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Analytical solutions of the Schdinger equation for the generalized trigonometidséhl-Teller potential by using an appropriate approxi-

mation to the centrifugal term within the framework of the Functional Analysis Approach have been considered. Using the energy equation
obtained, the partition function was calculated, and other relevant thermodynamic properties. More so, we use the concept of superstatistics
to evaluate the thermodynamics properties of the system. It is noted that the well-known normal statistics results are recovered in the absence
of the deformation parametég = 0), and this is displayed graphically for the clarity of our results. We also obtain the normalized wave
function in terms of the hypergeometric function. The numerical energy spectra for different values of the principal and orbital quantum
numbers are obtained. To show the accuracy of our results, we discuss some special cases by adjusting some potential parameters and also
compute the numerical eigenvalue of the trigonometiisdhl-Teller potential for comparison sake. However, it was found out that our

results agree excellently with the results obtained via other methods.
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1. Introduction The trigonometric Bschl-Teller potential was proposed
by Poschl and Teller [50] in 1933, and it has been used in de-
The solutions of the radial Sabuinger equation is of im- Scribing diatomic molecular vibration. This potential can be
mense importance in nonrelativistic quantum mechanics bedritten as
cause it is well established that the wave function contains
all the necessary information required to describe a quantum V(r) = Vi cosec®(ar) + Vy sec?(ar), (1)
system [1-3]. From the early days of quantum mechanics,
the study of exactly solvable problems has attracted considvhere parameterg; andV> describe the property of the po-
erable attention in many branches of physics. In particulartential well, whereas the parameteis related to the range
the applications of quantum mechanics to nuclear physic®f this potential [51].
information theory, molecular physics, and particle physics  This potential has been applied to study diatomic molecu-
need not be overemphasized [4,5]. lar vibration. Ever since it was proposed in 1933, researchers
It is well known that exact solutions of this equation are have given much attention to the molecular potential. For ex-
only possible for a few potential models, such as the Kratze@Mple, Liuet al. [51] carried out a fermionic analysis with
[6-7], Eckart potential [8-10], shifted Deng-Fan [11-14], this potential. The bound state solutions have also been car-
Molecular Tietz potential [15-18], etc. The exact analytical"i€d out in the relativistic regime by Falaye and Ikhdair [52],
solutions of the Scliidinger equation with some of these po- Chen [53], Candemir [54]. and Hamzavi [S5].
tentials are only possible fdr= 0. For ¢ # 0 states, one has Very recently, Hamzavi and Rajabi [56] also studied the
to employ some approximations, such as the Pekeris approx@-wave solutions of the Sdbdinger equation for this po-
mation [17,18], to deal with the orbit centrifugal term or solve tential using the Nikiforov-Uvarov method. Hamzavi and
numerically [19,20]. Several mathematical approaches havékhdair [57] obtained the approximate solutions of the ra-
been developed to solve differential equations arising frontlial Schibdinger equation for the rotating trigonometric PT
these considerations. They include the supersymmetric afpotential using the Nikiforov-Uvarov method. The energy
proach [21-24], Nikiforov-Uvarov method [25-27], asymp- €igenvalues and their corresponding eigenfunctions were cal-
totic iteration method (AIM) [28-30], Feynman integral for- culated for arbitrary-states in closed form.
malism [31-34], factorization formalism [35,36], Formula Motivated by Ref. [50-57], we propose a modification to
Method[37] exact quantization rule method [38-43], properthe trigonometric Bschl-Teller potential, called the General-
guantization rule[44-48], Wave Function Ansatz Method[49]ized trigonometric Bschl-Teller potential. This potential is
etc... given as:
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malism. We obtain the statistical properties of the systems by

using the superstatistics. In Sec. 5, we obtain the rotational-

V(r) = Vi cosec?(ar) + Vo sec?(ar) vibrational energy spectrum for some diatomic molecules
@) with numerical results and discussion. In Sec. 6, we present
special cases of the potential under consideration. Finally, in

