, andB = 10™ G. This last strength of the magnefic field e magss tends to the Chandrasekhar limit (1.44) MHow-

:\SJSESen:szltTnutmthalu;ée ;tc\;":;zhtﬁ:?:;iﬁg:?n”{/ﬁfer'zlfﬁ]nebn‘:;gﬂd'ever, since Eqs/18) use both pressures (transverse and par-
‘ allel) simultaneously and allow to compute the equatofidl (

tude(M/Me R1/R)) is always greater than in the isotropic case . . .
(B = 0), this does not mean that masses are greater than the Chaﬁlnd polar £) radii of the star, it is now possible to study the

drasekhar limit, since the magnitude of the parallel radius is inde-magnetic field induced deformation in a quantitatively (al-
terminate in this model. though approximated) way. As can be seen, from the plot,

the less massive the stars, the greater their deformaten,
The structure of magnetized WDs will be first studied solv-the difference betweeft andZ is enhanced. Also note that
ing independently TOV equations for each pressure. This i# the B = 0 case, the relatioi® = Z is fulfilled, and the
equivalent to considering two independent EGS:P|) and ~ curve is identical to the corresponding one in Fig. 1, as it
(€, P,). The results are illustrated in Fig. 1 for several valuesshould be, since Eqs19) reduce to the isotropic TOV equa-
of the magnetic field0'*, 10'2, 10'3 G- and compared with  tions.
the non-magnetized case. Note thatin the casg€,aP, ), the The reviewed studies support the idea that no stable con-
magnetic field indeed contributes increasing the mass of thégurations for magnetized WDs are possible for super Chan-
star but this occurs only for the less massive stars and not ifirasekhar masses. On the other hand, a limiting value for the
the regime of maximum masses, which is the one that deaRagnetic field allowed in WDs appears. It is around* G,
with the issue of the upper bound for WDs masses. As can belose to the critical magnetic field3, = 4.4 x 10 G.

observed in this figure, the maximum mass remains bounded At this point, we should remark that, in the search for
by the Chandrasekhar value. super-Chandrasekhar masses, models that assume poloidal

The mass per unit length obtained from Eq&6)(for and/or toroidal magn_etic fielo_ls have been relgtively success-
WDs is shown in Fig. 2. The magnitudé/Mo R, /R, as a ful [112]. They (_jo flnd_ maximum masses higher than 1.4
function of equatorial radius is plotted. At first glance, Fig. 2Me: however their specific values are very model dependent.
suggests that masses can be greater than ifsthe 0 case Since there is no evidence of what the shape of the f|_eld is,
since values for the magnitude//Mo R, /R, are larger. fthese results, as ngl as the ones presented here, are interest-
However, this value cannot be associated with the maximurHd but not conclusive.
mass for WDs since, because of the indeterminacy of the par-
allel radius, the total mass cannot be calculated. An interes®-2-
ing result is that, from this study, an upper bound, aroun 1
10*2 G, for the allowed values of the magnetic field for stable
configurations of WDs is obtained. Beyond this bound, theNeutron stars are even more extreme objects than white
metric coefficients diverge, so there are no numerical soludwarfs, with central densities as highig* g/cn® and tem-
tions for the structure equations. peratures arounti)!' K ~ 10 MeV. Besides their observed

Finally, Fig. 3 displays the masses and radii of thesurface magnetic fields range frai'? G up to10'® G in the
spheroidal WDs obtained with the structure equations, case of magnetars. They emit mainly in radjcand X-rays
Egs. (9, for the valueB = 5 x 10'? G and compared to frequencies, while emissions in the visible spectrum are not
the non-magnetized solution. Again, no increase in the maxebserved.

Magnetized Neutron and Quark Stars

Magnetized Neutron Stars
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Most NSs rotate very fast with very precise periods, inactions enter in the description of matter should be defined.
the range of seconds to milliseconds. The discovery of NSMany phenomenological models allow a description of the
was due to the detection of a radio source with a very precissystem, avoiding the complexity of QCD (where, up to now,
period of rotation of 1.3 s, that received the name of “Pulsar'the EoS are not well-defined).

(Pulsating Radio. Sourcey'. . _ Here, we present a work based on the phenomenological
The explanation of pulsar relies on the lighthouse modely T Bag model, which accounts for the more important fea-

Pu|3ars have typ|(.:a||y non-ghgned.rotat'lon and magnetigyres of strong interactions: the confinement and the asymp-

field axes. The emitted radiation, which aligns with the mag+qtic freedom. In this model, quarks are considered as non-

netic field, spins around the rotation axis and crosses thgteracting particles confined to a region in space, the bag. In
Earth periodically when the emission is pointing toward it, {hat case. the equations of state are [117]

producing very precise intervals between pulses. This model
is useful to explain the evolution of pulsars, since there is a 9
close relationship between the period of rotation, the mag- £ = Zgi + B + Bhag (21a)
netic field intensity, and the age of the object. As the star P 8
radiates through the action of its magnetic field, it loses en- B2
ergy and spins down. Thus, analyzing the periods of rotation P = Z Pli — == — Bbag; (21b)
and their derivatives, the surface magnetic field, and the age i 8
of the object can be estimated [14]. B2

The composition, and consequently the EoSs for NSs, P, = ZPM + 3 Biags (21c)
are currently unknown but restricted by some theoretical i
and observational constraints [114]. The former are re-
lated to the fulfillment general criteria of General Relativ- where: runs over quarks, d, s and electrons an,,, is the
ity. The Schwarzschild criterium imposes, for spherical starsyacuum energy parameter.

2 it limit i ing2
that R > 2GQM/C and Fhe causality I|m|t implies; < Equations 21) have to be complemented with stellar
(dP/d€) < ¢*. On the side of observational bounds, thereg jijiprium conditions that guarantee charge neutrality,
are robust measurements of neutron star J1614-2230 and P% ilibrium, and baryon number conservation. This is

J03487+0432 masses, [17,114], which are in the range of 2 chieved by imposing the following relations

3 Mg. In the last years, these observations have triggered

many works focused on constructing EoS that catch up this

observational values for the maximum masses. On the other ftutpe—pa=0; pa — s =0, 3 equilibrium, (22a)

hand, masses and radii are also constrained by the boun

given by the fastest pulsar detected, PSR J1748-2446, whose

frequency is around 716 Hz [115]. ny+ngqg+ns—3np=0, baryon number conservation(22c)
In this scenario, where numerous observations still ac-

cumulate without offering a definite answer about the inner

nature of NS, we will focus on magnetized Quark Stars mod-

els. Quark matter inside NS has recently attracted new at-

n.—ng—ns—3n.=0, charge neutrality, (22b)

tention on the grounds of the work by Eemeli Annataal. 2.0 ___ B=0

[116], where a wide set of theoretical EoS from particle and -
nuclear physics is compared against benchmark results stem — Ry B=5x10"G \ \}
ming from gravitational waves measurements of NS colli- 15[ _ _ R, B=5x10'7G ) \ |
sions. According to their results, stars with a mass around 2 18 i )
M and radius around 12 km are more likely to have a quark o | - Ry B=107G ,:' // 7
core of approximately 6.5 km, than to be formed exclusively £ 1 g} ---- R, B=10'8G ;o ,/'
by barions. 2

5.2.2. Magnetized Strange Quark Stars 0.5

The so-called “quark stars” (QSs) are those neutron stars

composed of strange quark matter (SQM) (quauwkd, s,

plus electrons) or exotic color superconductor phases of 0-00
qguark matter. The simplest case is to consider a degener

ate SQM star in the presence of magnetic fields, whose mat-

ter EoS are derived using ECA.Q), in the Appendix [117].  Ficure4. Isotropic TOV equations solutions for the perpendicular
However, to have a magnetized SQM EoS compatible withand parallel pressures independentlyBat= 0, B = 5 x 10'7 G
the strong interaction theory, the way in which strong inter-andB = 10'® G.

10

Rev. Mex. 5. 66 (5) 538-558



548 D. MANREZA PARET, A. FEREZ MARTINEZ, G. PICCINELLI BOCCHI AND G. QUINTERO ANGULO

— T T T T T T T T T T 2.0

| — B=0

- R B=5x10'"G \

| 15[ ___ R, B=5x10'7G Al
— g
: Sl
N Sy /A N ZB=5x10"Gy  / /,
— o / i
2 1 S 10}~ - RB=510YGy S )

— E //’ /

B (
— {
=

0 2 4 6 8 10 12 14
Z[km],R[km]
FIGURE 5. Mass per unit parallel lengtf// 1)) in solar masses, g ,gugre 6. Mass vsR Z, from the solutions of Eqsi1€) for mag-

vs. perpendicular radius. As the magnetic field increases, the Perfetized quarks stars.