where parameters;, Vs, V3, andV, describe the property Sec. 7, we give a concluding remark.
of the potential well, whereas the parameteis related to
_the range of this potential. F_or what obtgi_ns in previous_studz_ Energy levels and wavefunctions
ies of the molecular potential, we modified the potential to
allow for more physical application and comparative analy-The radial part of the Schdinger equation is given by [60];
sis to existing studies of the molecular potential. Besides, in )
molecular physics, it has also been established that potential d*Re(r) |, 20 {E Z_V(r)_w
energy functions with more parameters tend to fit experimen- dr? Rz " 2ur?
tal data than those with fewer parameters, and researchers cgnsjgering the generalized trigonometriagsehl-Teller
h_ave recently.pald gr(_—:-at attention to .obta!nlng _m(_)dlfled Ver'potential (Eq. (2)), we obtain the radial Setinger equa-
sion of pqtennal functions by employing dissociation eNnergyion, Eq. (3) is rewritten as follows:
and equilibrium bond length for molecular systems as explicit
parameters. This model will be an important tool for spectro- ~ d*R,.¢(r)  2p
scopists to represent experimental data, verify measurements,  (r2 +ﬁ
and make predictions. 5 5
The first step in obtaining the thermodynamics properties + Vatan®(ar) + Vy cot™(ar))
of a given system is to calculate its vibrational partition func- B20(0+1)
tion. The partition function, which explicitly depends on tem- T T o2
perature, aids us to obtain other thermodynamics properties.
The vibrational partition function for certain potential models ~ This equation cannot be solved analytically for~ 0
can easily be obtained by calculating the rotation-vibrationaHue to the centrifugal term. Therefore, we must use an ap-
energy levels of the system whose applications are Widemroximation to the centrifugal term. We use the following
used in statistical mechanics and molecular physics [58,59pPproximation [57]
Different mathematical approaches have been employed by 1 1
many researchers in evaluating partition functions, such as - = o? [do + 2] ; (5)
Poisson the summation formula [60], commulant expansion " sin®(ar)
method [61], standard method [62], and Wigner-Kirkwoodhered, = 1/12 is a dimensionless shifting parameter, and
formulation [63]. Superstatistics is the topic of interest in s the screening parameter. It is noted that for a short-range
statistical mechanics. potential, the relation Eq. (5) is a good approximation to
Superstatistics is a superposition of different statistics /,2 as proposed by Greene and Aldrich [19,53] approxima-
One given by ordinary Boltzmann factor and another givenion. This implies that Eq. (5) is not a good approximation to

by the fluctuation of the intensive parameter such as the inthe centrifugal barrier when the screening parameter becomes
verse temperature. Superstatistics describe non-equilibriufarge. Thus, the approximation is valid when = 1.

systems with a stationary state and intensive parameter fluc- |nserting Egs. (5) into Eq. (4), we have:
tuations and contains Tsallis statistics as a special case [64-

+ Va tan®(ar) + Vy cot?(ar),

Rng (T‘) =0. (3)

[Eng—(Vl cos ec2(ar) + Vs, sec? (ar)

Sr? } Ry (r)=0. 4)

72]. dQRnf (’I") 2/’[‘ 2 a2
]Therefore, it is the primary objective of the presentwork  dr2 T2 {E"E_(Vl cos ec”(ar) + V; sec”(ar)

to study the Sclirdinger equation for non-zero angular mo- R20(0+1)a?

mentum with the generalized trigonometrigsehl-Teller po- + Va tan?(ar) + Vi cot?(ar)) — ————

tential using the Functional Analysis Approach. We will also 2u

use the resulting energy equation to find the partition func-

tion, which will enable us to calculate other thermodynamics x (do + Sin2(m)) } B (r)=0. ©)

properties via statistical mechanics and superstatistics me-

chanics approach. Using the coordinate transformation = sin?(ar),

This paper is organized as follows. In Sec. 2, we deriveEg. (6) translates into,
the bound states of the Sdiinger equation with the gen-

2 2
eralized trigonometric PT potential using the FAA. In Sec. 4p(1 — p)dLé(p) +(2—- 4p)d Ruelp) + !
3, we obtain the thermodynamic properties, which will be dp dp p(L—=p)
calculated using the expression for the partition function. In ~ [, (e + 13 + 1 — 7do)p? + (€ + 11 — 12
Sec. 4, we calculate the effective Boltzmann factor consid-
ering modified Dirac delta distribution in the deformed for- + 204 — vydo +7)p — (1 + ma + )] Bue(p)=0.  (7)
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For Mathematical simplicity, let us introduce the follow- Thus, if one substitutes the value of the dimensionless
ing dimensionless notations: parameters in Eq. (8) into Eq. (16), we obtain the energy
20 F 2uV; eigenvalues as:
T Thez 0 T R2a - -
i=1,2,3,4, y=0l+1). ®) EnZZW*V:&*VZhSa
. . I 2
To solve Eq. (6), we propose the physical wave function
: 8uVs  8uVs
where SuV; 1V, 2
Hvi HVa
20+ 1)2 17
ﬁ_1+\/1+(7]1+7l4+’y) (10) +\/h2a2+h2a2+( +1) (17)
4 16 4
and The corresponding unnormalized wave function is ob-
_ 1 L (m3+n2) tained as
0= 1 + 16 + i (11)
On substitution of Eg. (9) into Eq. (7) leads to the fol- Rui(p) = Nnépﬁ(l _ p)52F1

lowing hypergeometric equation:

p(L=p)f"(p) + {<2ﬂ+;) - (25+25+1)p} F(p) x (—nan+2(ﬂ+5),2ﬁ+ ;,p), (18)