pendicular radius increases, up to a critical field. The curves are

Orga”iz‘?df'_ fTom left to right, in order of increasing values of the yheoretical stellar sequences within the adopted assumptions.
ga_gnlegcx 'foquG: 107G B=10"G B=15x10"Gand g an though with this model the usual mass-radius relation
- ' cannot be computed, the information given by the model is

. important for constraining the maximum magnetic field al-
The same study presented previously for WDs can b? wed for ma )
: . gnetized strange quark stars (SQS).
done in the case of magnetized Strange QS [96,118]. TO\P The mass-radius curves given hystructure equations
equations are solved first for each pressure separately, thesrc1)Iutions for magnetized SQS, wil — 5 x 107 G, are
a cylindrical model is considered and, finally, the gamma 9 ' N '

structure equations are used to compute the total mass arqg picted in Fig. 6. The non-magnetized curves and the TOV

. . . s]plutions of Fig. 4 are also shown for comparison. The solu-
radius. Figures 4, 5, and 6 show the mass-radius curves .
. . .~ Tions show oblate objectR( > Z7), as expected from TOV
magnetized QSs that result from solving TOV, the cylindri- . .
. . solutions, where?; > R;. Nonetheless, unlike what was
cal, and they-structure equations with the EoS Eda1) re- . . .
. . . ' found with TOV solutions, where the differences between
spectively. Beyond each model particularities, all the plots . .
. : R, and R increased with the mass, here, when EQ$) (
reflect the fact that, since the Maxwell term enters with op- . :
o ; . . are solved, the result is that the difference betwBeand Z
posite signs in both pressureB; < P,, a relation that is .
» . . decreases with the mass. The fact that the sets of structure
also followed by the radii associated with each pressure. : L L
In Fig. 4. th di btained ideri equations, Egs!14) and (19), predict different qualitative
th n mg. ,P € m;ss-r; 1us c_ur(\j/es, Od a'tn‘; Scon3| €MNYehavior of the deformation induced by the presence of the
etpc':\jlrsT(,;], ) and €, t'L) :S indepen Ien | (:t (;a;e P magnetic field is evidence of the strong model-dependence
sented. € non-magnetized curve IS also plotted 1or CoMe o1 ohservables predicted by the theoretical models [106].
parison. It can be seen that, using one pressure or the other,
Py or P, leads to different mass-radius relationg, (M) g3
and (R, M), respectively, whose differences increase with
the magnetic field. As mentioned before, sifge < P, The most common assumption about compact objects is that
leads toR < R, higher pressures give bigger stars. Also,they are mainly composed of a degenerate fermion gas. How-
as the mass increases, the difference in the size of the stagger, a degenerate boson gas can also counterbalance grav-
gets larger, suggesting that more massive stars will experity. Bosons at low temperatures exert almost zero thermody-
ence a greater deformation. namical pressure since, the lower the temperature, the greater
Figure 5 shows the mass (in units ofylper unit length  the number of particles in the condensed stateHowever,
of a magnetized QS as a function of the equatorial radius, thagven in the case of non-interacting bosons, the gravitational
results from solving Eqs16) with EoS Eqs21[111]. When  collapse can be stopped since, ultimately, Heisenberg uncer-
the magnetic field increases, the perpendicular radius and thainty principle prevents a gas of condensed bosons to be in-
mass per unit length of the star also increase. In this work, ifinitely compressed (because the relatiopAx > 1/27 has
was found that there is a maximum field ¢ 1.8 x 10!® G)  to be satisfied).
beyond which the metric coefficients exhibit a divergent be-  The first theoretical works related to stars fully composed
havior. This value of the magnetic field almost coincides withof non-interacting bosons appeared in the sixties of the last
the threshold for which the pressure difference has becomeentury [119-121]. These models were unattractive for com-
important. Therefore, the fact that no stable solutions of thgpact objects, since they resulted in extremely light objects

system are possible beyond this point indicates the end of th@hose properties could not be connected to any observed star.