(e +m3+n4 —ydo) whereN,,, is the normalization constaniV,,, can be calcu-

~[oeor- |1)=0 a2

4 lated by the normalization conditions of the wave function:
whose solutions are the hypergeometric functions
£(p) = 2Fi(a,bics ) 13) [ 1Rustrar =1, 19)
where 0
—d
a:(ﬁ+5)f‘/€+"3+774 7o | | |
2 Putting Eqg. (18) into the Eq. (19) yields
+ 13 4 11 — 7d
b:(ﬁ+5)+\/€ 7732774 1do. "
) I, =1, (20)
«
c=20+ 3 (14)

By considering the finiteness of the solutions, the quanWhere
tum condition is given by

1
\/—_d B -
(ﬁ+5)_ M:_n 77,2071,2 (15) In: p2ﬁ (1/2)(1_p)25 (1/2)
0

2
from which we obtain, the energy expression as ,
1 1
E:’ydo—773_774+4[4n+2+\/1+4(n3+n2) X {2Fﬂ—n,n+2,@+25,2—|—2ﬂ,p) dp. (21)
2
+ \/1 +4(n +na + 7)} . (16) The integrall,, is calculated for different values using
the Mathematica software program for[Re> —(1/4) and

| Red] > —(1/4) as follows:

I'(3+26)T (% +20)
284 0)T(26 +26) ’
2I (2 +26) T (2 + 26)
(1+48)2(B+06+1)I(268+20+1)°

n=0 = Iy=

n=1 = 11:
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16T (5 +28) T (5 +26)
(14+48)2(3+46)2(B+0+2)L(26+26 +2)’
192T (£ 4+ 26) T (% + 26)
n=3 = s 8P+ 4526+ 482 (B4 6+ 3T (2F + 20+ 3)°

n=2 = IQZ

mI2" 10 (m+ L+ 28) T (m + & + 26) [[(m + 26)T(48))?

n=me= i dn = (B+0+mI23+20 + m)T2ATCm + 4B (22)
Hence, we find
o [ a+senres s nresreas? | )
M\ 2T (kL4 20) T (n+ L +26) [C(n+ 20T (46)2 )

By using Egs. (23) and (18) one can plot the radial wave functions for arbitrary quantum states through the Mathematica
software program.

3. Thermal Properties of generalized trigono-

metric Poschl-Teller potential We substitute Eq. (25) into Eq. (24) to have
We consider the contribution of the bound state to the vibra- ity 2 2 >
. . . . _ —Blo1+(h2a?/8u) (4n+03)?]
tional partition function at a given temperaturg58,60] Z(p) = Z e g ’ (27)
n=0
n
max 1
Z(B) = ~PEne = —. 24
(B) Z:O e , B T (24)  where
. " _ 02
Here, k5 is the Boltzmann constant, an,, is the Nmax = ‘Z : (28)
rotational-Vibrational energy of the nth bound state.
We can rewrite Eq. (17) to be of the form Replacing the sum in Eq.(27) by an integral in the classi-
2,2 cal limit, we obtain
Enf =01+ 1) (4n + 02)27 (25) Nmax
where Z(B) = / e~ PARS BNt C) gy (29)
h2a20(¢ 4+ 1)d 0
oy = PPa?(t+ Ddo Vs — Vi
2p where
8;,6‘/3 8/LV2 2h2 02 h2alo0 h2a202
=2 1 _ . _ 2. _ 2
o2 +\/+h2042+h20¢2 A= L B = PR C= S (30)
+ \/i’;‘g + igvg + (204 1)2. (26) Therefore, we use the mathematica software to evaluate
[0 (0%

the integral in Eq. (29), thus obtaining the partition function
| for generalized trigonometricdBchl-Teller potential model.

2 A max B —_
- JeBB/44) (Erf (5(2 bt )) — Erf (2%»6 e

Z 31
(8) /T (31)
The imaginary error function can be defined as [62]
filz) = ierf(z) = — j 4 (32)
erfiz) =werj(z) = —— e Uu.
ﬁ 0

Thermodynamic functions such as; free energy, entropy, internal energy, and specific heat capacity functions can be ob:-
tained from the partition function (31) as follows [20].