Magnetized BEC stars
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Typical masses of fermion stars scale with the fermion mass 0.6}
mas’™® My ~ (M3, /m?), while for boson stars the equiva-

lent relation was\, ~ (M3, /m) [120]. For an ideal gas of 0.5}
particles withm of the order of the nucleon maskl; ~ 0.7 s . )
Mg, while M, ~ 10~2° M, However, the maximum mass of o4 /[

a star model can be increased by adding interactions betweel g — B=0
the particles [119]. § 0.3} ---- Z,B=10"G ‘3\\
A Bose-Einstein condensate star (BECS) is a star fully — R, B=10G "‘.\
composed of interacting bosons formed by the pairing of two 0.2} ---- Z,B=10"%G H
neutrons [74,122]. In a BECS, bosons counterbalance grav- . — R, B=10%G [,‘

ity thanks to the pressure that comes from their interactions. g1} )

As a consequence, the strength of this interaction is what de- S

termines the maximum mass of the star, which can be as higr ¢ o . . . .

as the nowadays desirable two solar masses [122]. 1 2 3 4 5 6 7
BECSs were proposed recently as an alternative model R,Z(km)

for NSs core [122]. The main re_ason fo.r .thEIr existence r_e_FIGURE 7. Mass-radii relations with the equatoril (solid lines)

lies on the fact that, under certain conditions, neutron pair§ng the polarz (dashed lines) radius, far — 1 fm and several

formed inside NSs cores might behave as effective vectoyajyes of the magnetic field.

bosons. Usually, NSs cores are described as a superfluid in

which nucleons couple, forming Cooper pairs. But it is well mass of the model [122,126]. The tefl,.(b) is the vac-

known that superfluidity is one of the limiting states of the uum potential of a neutral vector boson gas (NVBG) [77],

general phenomenon of fermion pairing, being the oppositand its explicit form appears in the appendix, Ea.4).

limit the Bose-Einstein condensation [123-125]. Pairing is  Mass-radius curves of magnetized BECS are shown in

possible for any two fermions with attractive interactions. If Fig. 7. They were obtained by solving thestructure equa-

the pair is weakly bounded, the result is a superfluid-like betions, Egs./19), with the EoS Eqs/a3), for a = 1 fm and

havior, while tightly bounded pairs behave as an effective bos = 10'7, 10'® G. The B = 0 curve (black curve) is also

son. Due to the physical conditions inside NSs, in a morehown for reference.

realistic model, not all nucleons have to be paired, in such a In contrast with the previous mass-radius plots of this pa-

way that paired nucleons should be considered to be in an irper, Fig. 7 shows the complete set of solutions of the struc-

termediate state between superfluidity and condensation. lire equations, and not only the stable solutions (the part of

this frame, a BECS is a limiting case in which a compact obthe curves that are at the right of the maximum). On the

ject exclusively composed of bosonized neutrons is assumedther hand, let's recall that the-structure equations re-
Considering that, in NSs cores, neutrons are expected teult in spheroidal objects, in which the size of the departure

pair with parallel spins [74], the effects of the magnetic fieldfrom the spherical shape is determined by the magnetic field

on the EoS and structure of BECS were studied in [74]. Astrength. As a consequence, as seen for magnetized quark

compact star fully composed by a gas of interacting neutragtars, there are two mass-radius curves for a given value of

vector bosons under the action of a magnetic field, at zerg: the M vs Z (dashed) and th&/ vs R (solid) curves, cor-

temperature, is described by the EoS [74] responding to the plot of the star total mass as a function the
1 B2 polar (Z) and the equatorialX) radii respectivel§:.
E = —ugN? +mv1 —bN + Quec(b) + =—. (23a) As can be seen in the figure, the magnetic field presence
: , 8 decreases the mass and size of the stars with respect to the
1 2 B B = 0 case. Sinc&Z < R, the magnetized BECS are in
Py = §UON = Quae(b) - 8’ (230) general oblate, although deformation is only noticeable for
1 B2 the less massive stars. Compared to white dwarfs and quark
P = §UON2 — Quae(b) — BM + P (23c)  stars, the effects of the magnetic field are more dramatic for
BEC stars. The reason for this becomes clear if we recall that
where M = (x/V1—-0)N, b = B/B., being B. =  bosons af’ = 0 do not exert thermodynamic pressure.
m/2k ~ 102 G, with m andx, twice the neutron mass and
the neutron magnetic moment, respectively. 5.3.1. Self-magnetization and self-generated magnetic field

In the above system of equations, the temgiVv2/2,
which appears in the energy and pressures, comes from thie the search for the generation and preservation mechanisms
boson-boson interaction, withy = 4mwa/m. Sincem is of magnetic fields within COs, a candidate model that de-
fixed, the interaction is uniquely determined by the scatterserves some interest is the one based on spin-one bosons.
ing lengtha. The values of. are in the range of one to afew A gas of spin-one bosons, below the critical temperature
tens of fermi and, increasing them, leads to an increase ifor condensation, exhibit a spontaneous magnetization [127-
the maximum 130]. This magnetization is not due to a spin coupling bet-
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FIGURE 8. a) Mass-radius curves for BEC stars with self-generated magnetic field. b) The self-generated magnetic field in the interior of the
BEC star as a function of its inner radius for several values of the central mass density of the star.

ween the particles, but to the fact that bosons in the consubstantially from that of thés = 0 case, as can be seen
densed phase are in the state of lowest energy. For a mamp the left panel of Fig. 8, for the EoS Eq<23}, with and
netized vector boson gas, the ground state is such that all tivéithout considering the Maxwell termi? /8.
particles have the same spin projection (in the magnetic field But the most important consequence of takiBg =
direction). Consequently, spin-one gases at low temperatures,, (p) is that the dependence & with the inner radius of
generate and sustain their magnetic field [24,33,129,131]. the star may be computed while the structure equations are
This self-generated fielB,, can be computed by solving integrated. The magnetic field profiles for self-magnetized
the equation BECS, as a function of its radius for various central mass
By = 4w M, (24)  densities, are depicted in the right panel of Fig. 8. Note that

where the gas magnetizationl = (x/v/1 — b)N, as before. in all cases, the values at the star center and surface are in the
Due to the dependence afl on the particle number density, °rder of magnitude of those estimated for NS [114].

B., is an increasing function of the mass density= mN The profiles for the magnetic field obtained for self-
ahé reaches values on the orderl6f3-10'® G for p in the magnetized BECS validate the scenario of spin-one bosons
range of typical NS [74,131]. On the other hand, there exist&S possible candidates for the magnetic field source, not only
a limiting density above, which EG24) does not have real in that case but also for any star model whose composition in-
solutions and the self-magnetization condition is not fulfilled.¢ludes this kind of particles. One of the merits of this scheme
Therefore, there is an upper bound for the magnetic fieldS that the vector boson gas can give rise to a self-generated
that can be reached through this mechanism. For the kin@ragnetic field consistent with astronomical observations that
of bosons considered here, the maximum mass density arfiems naturally from the solution of the structure equations.
magnetic field are = 3.61 >< 1018 glcn? and B = 2/3B By fixing its orientation, such a magnetic field becomes a first
respectively. However, both the limiting density and the max-Principle quantity free from any heuristic assumptions.

imum self-generated magnetic field are far above the values

expected for NS, so that the existence of a limiting densityg. The role of strong magnetic fields in astro-

for self-magnetization is not a problem for the application of physical phenomena related to compact ob-
this mechanism to COs magnetic field generation. jects

To obtain the observables of a BECS in which the mag-
netic field is produced by self-magnetization, one shoulds 1. Kicks from magnetized Quarks Stars
solve the structure equations with the EoS ER8),(in which
now the magnetic field intensity is not constant but given asAnother phenomenon that may be influenced by the pres-
a function of the particle densit$ = B,,(p) by the implicit ~ ence of a magnetic field in the interior of compact
relation Eq.24) [74]. objects is the translational velocity observed for some
A significant feature that arises f@# = B,,(p) is that  pulsars.  This velocity corresponds to a peculiar mo-
the anisotropy of the pressures is negligible [74]. This is aion of a compact object with respect to the surround-
direct consequence of the decrease of the magnetic field witing stars and to its progenitor. Data corresponding
the lessening of the mass density. Due to that, in this cas¢g the motion of 233 pulsars have been collected in
TOV equations are enough to find the macroscopic obsenRef. [132], where velocities as high as 1000 kmsas
ables of the star, and the mass-radius curve does not diffevell as mean velocities for young pulsar 60 kms™!,
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FIGURE 9. a) Kick velocity of a typical 1.4 M, NS as a function of its radius, for different values of the magnetic field and a fixed central
density ofng = 5no (no = 0.16 fm~?) and b) for different values of the central density at a fixed magnetic field=of( B/ B..) = 10°.