Rev. Mex. Fs. 66 (6) 824-839
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3.1. Helmholtz free energy

F(B) = *%hw(ﬂ),

<6(632/4A)—60ﬁ (Erf (ﬁ(2/\2%+3)> —Erf (2%>

)

In N
F(B) =
(8) 3
3.2. Entropy
_ .. 9F(B)
S(ﬁ) - _kB aﬁ )
(Al + AQ + Ag)
S(B) =Ag — ’
P e (e e (o))
where
2 o (2AN max )
Ag=1n (G(BB 1eE (Brs M|~ Brf [25?7])> :
2\/BA
_ BVB] _ VB(B + 2Anmax)]
fr=rf Lm] i { 2v/A ’
(B B BB \/B(B+2Anmax)D
A2—2<4A C’)ﬁ( ETf[Q\/Z}—i—Erf[ N ,
Au — e*(ﬁ[B+2Anmax]2)/2A\/B(B — BePrmax(Bt+Anmax) 4 2 Anmax)
3 — \/Z\/E .
3.3. Internal energy
_ _9(nZz(p))
U3 = e ) (6[“%%”‘““)2” U R(-B2+ A2+ 1C5)
BvVB

2V A

X (—Erf VA

3.4. Specific heat capacity

_ ., ou(p)
CU - kﬂ 86 3
1 2 , 2
C, = 32,45/26(]3 B/1A)-C3 ( Ho + 2v/Ae~ BB+24nma) 144 (| Hz)) ,
2 2 2 292 BVB VB(B+2Anmax)
o V(1242 + 4A(—B? + 4AC)B + (B? — 4AC)%83 )(Erf [m} — BErf [TD
VB

Hy = BePrm=(BHAnms) (B2 9 A(3 4 40p)),
Hy = (B + 2An0ma:) (—B?B + A(6 4 8C3) + 4ABNmax (B + Anpax))-

Rev. Mex. Fs. 66 (6) 824-839

+Erf {\/B(B + 2Anmax)]> ) — 2VA/B(B — Befrmex(BtAmm) 4 oan, )

b

(33a)

(33b)

(34a)

(34b)

(34c)

(35a)

(35b)

(36a)

(36b)

(36¢)
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4. Superstatistics mechanics Finally, we find the generalized Boltzmann factor as in
. . . N Ref. [75]
In this section, we introduce the necessary conditions of su-
perstatistics. The effective Boltzmann factor of the system B(E)=ePE (1 + QBQEQ) . (39)
can be written as [73,74] 2
00 whereg is the deformation parameter. Details of Eq. (39) can
B(E) = /e*B’Ef(ﬁ/ B)dp’ (37) be found in Appendix A of Ref. [75] and references therein.
’ ’ The partition function for the modified Dirac delta distri-
0 bution has the following form [75]:
where
1(8.8) =63 ~ 5. (38a) Zs = [ BE)n (40)
is the probability density. Besides we state here the modified 0
form of Dirac delta function used in this study as [75]: We substitute Eqg. (25) into Eq. (40) to have
0 oo
/ _ o Il Y /o
f(ﬁ ,ﬁ> =a 6(ﬁ ﬁ) +b ﬁ 85' (6(ﬁ B)) Zg = /e,ﬁ[gl+(52a2/8”)(4n+52)2]
) (38b) °
0832 ' 2 9

2
| X (1 + gﬁQ (al + hgz (4n + 02)2> ) dn. (41)

Therefore, we use Mathematica software to evaluate the integral in Eq. (41), thus obtaining the partition function with
generalized trigonometricd3chl-Tellerpotential model in superstatistics as follows:

e~ 9o tod) (R /7(8 + 3q + dgfos (1 + Bo)) — VENE)o +49(BN)*/ 203 )

where

e /aEr f[VBV )
VBV Ay

Other thermodynamic functions such as Helmholtz free enéigl3), entropy,Ss(3), internal energyi/s(5), and specific
heat,Cs(83), functions can be obtained from the partition function (42a) as follows:

& = —6q — 8qBoy + . (42b)

4.1. Helmholtz free energy

The Helmholtz free energy is obtained in superstatistics formalism with the aid of Eq. (33a) as follows:

F,(8) = %m [(@) e~ 0378 (Ny — \/BA(~6q — 8q801 + N1)o + 4q(ﬁ)\)3/2032,)} (43a)
where
No = e P72 \/7(8 + 3¢ + 4Bo1 (1 + fo1)),
N, = COPVTENS[VBVAG)(8 +3q + 4901 (1 + fon)) (43b)
VBV Ao
4.2. Entropy
The entropy is obtained in superstatistics formalism with the aid of Eq. (34a) as follows:
5,(8) = 0 4 Tt 2 =D+ 0 a2

(2(25 + Q6))

Rev. Mex. Fs. 66 (6) 824-839
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where

1 .
Q =1n l srvane D (VRS 30 g (1401) - BA(-60-Saor + N1 o a5 203)] ,

O = PR + 3q) (VBVA = VAR [VEVAG2] ) + 8¢ Vrgd (VBVA - VENELf VBV ) o,

Q= 2(8 + 3q)/BVAVBAoa + 4gB°/2 X2\ /BAcS + 8¢B°/2 N2\ /BAa3,

Qg = 498%03 (P73 V7 (VBVA = VBAErf [\/BVA2] ) = 63/BVAYVBAR ) |

Q4 = 2001 (P73 ym(8 +q) (VBVA = VENErf [VBVA® ) = 20v/BVAVBAGs + 1245233/t

05 = P9 /(8 + 3q) (ff VBNErf [ffag])ﬂeﬂ*”zfq@ (ff VBNErf [ffaz])al,

Qg = 67/ BVAVBAos + 4g8% 22312\ /Bro? + 4qfo (eﬂ“?\/ir (\/Bﬁ — /BB f [\/B\FAJQD
+2y/BVAVBAa). (44b)