are reported. These NSs translational velocities are com- In [135,136] it was shown that, when ignoring neutrino
monly referred to apulsar kick velocities quark scattering and for typical values of temperature, den-
Depending on the time of their appearance, whether asity, and magnetic field strength in an NS core, it is possible
birth or during the NS evolution, the kicks have been clasto achieve kick velocities of ordei000 km/s due to asym-
sified into natal or post-natal, respectively. Since the kickmetric emission of neutrinos in presence of magnetic field.
corresponds to a NS’s asymmetric motion, all the proposedhese large velocities receive corrections due to the smaller
models rely on some kind of asymmetric velocity producingneutrino mean free path when neutrino interactions are in-
mechanism [133]. Among these we can mention the asymeluded. Such interactions produce that the neutrino motion
metric matter ejection due to hydrodynamical perturbationgvithin the core quickly reaches a diffusive stage which trans-
during the core collapse and the supernova explosion (natédtes into a reduced anisotropic neutrino motion. When con-
kick); the electromagnetic rocket effect produced by elec-ssidering these corrections, the largest kick velocities that can
tromagnetic radiation along the NS spin axis from an off-be obtained are of ordei00 km/s, even when color super-
centered rotating magnetic dipole (post-natal) and the asynsonductivity effects are included. Corrections induced from
metric emission of neutrinos from the core of an NS in thenon-Fermi liquid behavior on the neutrino mean free path and
presence of strong magnetic fields (that could be responsibemissivity beyond the leading order have also been consid-
for either a natal or post-natal kick, depending on the mairered in Ref. [137,138]. Nevertheless, other important ingre-
reaction that is taking place in the core). dients for neutrino propagation within the core have not yet
Several mechanisms regarding asymmetric emission d¥een explored (see more details in [139]).
neutrinos have been proposed to explain kicks [134,135]. In  Following Ref. [135,139], a realistic scenario of asym-
[136], the kick was accounted by the asymmetric emissionmetric emission of neutrinos was studied, imposing stellar
of neutrinos due to their neutrino oscillations, relying on theequilibrium conditions § equilibrium, charge neutrality and
fact that different neutrino species have different opacities irbaryon number conservation) in the core of the NS, com-
nuclear matter. The effect of the magnetic field is to alterposed by strange quark matter and taking into account the
the position of the resonance of the — 1, oscillations, magnetic field dependence in the chemical potential and tem-
depending on its orientation with respect to the neutrino moperature of all of the thermodynamical quantities involved.
mentum. In this wayy neutrinos that escape in the direc- The calculation is performed without resorting to analyti-
tion of the magnetic field have a different temperature fromcal simplifications and for temperature, density and magnetic
those emitted in the opposite direction, carrying different mofield values corresponding to typical conditions for the evo-
menta. In the mechanism proposed by J. Berderneamh, lution of a neutron star.
[134], the cause of the kicks is the alignment of the beaming In this scenario, neutrino emission comes mainly from the
of neutrinos along the magnetic vortex lines and the asymNS core, where the density is high enough to allow that the
metry produced by parity violation for strongly magnetized significant degrees of freedom argd, ands quarks. In this
strange stars in a superconductor CFL phase. The mechanisegion, the emission process is driven by a flavor-changing
of asymmetric emission of neutrinos coming from changing-charged current. Since in the presence of a strong magnetic
flavor charged currents, where the polarized electron spifield the emission is no longer isotropic due to parity vio-
fixes the neutrino emission in one direction along the mag#ation, both neutrinos and anti-neutrinos coming from direct
netic field, was explored in [135]. and inverse3 decay processes, leave the NS mainly in the
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direction of the magnetic field, triggering an acceleration ofmechanisms is still under debate, but it is a general belief that
the NS in the opposite direction. The produced kick velocitymagnetic fields play an important role in it [140-142]. In par-

of the NS can be computed as [135] ticular, two properties of magnetized quantum gases, namely,
guantum magnetic collapse, and self-magnetization, seem to

do = X4 piear, (25)  be crucial [77,95,97,98,143,144].
M3 Due to the magnetic field dependent terms that appear in

whereM andR are the NS mass and radiuss the neutrino  the spatial components of the energy-momentum tensor, the
emissivity andy = (N, — N:-/N7T) the electron spin po- total pressures of the gas the magnetic field system may
larization, which determines the fraction of neutrinos asym-Pecome zero or even negative, driving the system to an in-
metrically emitted. The emissivity is calculated using thestability, known as quantum magnetic collapse [143]. In the
cooling equationddt = —C,dT, with C, the heat capac- Case of gases with positive magnetization, in a regime where
ity), and, through this process, the calculation of the velocitythe magnetic pressure; M B, dominates over the Maxwell
becomes a computation of an integral that involves thermoone,B/8m, Py > 0, while P, < 0 for certain values ofi, T
dynamical quantities. For more details of the computation ofNd B [77,143], so the magnetic collapse is said to be trans-
v see [135,139]. verse. Since the effect of the negative perpendicular pressure
In the left panel of Fig. 9, the behavior of the velocity is to push the patrticles inward to the magnetic field axis, the
of a typical neutron star with mads4M;, as a function of transversal magnetic collapse might be behind the onset of
the neutron star radius for different values of the magneti¢natter ejection and account for the jet elongated geometry.
field and a fixed central density is shown. The right paneOn the other hand, the magnetic field needed to keep the jet
presents the effect on the velocity of baryon density changedghatter collimated might be produced by self-magnetization,
an increase in the baryon density leads to higher velocitie! & way similar to the one explained above. The plausibil-
for fixed values of the radius and the magnetic field. ity of such mechanisms for jet production and maintenance
This numerical calculation, as compared with previoushas been investigated recently by some of the authors of the
results, has the advantage that the inclusion of stellar equilig2résent review [145].
rium conditions and the dependence of all thermodynamical
quantities on the magnetic field allows to obtain a more re7,  Conclusions and Perspectives
alistic model to describe the kick velocity mechanism and
cover a wider range of magnetic field values. For instance, if here is no doubt that magnetic fields have non-trivial effects
Ref. [135], some assumptions had to be mage: 1 (which  on the physics of compact objects, at both the microscopic
is the strong field limitB > 10'® G), the chemical poten- and the macroscopic levels. On one side, the anisotropy in
tial and temperature were fixed460 MeV, and10 MeV re-  the pressure of magnetized quantum gases derives in stars
spectively, the heat capacity was taken as independent of tiieformed with respect to the spherical shape. On the other,
magnetic field, and the stellar equilibrium conditions weremagnetic fields might produce variations on the maximum
not accounted for. Notice that the results shown in Fig. 9 apmasses and radii of compact objects. However, the nature of
proach those of Ref. [136] when the magnetic field increasedghese variations differs from one model to another and shows
The main results of this study are that, for the highest valuesut to be very dependent on the geometry, intensity, and pro-
of the magnetic field, the neutron star can reach higher velogosed origin of the stellar magnetic field, as well as on the
ities for smaller radii, while, for lower values of the magnetic magnetic response and properties of the matter inside the star.
field, the star would require a larger radius to reach velocities For WD, for instance, magnetic fields below the criti-
of the order ofuick ~ 1000 km s~'. Summarizing, these ve- cal value do not increase the mass above the Chandrasekhar
locities are obtained for magnetic fields that are in the rangémit. For neutron stars, on the contrary, maximum masses
10" — 10'® G and radii between 20 to 5 km, respectively. can be increased by considering non-uniform magnetic fields.
Talking about stars deformation, as shown for QSs, it is also
6.2. Jets from magnetized NS a very model-dependent question, although it is expected
that some novel observational techniques, as the detection of
Itis an observational fact that, under certain conditions, starggravitational waves, which are closely related to the defor-
protostars, protoplanetary nebulae, compact objects, galaxation of stars, may bring some light to this subjects in the
ies, and other astrophysical objects eject long streams of cohext years. Nevertheless, it seems that a very general con-
limated matter that move away from their source withoutclusion is that deformation depends on the relative relation
dispersing. Such structures are known as astrophysical jetsetween the pressures. Since the equilibrium of the star is
[140,141]. achieved through the balance between gravity and pressure,
The size, velocity, and composition of jets depend onfor anisotropic EoS, the largest/smallest radius is obtained in
their sources. Nevertheless, their elongated form, which dethe direction of the highest/smallest pressure. Even though
parts from the most common spherical or oblate shape of asur common sense could suggest that magnetized compact
tronomical objects, suggests that all jets are produced anobjects become prolate (with respect to the magnetic field
maintained by similar mechanisms. The physics behind thesaxis) due to the axial symmetry imposed in the system by the
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magnetic field [146,147], for the typical values of the mag-particles,B. the critical magnetic field at which the magnetic

netic field and density here analyzed for white dwarfs andenergy of the particles becomes comparable to the rest mass,

neutron star models, the Maxwell pressures dominate, malendb = B/ B...