4.3. Internal energy

The internal energy is obtained in superstatistics formalism with the aid of Eq. (35a) as follows:

U = e VIR (VG + 30) (VVE - VBB [V

4 8ePAo3 N oA (\/B\f)\ —\/BXErf [\/5\6\02]) o3 — 4qB%0? (eﬁ’\ogﬁ(\/ﬁﬁ —\/BAErf [\/B\f)\ag} )
— 6\/5\[\\/57)\02)2\/3\5\/502 (8 +3q + 2qBX o3 (1 + 26/\03))
+ 260, (eﬁ)“’g Va8 +q) (\/Bﬁ — \/BAErf [\/3\502} ) +29/BVA/ BAraa(1 + 6&@))) (45)

4.4. Specific heat capacity

The specific heat is obtained in superstatistics formalism with the aid of Eq. (36a) as follows:

1 2
B(o1+Ao - - 3/21y3/2
Cs 256(5N)32 ¢ @ 2)\/5\5@0*4* 6(8 + 3q)v/BVAV/BAoz — 4(8 + 3¢) 3%/ 2X¥/2\/BAcs

4 8¢8%/205/2\ /Aot — Ey — 5 — 54), (462)

where

S0 = —3¢P98 /(8 + 39) (\/Bﬁ — /BNErf [\/Bﬁ@} )
= 16273 /5" (VBVA — VBAErf[/BVa2 ) o,
— 16¢87/2\7/2\/Brol + 32¢3° 0 (eﬁ*aiﬁ (\/Bﬁ — /BAErf {\/Bﬁ@D — 2\/6\&\/5702),
= 88203 (23 /r (44 q) (VBVA = VBNErf [VBVAc2] ) = 60v/BVAVBAcs + 12457/2X7/2/BAc)
21 = 8001 (P75 Va(d + ) (VBVX = VENERf [v/BVAds | ) + 204 + ) V/IVAY o
— 4qB 202 /BAa} + 84572X2 /BAGS ). (46b)

w

[1]
%)

(1]
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5. Numerical results and applications

00 To show the accuracy of our work, we calculate the energy

I
I
| eigenvalues using Eq. (18) for different quantum numbers
| n and ¢ with parameterd;, = 5 fm=%, V, = 3 fm™!,
| Vs = 0.5, V4 = 0.5, andp = 10 fm~'. In Table I, it is
V(1) (eV) I observed that the energy decreases for a fixed value of the
principal quantum number for varying orbital angular mo-
' mentum. Furthermore, we have computed the energy eigen-
| values of the trigonometric@chl-Teller potential using the
{ reduced energy equation given in Eq. (33) and Eq.(34) as a
\ ! special case. Our results, shown in Tables IlI- V,, are in good
a) L 7 agreement with the results given in Ref. [56-57,76].
P y N In Fig. 1a) and b), we plot the shape of the potential for
¥ clarity and understanding of the system we are studying. Fig-
| ure 1a) we plot the shape of the generalized trigonometric
[ Poschl-Tellerpotential against the interatomic distance. Fig-
{ ure 1b) shows a comparative plot of the shapes of the trigono-
[ metric Fdschl-Tellerpotential model and generalized trigono-
I metric Rdschl-Tellerpotential. However, we note that our
I
|
|

1

I

I

I

|

2000 I
I

I
I

1000 4

|

30004

B generalized model fits appropriately with the trigonometric

Poschl-Tellerpotential.

Figures 2 a)-f) clearly shows the energy eigenvalues vari-
ation with parameterd’, Vs, V3, Vi, p and « for vari-
ous quantum states. It can be easily observed from these
Figs. 2a)-d) that the parameters increase directly as the en-
ergy increases. Figure 2e) shows the energy eigenvalues vari-
ation with the particle’s reduced mas$or different quantum
states. Itis seen thatin the region~ 0 — 0.1 a.m.u, the en-
ergy eigenvalue is at its maximum, beyond this region, there
is a drop and this continues in a linear trend. The energy is
only high in the region where the mass is low but decreases
as the particle’s mass increases monotonically. The energy

Vir)

1000

e — —— —— —

b) |

TPT — - GTPT|

FIGURE 1. a) Shape of the generalized trigonometrigséhl-

Tellerpotential for different values of the screening parameter e .
a. We choseVi = 5 fm™Y, Vo = 3fm™% V3 = is very similar for0.2 < p < 1.0. Figure 2f) shows the

2 fm~', andVi = 0.5 fm~'. b) Shape of the trigonomet- €Nergy eigenvalues variation with screening parameter

ric Poschl-Tellerpotential model and generalized trigonometric different quantum states. It can be seen explicitly that in all

Poschl-Tellerpotential. We chodg = 5 fm™"', Vo = 3 fm™", the quantum states, the representation curves spreads out uni-

Vs=2 fm™, Vi =05 fm~', anda = 0.3. formly from the origin. It is shown that the energy eigenvalue
increases as the screening parameter increases.