ing PHT < PT and resulting in oblate COs. In general, the thermodynamical potential depend&on
Nowadays, with the detection of gravitational waves, au and T, but the EoS presented here were computed in the

new window is open for more accurate measurements of thikmit 7 — 0, since gases in COs are strongly degenerated.

properties of neutron stars. As both magnetic fields and roFor a degenerate magnetized gas, in the one-loop approxima-

tation deform isolated neutron stars, they should leave fintion, the thermodynamical potential can be separated into two

gerprints in the gravitational wave signals coming from thesecontributions

objects [148-150]. Therefore, the measurement in the future

of these signals might allow unveiling the fundamental prop- (B, 1, T) = Q%(B,0,0) + Q*(B, 1, T), (A1)

ggrej of exotic particle states inside the magnetized neutro\r)y here the_ statistical pa@\(B, u, T) depends on the par-
Among other magnetic field related phenomena, the kiclydes' while the vacuum ter2*¢(5,0,0) stands for the

velocity mechanism for an NS composed by strange quarﬁ?round state energy. - S

matter can be explained due to the asymmetric emission of The vacuum and Stat'St'Ca.l contributions to the ther.mody'—

neutrinos from the magnetized star, but this requires ver)?am'cal potential ofa_magnet_|zed gas of charged fermions, in

high magnetic fields. Only under this condition, the fraction he weak and strong field regimes, are [95]

of neutrinos that leaves the magnetized star is equal to the 1 (eB)* .
number of spin-polarized electrons in the magnetic field diyvac_ (2722 30m? B < B, (weak field)  (A.2a)
rection, resulting in the emission of all neutrinos in the oppo- “GE (1 + In B%) , B> B, (strong field) (A.2b)

site direction. In this case, the kick velocity tends asymptot-
ically to the limit velocity that results from the case in which
all electrons are polarized in the direction of the field.

On the other hand, for certain values of the magnetic field 5 1 Imas
strength and the particle density, magnetized quantum gasesgst_ _ m”- B o [MW—&Z ln(u +pF>} (A3
inside COs might suffer a transversal collapse that triggers 472 B, = &
the expulsion of matter out of the star. Moreover, the ejected
matter could be self-magnetized, creating a magnetic fielvhere the integer numbersare the Landau levels; =
strong enough to keep the gases collimated, producing a je — 90,0, lmas = I[(1® —m?)/(2¢B)], with I[z] denoting

An important question is that, behind all the situationsthe integer part ot. The chemical potential is, the Fermi
discussed above, there is a common problem: the lack dpomentumipr = (u* — 7)'/?, with the rest energy given
knowledge about the mechanisms of magnetic field gener@S& = (2¢Bl +m?)'/? and the quantity3. = m?/q.
tion. In this review, besides the usual magnetic flux conserva- 1 he statistical and vacuum contributions to the neutral
tion and turbulent dynamo mechanisms, we discussed a ne¥gctor boson gas (NVBG) thermodynamical potential in the
one, based on the spontaneous magnetization of cold spitRW-temperature limit read [77]

one bosons that provides a natural way of introducing a mag- (em)3/2 ,

netic field, directly produced by the matter inside the com- Q7, = — 7352 35/2 Li5/2(e5“ ),

pact object. Nevertheless, beyond the attained progress in the 21202 35/2(2 = b)

stellar magnetic field description, the physical issues related mt 9 9 5
to the topic will remain open as far as the exact mechanisms Qo = _%{b (66 —5b%) —3(6 — 26— b7)(1 — b)

of generation and maintenance of the magnetic field are un-

2
known. Being this one of the most important problems of x log(1 —b) = 3(6 +2b — %)

present physics, whose relevance goes from particle physics x (1 +b)?log(1+b)}, (A.4)
to gravitation, we hope this review may serve not only as an
introduction to the topic but also as an inspiration to tackle itwith 5 = 1/T, the inverse temperaturgy/’ = p — ¢,

e = mpy1 — 0, the rest energy3. = m,,/(2x) and Liy ()

Appendix the polylogarithmic function of ordek.
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