TABLE |. Bound state energy levels,, for the Generalised trigonometrié@Bchl-Teller potential obtained with paramet&is=5 fm~1!,
Vo=3fm Y V3=05Vy=0.5andy =10 fm~1.

States a = 0.002 a = 0.02 a=0.2 a=04 a=0.8 a=12
1s 18.50038334 18.61121709 19.73743352 21.0271324 23.72899708 26.59648864
2s 18.50858178 18.69348948 20.58899614 22.79449204 27.52159072 32.67406160
2p 18.50858258 18.69357133 20.59752395 22.83011829 27.67609429 33.04821322
3s 18.51678180 18.77592188 21.45655875 24.62585164 31.57018435 39.32763454
3p 18.51678262 18.77600388 21.46523908 24.66269723 31.73441612 39.73447216
3d 18.51678425 18.77616788 21.48259499 24.73630368 32.06125854 40.53875474
4s 18.52498345 18.85851426 22.34012135 26.52121126 35.87477799 46.55720749
4p 18.52498425 18.85859642 22.34895421 26.55927615 36.04873794 46.99673112
4d 18.52498588 18.85876072 22.36661499 26.63531596 36.39487055 47.86516178
4f 18.52498834 18.85900721 22.39309395 26.7491527 36.90974960 49.14313806
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FIGURE 2. Energy eigenvalues variation with (a) parameter for various quantum states (b) parameter for various quantum states. (c) with
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TABLE Il. Comparison of s-wave energy eigenvalues (in eV) obtained by using the Functional Analysis Approachwith other methods for the
trigonometric Bschl-Teller potential with other methods obtained with paraméfees 5 fm™", Vo =3 fm™', andu = 10 fm™".

n

Present AIM [64]

a=0.2

NU [56]
a=0.2

Present AIM [64] NU [56] AIM [64] NU [56]

a=0.02 a = 0.02 a = 0.002 a = 0.002

Present

16.10494172 16.104 941 73
16.83082621 16.830 826 21
17.5727107 17.57271070

19.10447968 19.104 479 67
19.89436415 19.894 364 16

0
1
2
3 18.33059519 18.330595 18
4
5
6

20.70024864 20.700 248 64

16.104 941 72
16.830 826 21
17.572 71070
18.330 595 18
19.104 479 67
19.894 364 16
20.700 248 64

15.78149898 15.781 498 98 15.781 498 98 15.7495163 15.749 516 29 15.749 516 29
15.8526429 15.852 642 89 15.852 642 89 15.75661628 15.756 616 28 15.756 616 28
15.9239468 15.923 946 80 15.923 946 80 15.76371788 15.763 717 86 15.763 717 86
15.99541072 15.995410 71 15.995410 71 15.77082105 15.770 821 05 15.770 821 05
16.06703462 16.067 034 63 16.067 034 63 15.77792584 15.777 92584 15.777 925 84
16.13881855 16.138 818 54 16.138 818 54 15.78503222 15.785 032 22 15.785 032 22
16.21076245 16.210 762 45 16.210 762 45 15.79214021 15.792 140 21 15.792 140 21

TaBLE IIl. Comparison of s-wave energy eigenvalues (in eV) obtained by using the Functional Analysis Approach with other methods for
the trigonometric Bschl-Teller potential with other methods obtained with paraméfees 5 fm !, Vo =3 fm ™!, andy = 10 fm L.

n Present NU [56] Present NU [56] Present NU [56]
a=1.2 a=0.8 a=04

0 18.02560022 18.02560022 17.23163309 17.23163309 16.47211972 16.47211973
1 22.87051711 22.8705171 20.32991862 20.32991862 17.95616358 17.95616357
2 28.29143400 28.29143398 23.68420415 23.68420415 19.50420741 19.50420742
3 34.28835088 34.28835086 27.29448969 27.2944896 21.11625128 21.11625126
4 40.86126776 40.86126774 31.16077521 31.16077522 22.79229512 22.7922951
5 48.01018464 48.01018462 35.28306075 35.28306074 24.53233896 24.53233894
6 55.73510152 55.7351015 39.66134628 39.66134628 26.33638282 26.33638278
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FIGURE 4. a) Partition Function variation with,.x for various

heat capacity variation with for different values ot ax- s.
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In Figs. 3a)-e), we show a graphical representation otapacity variation with3 for different values ofi ... An
the thermal properties obtained via the standard Boltzmanrasymmetric shaped formed for increasing value.gf.. At
Gibbs statistical mechanical approach. We analyze how these,,., = 300, its trough is reached and heat capacity mono-
tonically growth with3. We see that at some point i) the

properties vary with3 for different discrete values of ...
Figure 3(a) shows the partition function variation witHor

various values of,,... It can be seen that the partition func-

free energy reduces monotonically withFigure 3(c) shows

the entropy variation witl$ for different values ofi,.x. Itis

ure 3(d) shows the mean energy variation witfor various

values ofn,,.«. The mean energy decreasesjascreases.

values ofn ., might become invariant.
In Fig 4(a-e), we graphically display the thermal prop-
tion decreases as the temperature increases. It is also shoerties obtained via the standard Boltzmann-Gibbs statistical
that in the high temperature limits, there’s a uniform conver-mechanical approach. We analyze how these properties vary
gence of all the curves and the partition function reaches itsvith n,., for different values of3. Figure 4a) clearly shows
minimum. Figure 3(b) shows the mean free energy variatiorthe Partition Function variation with,, .., for various values
with g for different values of,,,,.. Again, it is seen thatthe of 5. From this plot, we observe that there is spread from the
zero point; the partition function increases®s, increases.
Itis also observed that the partition function has its maximum
seen that the entropy declines as temperature increases. Fig-the high region oh,,... Figure 4b) clearly shows the free

energy variation withn,,,,, for different values of3. It is
clearly shown that the mean free energy rises logarithmically
It is also observed that the mean energy has its minimum iasn,, .. rises. Figure 4c) shows a plot of entropy variation
the highg region. Figure 3(e) clearly shows the specific heatwith different values ofs. It is seen that the entropy up-

TAaBLE |IV. Comparison of |-state energy eigenvalues (in eV) obtained by using the Functional Analysis Approach with other methods for

the trigonometric Bschl-Teller potential with other methods obtained with paraméftees 5 fm ™', V2 =3 fm™*, andu = 10 fm 1.

1

States Present NU [57] Present NU [57] Present NU [57] Present
a=12 a=0.8 a=04
1s 22.87051711 22.87051710 20.32991862 20.32991862 17.95616358 17.95616357 16.83082621
2s 28.29143400 28.29143398 23.68420415 23.68420415 19.50420741 19.50420742 17.57271070
2p 28.64395420 28.64395419 23.82847893 23.82847894 19.53712285 19.53712286 17.58054181
3s 34.28835088 34.28835086 27.29448969 27.2944896 21.11625128 21.11625126 18.33059519
3p 34.67512504 34.67512504 27.44896379 27.44896381 21.15044541 21.15044543 18.33858624
3d 35.43921159 35.43921159 27.75631555 27.75631556 21.21875332 21.2187533 18.35456400
4s 40.86126776 40.86126774 31.16077521 31.16077522 22.79229512 22.7922951 19.10447968
4p 41.28229588 41.28229584 31.32544867 31.32544868 22.82776799 22.8277680 19.11263069
4d 42.11348591 42.11348590 31.65300784 31.65300783 22.89862722 22.89862721 19.12892818
4f 43.33519178 43.33519178 32.14003976 32.14003977 23.00470172 23.00470171 19.15336296

TABLE V. Comparison of I-state energy eigenvalues (in eV) obtained by using the Functional Analysis Approach with other methods for the
trigonometric Bschl-Teller potential with other methods obtained with paraméfees 5 fm~=", Vo =3 fm™', andu = 10 fm~".

States Present NU [57] Present NU [57] Present NU [57]
a=0.2 a = 0.02 a = 0.002
1s 16.83082621 16.83082621 15.8526429 15.85264289 15.75661628 15.75661628
2s 17.5727107 17.5727107 15.9239468 15.9239468 15.76371788 15.76371786
2p 17.58054181 17.58054181 15.92402152 15.92402153 15.76371861 15.76371860
3s 18.33059519 18.33059518 15.99541072 15.99541071 15.77082105 15.77082105
3p 18.33858624 18.33858626 15.99548559 15.9954856 15.77082179 15.77082179
3d 18.35456400 18.35456399 15.99563535 15.99563534 15.77082329 15.77082328
4s 19.10447968 19.10447967 16.06703462 16.06703463 15.77792584 15.77792584
4p 19.11263069 19.1126307 16.06710967 16.06710967 15.77792658 15.77792658
4d 19.12892818 19.12892817 16.06725975 16.06725974 15.77792808 15.77792806
af 19.15336296 19.15336297 16.06748486 16.06748485 15.77793030 15.77793030
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variation with 8. c¢) Entropy variation with3. d) Mean energy
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1o i of Fig. 7 carefully, we see that the wave functions have dif-
3d ferent number of radial nodes and different amplitudes.
gl — 4f
/\/ 6. Special Cases
fai 04 In this section, we shall study one special case of the Gen-
eralized Trigonometric &chl-Teller potential and its energy

oS ¢ eigenvalues, respectively

o 6.1. Trigonometric Pdschl-Teller potential

T o2 03 04 0.5 0.6 07 0.8 0.9

r ChoosingVs = V; = 0, the Generalized Trigonometric
FIGURE 7. Variation of the bound states radial wave functions Poschl-Tellerpotential takes [76,56]
according to distance from nucleudor different quantum states 1%} Vs
With Vi = 5 fm™', Vo = 3 fm~ ', Vs = 05 fm~ %, Vi — V(r)= sn?(ar) " cos?(ar)’ (47)
0.5 fm™', o =0.2,andp = 10 fm ="
and the energy eigenvalue becomes

surges monotonically with ... Figure 4d) displays the plot
of mean energy variation with,,,,. for different values of3. P 2200+ 1)dy =~ h%a? o
The mean energy surges in an linear-monotonic pattern. Fig- nt = 21 + 811 nt
ure 4e) presents the plot of specific heat capacity variation
With n,. nmax for different values ofs. As predicted in 8uVa 8uVi 2
Fig. 3e), it clearly shows for the different values 6f at +14/1+ w20z T\ gz T (2¢+1)2 (48)
some point inny, .y, heat capacity becomes invariant. We
can deduce that for the valuesaf... , specific heat and is This is in excellent agreement with Eq. (3) of Ref. [76]
Invariant. and Eq. (19) of Ref. [57].

In Fig 5(a-e), we show graphically the thermal properties By setting/, we obtain the s-wave energy equation for the
obtained via the superstatistical mechanical approach. Wgotential understudy as:
analyze how these properties vary wittior different values

2
of the deformation parameter Figure 5a) shows a plot of h2 o2 8uVs 8uV
the partition function variation witf¥ for various values of. "= Ant2H\ /14 55+ 552 1| - (49)
It is seen that the partition function decreaseg ascreases.
More so, the partition function increasesgisicreases. Fig- This is in excellent agreement with Eq. (15) of Ref. [56].

ure 5b) shows the variation of mean free energy witfor
various values of . The mean free energy decreases mono—  conclusion
tonically as increases. A plot of entropy variation with
for different values of; is shown in Fig. 5c). The entropy |n this article, we have solved the Sédinger equation us-
of the system reduces akrises. For different values of the jng the Functional Analysis Approach and suitable approx-
deformation parametey, the entropy of the system increases imation to overcome the centrifugal barrier. We have also
with increasing;. Figure 5d) shows the variation of the mean presented the rotational-vibrational energy spectra with the
energy withj3 for various values of. The mean energy de- Generalized TrigonometriciBchl-Teller potential. We have
creases with increasing and increases with increasing  expressed the solutions by the generalized hypergeometric
Figure 5e) depicts a plot of specific heat capacity variatiorfunctions, F (a, b, cp). Results have been discussed exten-
with 3 for different values of;. It is seen explicitly that the sjvely using plots. We discussed some special cases by ad-
specific heat capacity of the system increases monotonically;sting the potential parameters and compute the numerical
with increasings but decreases with increasing energy spectra for the trigonometrié$thl-Teller potential

It is interesting to note also that when = 0, nor-  for both the/ = 0 and? # 0 cases, respectively. It was
mal statistics or the conventional Boltzmann-Gibbs statisticfound that our results agree with the existing literature. In
is recovered from the superstatistics. However, to furthetetail, we evaluated the vibrational partition functighg3),
strengthen this claim. We show a graphical comparative ploivhich we used to study the thermodynamics properties of vi-
in Figs. 6a)-e) of all thermal properties obtained via the subrational mean energy(3), vibrational entropys(3), vibra-
perstatistics af = 0 and B-G statistics at maximum quantum tional mean free energ¥'(3), and vibrational specific heat
number. Itis interesting to see that there’s no discernable difeapacityC(3). Besides, the effective Boltzmann factor is cal-
ference in the curves as they're both adequately fitted. culated by using superstatistics, and the results is compared

The shape of the radial wave functions is shown in Fig. 7with the case where the deformation parameter vanished. It
for 2p, 3d, and4f quantum states. If we examine the shapeds noted that the results, in the special case of the vanished
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deformation parameter, are in agreement with the ordinargnt areas of physics, and chemistry such as atomic physics,
statistics. Finally, this study has many applications in differ-molecular physics and chemistry amongst others.
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